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Résumé

Ce mémoire met en évidence l’importance des modèles mathématiques à structure d’âge dans la

compréhension du comportement des maladies infectieuses complexes. Le modèle étudié montre

comment des facteurs temporels tels que l’âge biologique et la période d’incu-

bation influencent la propagation de l’infection, et démontre la possibilité de contrôler la

dynamique épidémique par des stratégies d’intervention efficaces. Les résultats indiquent qu’une

vaccination ciblée peut réduire considérablement la propagation de la maladie, ce qui renforce le

rôle de la modélisation mathématique dans l’appui aux décisions de santé publique fondées sur

des bases scientifiques.

Mots-clés: Modèle épidémique structuré par âge; Rechute; Nombre de reproduction de

base; Stabilité globale; Fonctionnelle de Lyapunov; Contrôle optimal; Dérivée de Gâteaux.



Abstract

This thesis highlights the importance of age-structured mathematical models in understanding

the behavior of complex infectious diseases. The studied model illustrates how temporal factors

such as biological age and incubation period affect the spread of infection, and demonstrates the

possibility of controlling epidemic dynamics through effective intervention strategies. The results

show that targeted vaccination can significantly reduce the spread of the disease, reinforcing the

role of mathematical modeling in supporting scientifically based public health decisions.

keywords:Age-structure epidemic model; relapse; basic reproduction number; global stability;

Lyapunov functional; optimal control; gateaux derivative.
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Introduction

Infectious diseases have long represented a persistent threat to humanity, having caused major

health crises throughout history that claimed millions of lives and deeply affected the social and

economic fabric of societies. Despite significant advances in science and medicine that have made

it possible to control many epidemics, infectious diseases continue to present new challenges due

to complex factors such as globalization, climate change, urban expansion, and the increasing

interaction between humans and nature. These conditions have led to more intricate epidemic

patterns and highlighted the urgent need for precise analytical tools capable of understanding

transmission mechanisms, predicting outbreak dynamics, and proposing effective containment

strategies.

In this context, mathematical modeling has emerged as a central tool in epidemiology,

enabling researchers to represent biological and behavioral phenomena through systems of

equations that can be rigorously analyzed. These models have evolved from simple frameworks

based on compartmentalization—dividing the population into susceptible, infected, and recovered

groups—to more refined approaches that incorporate additional biological features such as

age structure, latency, and the possibility of reinfection. Some infectious diseases, such as

tuberculosis and certain viral infections, can remain dormant in the host for extended periods

before reactivation, necessitating the use of models that capture such complexity [19].

This study proposes a mathematical model with a double age structure—based on both

the biological age of individuals and the duration of the latent period. The model divides the

population into four compartments: the susceptible s(t, a), the exposed or latent individuals

e(t, θ), the infectious I(t), and the recovered R(t). This structure enables a more accurate

representation of diseases that involve a variable latent period and potential loss of immunity or

viral reactivation [10].

The thesis is divided into two chapters. The first chapter provides a qualitative analysis of

the model without any intervention, focusing on the basic reproduction number R0, a fundamental
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threshold used to evaluate the infectious potential of a disease. It further analyzes the existence

and stability of equilibrium points and investigates the long-term behavior of the system using

mathematical tools that ensure the model’s well-posedness and consistency [35].

The second chapter explores the application of optimal control theory to reduce the

disease burden through a targeted treatment strategy aimed at the susceptible population. Unlike

classical approaches that use Pontryagin’s Maximum Principle, this part employs Gâteaux

derivatives from variational analysis to establish the existence of an optimal control that

balances minimizing infection levels and reducing intervention costs [34]. Numerical simulations

are presented in the impact of treatment of disease dynamics and demonstrating the potential

of this framework to improve public health outcomes [23].
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Preliminaries

Definition 0.1 (Cauchy Sequence) Page 47, [27]

Let (X, d) be a metric space. A sequence (xn) ⊂ X is called a Cauchy sequence if:

∀ε > 0, ∃N ∈ N such that ∀m,n ≥ N, d(xn, xm) < ε.

Definition 0.2 (Banach Space) Pages 58-59, [22]

A Banach space is a normed vector space (X, ∥ · ∥) such that every Cauchy sequence (xn) ⊂ X

converges to a limit in X. In other words, X is complete with respect to the norm ∥ · ∥.

Definition 0.3 (Lipschitz Function) Page 9, [5]

Let (X, dX) and (Y, dY ) be metric spaces. A function f : X → Y is called Lipschitz if there

exists a constant C ≥ 0 such that:

dY (f(x1), f(x2)) ≤ C · dX(x1, x2) for all x1, x2 ∈ X.

Any such C is referred to as a Lipschitz constant of f . The minimal Lipschitz constant is called

the dilatation of f and denoted by dil f .

Definition 0.4 (Strong Convergence) Page 24, [22]

A sequence (xn) in a Hilbert space H is said to converge strongly to x ∈ H if:

lim
n→∞

∥xn − x∥ = 0

Definition 0.5 (Weak Convergence) Page 35, [22]

A sequence (xn) in a Hilbert space H is said to converge weakly to x ∈ H if:

lim
n→∞

⟨xn, y⟩ = ⟨x, y⟩ for all y ∈ H

Definition 0.6 (Uniformly bounded) Page 205, [22]

Let X and Y be normed vector spaces, and let {Tα}α∈A be a family of bounded linear operators

from X to Y , i.e.,

Tα : X → Y, ∀α ∈ A.
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The family {Tα}α∈A is said to be uniformly bounded if there exists a constant M > 0 such that

∥Tα∥ := sup
∥x∥X=1

∥Tα(x)∥Y ≤ M, for all α ∈ A.

Equivalently, this means:

sup
α∈A

∥Tα∥ < ∞.

Definition 0.7 (Equicontinuous) Page 154, [28]

Let X be a metric space, and let F be a family of functions f : X → R. The family F is

equicontinuous at a point x0 ∈ X if for every ε > 0, there exists a δ > 0 such that for all

f ∈ F and all x ∈ X with d(x, x0) < δ, we have:

|f(x) − f(x0)| < ε.

If the condition holds for every x0 ∈ X, then F is said to be equicontinuous on X.

Definition 0.8 (Uniform convergence) Page 147 [28]

Let (fn) be a sequence of functions fn : X → R, where X is a metric space. We say that fn
converges uniformly to a function f : X → R if:

∀ε > 0,∃N ∈ N such that ∀n ≥ N, ∀x ∈ X, |fn(x) − f(x)| < ε.

That is, the convergence is uniform over all x ∈ X.

Definition 0.9 (Closed set) Page 32, [28]

A subset C of a metric space (X, d) is called closed if it contains all its limit points. Equivalently,

C is closed if every convergent sequence (xn) in C converges to a limit x that is also in C.

Formally:

C ⊆ X is closed ⇐⇒ ∀(xn) ⊆ C, xn → x =⇒ x ∈ C.

Definition 0.10 (Convex set) Page 23, [4]

A subset C of a vector space V over R is called convex if for any two points x, y ∈ C and for

every t ∈ [0, 1], the point

(1 − t)x+ ty
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also belongs to C.

Formally:

C ⊆ V is convex ⇐⇒ ∀x, y ∈ C, ∀t ∈ [0, 1], (1 − t)x+ ty ∈ C.

Definition 0.11 (Totally bounded) Page 89, [6]

A subset A ⊂ X is totally bounded if for every ε > 0, there exists a finite set of points

{x1, x2, . . . , xn} ⊂ X such that

A ⊂
n⋃
i=1

B(xi, ε)

where B(xi, ε) is the open ball centered at xi with radius ε.

Definition 0.12 (Compact Global Attractor) Pages 23-24, [7]

Let (X, d) be a metric space and {S(t)}t≥0 a semigroup of continuous operators on X. A set

A ⊂ X is called a compact global attractor if:

1. Invariance: S(t)A = A for all t ≥ 0.

2. Compactness: A is compact in X.

3. Attractiveness: For every bounded subset B ⊂ X,

lim
t→∞

dist(S(t)B,A) = 0.

Definition 0.13 (Lp Spaces) Pages 125-130, [26]

Let (X,A, µ) be a measure space. For 1 ≤ p < ∞, the space Lp(X) is defined as the set

of (equivalence classes of) measurable functions f : X → R such that

∥f∥p =
(∫

X
|f(x)|p dµ(x)

)1/p
< ∞.

For p = ∞, the space L∞(X) consists of essentially bounded measurable functions with

norm

∥f∥∞ = inf{M ≥ 0 : |f(x)| ≤ M for almost every x ∈ X}.
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Definition 0.14 (Norms on Lp Spaces) Pages 130-132, [26]

For 1 ≤ p < ∞, the norm on the space Lp(X) is defined by

∥f∥p =
(∫

X
|f(x)|p dµ(x)

) 1
p

.

For p = ∞, the norm is given by the essential supremum norm

∥f∥∞ = ess supx∈X |f(x)|,

which means the smallest number M ≥ 0 such that |f(x)| ≤ M for almost every x ∈ X.

Definition 0.15 (Point Dissipative Dynamical System) Page 321, [38]

A dynamical system (X, {T (t)}t≥0) on a metric space X is point dissipative if there

exists a bounded set B ⊂ X such that for every x ∈ X, there exists tx ≥ 0 with:

T (t)x ∈ B for all t ≥ tx.

This implies that all trajectories eventually enter and remain in the bounded set B.

Definition 0.16 (Positively Invariant Set) Page 2, [31]

Let S ⊆ Rn be a set, and consider the dynamical system:

ẋ(t) = f(x(t))

The set S is called positively invariant if every solution x(t) with initial condition

x(0) ∈ S satisfies:

x(t) ∈ S ∀t ≥ 0

That is, trajectories starting in S remain in S for all future time.

Definition 0.17 (Minimizing Sequence) Section 1.2 [8] A sequence (xn) in a metric space

X is called a minimizing sequence for a functional J : X → R ∪ {+∞} if

lim
n→∞

J(xn) = inf
x∈X

J(x).
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In other words, the values of J(xn) approach the infimum of J on X as n grows.

Definition 0.18 (Admissible Set) Page 5, [33]

An admissible set is a collection of functions (or controls, states, etc.) that satisfy the

constraints of a variational or optimization problem. These constraints may include boundary

conditions, integrability, smoothness, or inequality constraints.

For example, the admissible set of controls is given by:

Uad =
{
u ∈ L2(0, T ) | umin ≤ u(t) ≤ umax, a.e. on (0, T )

}

Definition 0.19 (C0-Semigroup) Page 328, [2]

Let X be a Banach space. A family {T (t)}t≥0 ⊆ L(X) is called a C0-semigroup if:

1. T (0) = I, the identity operator on X,

2. T (t+ s) = T (t)T (s) for all t, s ≥ 0, Foreveryx ∈ X, limt↓0 ∥T (t)x− x∥ = 0.

3. Definition 0.20 (Dense Set) Page 32, [28]

Let X be a topological space and A ⊆ X. The set A is said to be dense in X if for every point

x ∈ X, and every neighborhood U of x, the intersection A∩U ̸= ∅. Equivalently, A = X, where

A denotes the closure of A.

Definition 0.21 (Sobolev Space) Page 57, [1]

Let Ω ⊆ Rn be an open subset. For k ∈ N and 1 ≤ p ≤ ∞, the Sobolev space W k,p(Ω) is

defined as the set of functions u ∈ Lp(Ω) whose weak derivatives of order up to k also belong to

Lp(Ω). That is:

W k,p(Ω) = {u ∈ Lp(Ω) | Dαu ∈ Lp(Ω), for all |α| ≤ k}

where Dαu denotes the weak derivative of u corresponding to the multi-index α.

Definition 0.22 (Alpha and Omega Limit Sets) Pages 126-127, [17]

Let ϕt be a flow on a metric space X and x ∈ X. The alpha-limit set α(x) and the omega-limit

set ω(x) of the point x are defined as follows:

α(x) = {y ∈ X | ∃ tn → −∞ with ϕtn(x) → y}
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ω(x) = {y ∈ X | ∃ tn → +∞ with ϕtn(x) → y}

Definition 0.23 (Lower semicontinuity) Pages 33-35, [25]

A function f : X → R ∪ {+∞} is said to be lower semicontinuous at x0 ∈ X if for every

α < f(x0), there exists a neighborhood U of x0 such that

f(x) > α ∀x ∈ U.

Equivalently,

lim inf
x→x0

f(x) ≥ f(x0).

Definition 0.24 (Lyapunov function) Page 93, [21]

Consider the system:

ẋ = f(x), x ∈ Rn, f(0) = 0.

A continuously differentiable function V : Rn → R is called a Lyapunov function near the origin

if:

1. V (0) = 0,

2. V (x) > 0 for all x ̸= 0 (positive definite),

3. V̇ (x) = ∇V (x) · f(x) ≤ 0 for all x near the origin.

If V̇ (x) < 0 for all x ̸= 0, the origin is said to be asymptotically stable.

Definition 0.25 (Arzelà–Ascoli Theorem) Page 158, [28]

Let K be a compact metric space, and let F ⊂ C(K) be a family of real-valued continuous

functions on K. If F is equicontinuous and pointwise relatively compact (i.e., for each x ∈ K,

the set {f(x) : f ∈ F} has compact closure in R), then F is relatively compact in C(K) with

the uniform norm.

Definition 0.26 (LaSalle’s Invariance Principle Theorem) Page 125, [21]

Let D ⊂ Rn be a compact positively invariant set for the autonomous system ẋ = f(x), where f

is continuous. Suppose there exists a continuously differentiable function V : D → R such that:
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1. V̇ (x) ≤ 0 for all x ∈ D.

Let E = {x ∈ D | V̇ (x) = 0}, and let M be the largest invariant set contained in E. Then

every solution starting in D approaches M as t → ∞.

Definition 0.27 (Gâteaux derivative) Page 22, [11]

Let X and Y be normed vector spaces and F : X → Y be a function. The Gâteaux derivative

of F at x ∈ X in the direction h ∈ X is defined as

DGF (x)(h) = lim
t→0

F (x+ th) − F (x)
t

,

provided this limit exists. If it exists for all h ∈ X, then F is said to be Gâteaux differentiable

at x.

Definition 0.28 (Uniform Persistence) (Page 36, [16])

Let X ⊂ Rn, and let ϕ : [0,∞) × X → X be a semiflow. The system is said to be uniformly

persistent on a positively invariant set M ⊂ X if there exists η > 0 such that

lim inf
t→∞

d(ϕ(t, x), ∂M̂) ≥ η, ∀x ∈ M,

where M̂ ⊂ X is a compact subset of M and ∂M̂ denotes its boundary.
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Stability analysis of an age-structured epidemic

model

In this chapter, we formulate an age-structured SEIRI model to describe the transmission

dynamics of an infectious disease. Based on the information and discussion provided in the

introduction, we propose a model in which the population is divided into four compartments:

susceptible, latent, infectious, and recovered individuals. In this framework, susceptible individu-

als may have different levels of susceptibility, the latency period varies among latent individuals,

and recovered individuals may become reinfected. Precisely, let s(t, a) represent the density of

susceptible individuals at time t and susceptibility age a, e(t, θ) denote the density of latent

individuals (those infected but not yet infectious) at time t with latency age θ, I(t) be the

number of infectious individuals at time t, and R(t) be the number of recovered individuals at

time t. We assume that all recruitment into the population occurs exclusively in the susceptible

class at a constant flux Λ. New infections occur at the rate I(t)
∫∞

0 β(a)s(t, a) da, where β(a) is

the transmission rate that depends on the susceptibility age. Latent individuals progress to the

infectious class at rate ψ(θ). Recovered individuals may be reinfected at rate γ, and infectious

individuals recover at rate σ. A natural death rate µ is assumed to apply to all individuals.

Under these assumptions, the disease transmission dynamics can be described by the following
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mathematical model:


∂s(t, a)
∂t

+ ∂s(t, a)
∂a

= −µs(t, a) − β(a)I(t)s(t, a),

∂e(t, θ)
∂t

+ ∂e(t, θ)
∂θ

= −(µ+ ψ(θ))e(t, θ),

dI(t)
dt

=
∫ ∞

0
ψ(θ)e(t, θ) dθ + γR(t) − (µ+ σ)I(t),

dR(t)
dt

= σI(t) − (µ+ γ)R(t),

(1.1)

with the boundary conditions

s(t, 0) = Λ, e(t, 0) = I(t)
∫ ∞

0
β(a)s(t, a) da, (1.2)

and initial conditions

s(0, a) = s0(a), e(0, θ) = e0(θ), I(0) = I0, R(0) = R0. (1.3)

Assumption A: For system (1.1)-(1.3), we assume that:

(i) Λ, µ, σ, γ > 0, ψ ∈ L∞
+ (0,∞) and β ∈ L∞

+ (0,∞) ∩ L1
+(0,∞);

(ii) β is a Lipschitz continuous function on R+;

(iii) Let a ∈ [0, a∗], θ ∈ [0, θ∗], where a and θ represent the maximum age of susceptibility

and latency, which may be infinite. If a∗, θ∗ = +∞, we assume that s(t, a) = 0, e(t, θ) = 0 for

sufficiently large values of a and θ.

1.1 Existence and uniqueness

In this part, we study the existence and uniqueness of solutions in order to ensure that the

system (1.1)-(1.3) is well-defined and satisfies the required mathematical consistency by using

the integrated semi-group approach [3]. For this purpose, we will first reformulate system

(1.1)-(1.3) as a non-densely defined Cauchy problem by proceeding as follows:

We consider the space

Y = R × L1(0,+∞).
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Then, we define the linear operators Aj : D(Aj) ⊂ Y → Y as follows:

A1

 0

ϕ1

 =

 −ϕ1(0)

−ϕ′
1(a) − µϕ1(a)

 , A2

 0

ϕ2

 =

 −ϕ2(0)

−ϕ′
2(θ) − ω(θ)ϕ2(θ)

 ,

where ω(θ) = µ+ ψ(θ), with D(Aj) = {0} ×W 1,1(R+,R), j = 1, 2.

Hence, it us important to observe that Aj are non-densely defined operators ( since D(Aj) are

not dense in Y ). Moreover, for any λ ∈ ρ(A1), where ρ(A1) denotes the resolvent set of A1,

and

 0

ϕ1

 ∈ D(A1). If

(λI − A1)−1

c1

y1

 =

 0

ϕ1

 ,
then, a straightforward calculation yields

ϕ1(a) = c1e
−(λ+µ)a +

∫ a

0
e−(λ+µ)(a−s)y1(s) ds, for all a ∈ R+. (1.4)

Similarly, for any λ ∈ ρ(A2), where ρ(A2) denotes the resolvent set of A2, and

 0

ϕ2

 ∈ D(A2).

So, if

(λI − A2)−1

c2

y2

 =

 0

ϕ2

 ,
then, we obtain

ϕ2(θ) = c2e
−
∫ θ

0 (λ+ω2(s)) ds +
∫ θ

0
e−
∫ θ

s
(λ+ω(σ)) dσy2(s) ds, for all θ ∈ R+. (1.5)
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Accordingly, it is clear to notice that system (1.1)-(1.3) is equivalent to the following system:



d

dt

 0

s(t, ·)

 = A1

 0

s(t, ·)

+

Λ − β(a)I(t)s(t, a)

0

 ,
d

dt

 0

e(t, ·)

 = A2

 0

e(t, ·)

+

I(t)
∫ ∞

0
β(a)s(t, a)da

0

 ,
dI(t)
dt

=
∫ ∞

0
ψθ)e(t, θ)dθ + γR(t) − (µ+ σ)I(t),

dR(t)
dt

= σI(t) − (µ+ γ)R(t).

(1.6)

Now, by setting

ŝ(t) =

 0

s(t, ·)

 , ê(t) =

 0

e(t, ·)

 .
Thus, we can rewrite system (1.6) as non-densely defined Cauchy problem



dŝ(t)
dt

= A1ŝ(t) + F1 (ŝ(t), ê(t), I(t), R(t)) ,

dê(t)
dt

= A2ê(t) + F2 (ŝ(t), ê(t), I(t), R(t)) ,

dI(t)
dt

= −(µ+ σ)I(t) + F3 (ŝ(t), ê(t), I(t), R(t)) ,

dR(t)
dt

= −(µ+ γ)R(t) + F4 (ŝ(t), ê(t), I(t), R(t)) ,

(1.7)
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where

F1 (ŝ(t), ê(t), I(t), R(t)) =

Λ − β(a)I(t)s(t, a)

0

 ,

F2
(
ŝ(t), ê(t), î(t), R(t)

)
=

I(t)
∫ ∞

0
β(a)s(t, a)da

0

 ,

F3
(
ŝ(t), ê(t), î(t), R(t)

)
=
∫ ∞

0
ψθ)e(t, θ)dθ + γR(t),

F4
(
ŝ(t), ê(t), î(t), R(t)

)
= σI(t).

Next, define the spaces

Y =Y×Y×R × R, and Y+ =Y+ ×Y+ ×R+ × R+.

Define the linear operator A : D(A) ⊂ Y → Y by

A



ŝ(t)

ê(t)

I(t)

R(t)


=



A1ŝ(t)

A2ê(t)

−(µ+ σ)I(t)

−(µ+ γ)R(t)


, (1.8)

with D = D(A1) ×D(A2) × R × R. Thus, we have

D(A) = {0} × L1(0,∞) × {0} × L1(0,∞) × R × R,

and hence, D(A) is not dense in Y. Moreover, we define the nonlinear function F : D(A) → Y

by

F



ŝ(t)

ê(t)

I(t)

R(t)


=



F1 (ŝ(t), ê(t), I(t), R(t))

F2 (ŝ(t), ê(t), I(t), R(t))

F3 (ŝ(t), ê(t), I(t), R(t))

F4 (ŝ(t), ê(t), I(t), R(t))


. (1.9)

Set Y0 := D(A) and its positive cone Y0+ := D(A) ∩ Y+. Then, we can reformulate system
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(1.1)-(1.3) as the following abstract Cauchy problem:


du(t)
dt

= Au(t) + F (u(t)), t ≥ 0,

u(0) = u0 ∈ Y0+,

(1.10)

where u(t) = (ŝ(t), ê(t), I(t), R(t)) and u0 = (ŝ0, ê0, I0, R0). From the definition of the linear

operator A given by (1.8) together with the expressions (1.4) and (1.5), it follows that:

H1. A is a Hill-Yosida operator with (−µ,∞) ⊂ ρ(A), i.e., there exists M ≥ 0 such that

∥(λI − A)−n∥ ≤ M

(Re(λ) + µ)n , for Re(λ) > −µ and n ≥ 1.

Moreover, from (1.9) we can check that

H2. F is locally Lipschitz operator, i.e., for all C > 0, there exists L(C) > 0 such that

∥F (ξ) − F (ξ̃)∥X ≤ L∥ξ − ξ̃∥,

for all ξ, ξ̃ ∈ Y ∩ B̄(0, C), where B̄(0, C) is the ball of Y, centered in 0 and with radius C > 0.

Suppose that the initial condition u0 satisfies the following compatibility condition:

s0(0) = Λ, and e0(0) = I0

∫ ∞

0
β(a)s0(a) da. (1.11)

Then, we can derive the following result:

Proposition 1.1 Under H1 and H2, for each u0 ∈ Y0, problem (1.10) has a unique continuous

solution u ∈ C([0, tmax),Y), for some tmax > 0.

Again, with the help of the expressions (1.4) and (1.5), it can be deduced that

H3. A is resolvent positive, i.e.,

(λI − A)−1Y+ ⊂ Y+, for all λ ∈ ρ(A).

Furthermore, the formula (1.9) of the non-linearity F implies that

H4. For every r > 0, there exists α ≥ 0 such that

F (u) + αu ∈ Y+, for all u ∈ B(0, r) ∩ Y+0,
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where B(0, r) denotes the ball of Y, centered in 0 ∈ Y and with radius r. Then, we can obtain

the non-negativity of solution of problem (1.10) as follows:

Proposition 1.2 Under H3 and H4, for each u0 ∈ Y+0, the solution u of problem (1.10) is

satisfying

u(t) ∈ Y+0, for all t ∈ [0, tmax).

Define the space

Y := L1
+(0,∞) × L1

+(0,∞) × R+ × R+,

equipped with the norm

∥(x1, x2, x3, x4)∥X =
∫ ∞

0
|x1(a)|da+

∫ ∞

0
|x2(θ)|dθ + |x3| + |x4|,

where L1
+(0,∞) is the set space of integrable functions from (0,∞) into R+ = [0,+∞). Note

that the initial condition of the system (1.1)-(1.3) can be written as follows

x0 = (s0(·), e0(·), I0, R0) ∈ Y.

Then, for each x0 = (s0(·), e0(·), I0, R0) ∈ Y satisfying the compatibility condition (1.11), system

(1.1)-(1.3) has a unique continuous solution (s(t, ·), e(t, ·), I(t), R(t)) ∈ C([0, tmax),Y). Next, we

pass to show that this solution exists globally, i.e., (s(t, ·), e(t, ·), I(t), R(t)) ∈ C(R+,Y).

Proposition 1.3 Let x0 ∈ Y. Then, the solution (s(t, ·), e(t, ·), I(t), R(t)) of system (1.1)-(1.3)

exists globally.

Proof To extend the domain of existence from t ∈ [0, tmax) to t ∈ R+, it suffices to show that the

solution does not blow-up in finite time. Let x0 ∈ Yt and s(t, ·), e(t, ·), I(t), R(t)) ∈ C([0, tmax),Y)

be the solution of system (1.1)-(1.3). Suppose by contradiction that tmax < ∞.

From system (1.1)-(1.2), we can have

d

dt

(∫ ∞

0
s(t, a) +

∫ ∞

0
e(t, θ) + I(t) +R(t)

)
= Λ −

∫ ∞

0
β(a)I(t)s(t, a)

−µ
∫ ∞

0
s(t, a) − µ

∫ ∞

0
e(t, θ) −

∫ ∞

0
ψ(θ)e(t, θ) + I(t)

∫ ∞

0
β(a)s(t, a)da

+
∫ ∞

0
ψ(θ)e(t, θ)dθ + γR(t) − µI(t) − δI(t) + δI(t) − µR(t) − γR(t).
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Then,

d

dt


∫ ∞

0
s(t, a) +

∫ ∞

0
e(t, θ) + I(t) +R(t)︸ ︷︷ ︸
x(t)

 = Λ − µ
∫ ∞

0
s(t, a)da+

∫ ∞

0
e(t, a)dθ + I(t) +R(t))︸ ︷︷ ︸
x(t)

Hence, we obtain
d

dt
x(t) = Λ − µx(t)

Via Gronwall, we have

x(t) =
(
x(0) − Λ

µ

)
e−µt + Λ

µ
.

By passing to the limit as t goes to tmax, we get

lim
t→tmax

∥x(t)∥Y < ∞. (1.12)

In conclusion,

lim
t→tmax

(∥s(t, ·)∥1 + ∥e(t, ·)∥1 + I(t) +R(t)) < ∞,

which gives a contradiction, and hence, we have claimed that tmax = +∞. This completes the

proof of Proposition 1.3.

So we can define the semi-flow U : R+ × Y → Y generated by the system (1.1)-(1.3) as follows

U(t, x0) = (s(t, ·), e(t, ·), I(t), R(t)), t ≥ 0, x0 ∈ Y. (1.13)

Hence

∥U(t, x0)∥Y = ∥(s(t, ·), e(t, ·), I(t), R(t))∥Y =
∫ ∞

0
s(t, a)da+

∫ ∞

0
e(t, θ)dθ + I(t) +R(t).

Moreover, we define

Σ :=
{

(s, e, I, R) ∈ Y :
∫ ∞

0
s(t, a)da+

∫ ∞

0
e(t, θ)dθ + I(t) +R(t) ≤ Λ

µ

}
.

Then, for the semi-flow U(t, x0) defined in (1.13), we obtain

Proposition 1.4 Consider the system (1.1)-(1.3). Then

(i) The set Σ is positively invariant under the semi-flow U(t, x0)t≤0, i.e., U(t, x0) ∈ Σ for all
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x0 ∈ Σ, t ≥ 0;

(ii) The semi-flow U(t, x0) is point dissipative, and the set Σ attracts every point in Y.

Proof From the system (1.1)-(1.3), we get

d

dt
∥U(t, x0)∥Y =

∫ ∞

0

∂s(t, a)
∂t

da+
∫ ∞

0

∂e(t, θ)
∂t

dθ + dI(t)
dt

+ dR(t)
dt

= −
∫ ∞

0

∂s(t, a)
∂a

da︸ ︷︷ ︸
s(t,0)

−µ
∫ ∞

0
s(t, a)da− I(t)

∫ ∞

0
β(a)s(t, a)da︸ ︷︷ ︸
e(t,0)

−
∫ ∞

0

∂e(t, θ)
∂θ

dθ︸ ︷︷ ︸
e(t,0)

−µ
∫ ∞

0
e(t, θ)dθ −

∫ ∞

0
ψ(θ)e(t, θ)dθ +

∫ ∞

0
ψ(θ)e(t, θ)dθ

− µI(t) − µR(t).

≤ Λ − µ∥U(t, x0)∥Y

Via Gronwall, we get

∥U(t, x0)∥Y ≤ Λ
µ

− e−µt
(

Λ
µ

− ∥x0∥Y

)
, (1.14)

which implies that U(t, x0) ∈ Σ, t ≥ 0, for any solution of system (1.1)-(1.3) satisfying x0 ∈ Σ.

Hence, {U(t, x0)}t≥0 is positively invariant for the set Σ. Furthermore, passing to the limit as

t → ∞ in (1.14), we get lim supt→∞ ∥U(t, x0)∥Y ≤ Λ
µ

, for any x0 ∈ Σ. As a result, the semi-flow

{U(t, x0)}t≥0 is point dissipative, and the set Σ attracts all points in Y. This completes the

proof of Proposition 1.4.

From 1.4, we obtain the following

Proposition 1.5 Let D ≥ Λ
µ

be a constant. If x0 ∈ Y and ∥x0∥Y ≤ D, then

(i) 0 ≤
∫∞

0 s(t, a)da,
∫∞

0 e(t, θ)dθ, I(t), R(t) ≤ D, for all t ≥ 0;

(ii) there exists ε1 > 0 such that

lim inf
t→∞

∫ ∞

0
s(t, a)da ≥ ε1, with ε1 := Λ

µ+D∥β∥∞
.

1.2 Existence and local stability of equilibria

In this section, we address the existence and local asymptotic stability of the equilibria of system

(1.1)–(1.3). We begin by introducing the threshold parameter known as the basic reproduction
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number, which quantifies the expected number of secondary infections caused by a single infected

individual. The basic reproduction number, denoted by R0, is a key epidemiological indicator

that determines whether an infectious disease can infect and persist in a fully susceptible

population. Specifically, R0 represents the average number of secondary cases generated by one

infectious individual during their entire infectious period. For example The basic reproduction

number R0 is estimated to be approximately 2.5 for COVID-19 (and up to 8–12 for Omicron),

and around 1.0 for tuberculosis (typically ranging from 0.5 to 1.5). The calculation of R0 is

typically based on the next-generation matrix method, which separates new infection terms from

other transitions in the model, allowing us to derive an explicit expression for this threshold value.

Following the argument presented in [9], the basic reproduction number of system (1.1)–(1.3) is

given by the following expression

R0 = Λ
µ+ σ

ξ1ξ2 + σγ

(µ+ σ)(µ+ γ) , (1.15)

where

ξ1 =
∫ ∞

0
β(a)π1(a) da, ξ2 =

∫ ∞

0
ψ(θ)π2(θ) dθ,

and

π1(a) = e−µa, π2(θ) = e−
∫ θ

0 (µ+ψ(τ).

Next, we turn to the main objective of this section. We begin with the following result

Lemma 1.1 System (1.1)-(1.3) always admits a unique disease-free equilibrium, given by

E0 = (s0(a), 0, 0, 0),

such that

s0(a) = Λπ1(a), for all a ∈ R+. (1.16)

Proof In the absence of disease transmission, there are no infected individuals, i.e., e(t, θ) =

I(t) = R(t) = 0. Setting the time derivatives in system (1.1)-(1.3) equal to zero, the disease-free

equilibrium must satisfy the following first-order ordinary differential equation


ds0(a)
da

= −µs0(a),

s0(0) = Λ,
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which yields the solution

s0(a) = Λπ1(a), ∀a ∈ R+.

Therefore, System (1.1)-(1.3) always has a unique disease-free equilibrium given by E0= (s0(a),

0, 0, 0), which proves Lemma 1.1. Now, we will apply the linearization method as described in

Webb [37, Section 4.5] to establish the following

Theorem 1.1 Let R0 be given by (1.15). Then, E0 is locally asymptotically stable if R0 < 1,

and unstable if R0 > 1.

Proof To examine the local stability of E0, we begin by linearizing the system (1.1)–(1.3)

around E0. So, we introduce small perturbation variables as follows

s̄(t, a) = s(t, a) − s0(a), ē(t, θ) = e(t, θ), I(t) = I(t), and R̄(t) = R(t).

The linearized system is then expressed as



∂s̄(t, a)
∂t

+ ∂s̄(t, a)
∂a

= −µs̄(t, a) − β(a)s0(a)Ī(t),
∂ē(t, θ)
∂t

+ ∂ē(t, θ)
∂θ

= −(µ+ ψ(θ))ē(t, θ),
dĪ(t)
dt

=
∫ ∞

0
ψ(θ)ē(t, θ)dθ + γR̄(t) − (µ+ σ)Ī(t),

dR̄(t)
dt

= σĪ(t) − (µ+ γ)R̄(t),

s̄(t, 0) = 0,

ē(t, 0) = Ī(t)
∫ ∞

0
β(a)s0(a)da.

(1.17)

We now set

s̄(t, a) = ϕ1(a)eλt, ē(t, θ) = ϕ2(θ)eλt, I(t) = ϕ3e
λt, and R̄(t) = ϕ4e

λt,

for all λ ∈ R, where (ϕ1(a), ϕ2(θ), ϕ3, ϕ4) will be determined later. Consequently, the linearized
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system (1.17) becomes



dϕ1(a)
da

= −(λ+ µ)ϕ1(a) − β(a)s0(a)ϕ3,

dϕ2(θ)
dθ

= −(λ+ µ+ ψ(θ))ϕ2(θ),

(λ+ µ+ σ)ϕ3 =
∫ ∞

0
ψ(θ)ϕ2(θ)dθ + γϕ4,

(λ+ µ+ γ)ϕ4 = σϕ3,

ϕ1(0) = 0,

ϕ2(0) = ϕ3

∫ ∞

0
β(a)s0(a)da.

(1.18)

It is important to observe that the first equation in system (1.18) is decoupled from the rest. as a

result, our analysis can be restricted to the subsystem involving only to the disease-transmission

classes



dϕ2(θ)
dθ

= −(λ+ µ+ ψ(θ))ϕ2(θ),

ϕ2(0) = ϕ3

∫ ∞

0
β(a)s0(a)da,

(λ+ µ+ σ)ϕ3 =
∫ ∞

0
ψ(θ)ϕ2(θ)dθ + γϕ4,

(λ+ µ+ γ)ϕ4 = σϕ3.

(1.19)

Solving the ordinary differential equation in system (1.19), we find that

ϕ2(θ) = ϕ3π2(θ)e−λθ
∫ ∞

0
β(a)s0(a)da. (1.20)

At this point, we need to show λ + µ + σ ̸= 0 and λ + µ + γ ̸= 0. Assume, For the sake

of contradiction that λ + µ + σ = 0. Substituting (1.20) into the third equation of system

(1.19), we immediately obtain ϕ3 = 0. Then, Using the last equation of (1.19), it follows that

λ+µ+ γ = 0, which contradicts our assumption. Similarly, conclude that λ+µ+ γ ̸= 0. Hence,

from the last equation of system (1.19), we deduce that

ϕ4 = σ

λ+ µ+ γ
ϕ3. (1.21)



1.2 Existence and local stability of equilibria 28

Substituting the expressions for ϕ2(θ) and ϕ4 into the third equation of (1.19), we obtain

ϕ3 = ξ̂2(λ)
λ+ µ+ σ

∫ ∞

0
β(a)s0(a)da+ σγ

(λ+ µ+ γ)(λ+ µ+ σ)ϕ3,

where

ξ̂2(λ) =
∫ ∞

0
ψ(θ)π2(θ)e−λθdθ,

denotes the Laplace transform of the function ψ(θ)π2(θ). As a result, the characteristic equation

of (1.17) at E0 can be written as

ξ̂2(λ)
λ+ µ+ σ

∫ ∞

0
β(a)s0(a)da+ σγ

(λ+ µ+ γ)(λ+ µ+ σ) = 1. (1.22)

Let us denote the left-hand side of equation (1.22) by Γ(λ), it is clear that Γ(λ) is a continuously

differentiable function and satisfies the following propertirs

lim
λ→−∞

Γ(λ) = +∞, lim
λ→+∞

Γ(λ) = 0, and Γ′(λ) < 0.

Hence, Γ is a monotonically decreasing function with respect to λ ∈ R. Given that Γ(0) = R0 > 0,

the Intermediate Value Theorem guarantess the existence of a positive real root of the equation

Γ(λ) = 1 this implies that E0 is unstable when R0 > 1. On the other hand, we can prove that

all roots of equation (1.22) have negative real parts when R0 < 1. Suppose, to the contrary,

that equation (1.22) admits an eigenvalue λ such that Re(λ) ≥ 0. More precisely, consider the

case where (1.22) has a real root λ = λ0 ≥ 0 with no imaginary part. Then, we obtain

1 = ξ̂2(λ0)
λ0 + µ+ σ

∫ ∞

0
β(a) s0(a) da+ σγ

(λ0 + µ+ γ)(λ0 + µ+ σ)

≤ ξ2

µ+ σ

∫ ∞

0
β(a) s0(a) da+ σγ

(µ+ γ)(µ+ σ)

= R0.

This leads to a contradiction with the assumption that R0 < 1. Therefore, any eigenvalue λ of

equation (1.22) must have a negative real part when R0 < 1, which implies that E0 is locally

asymptotically stable. In conclusion, we have proven that E0 is locally asymptotically stable if

R0 < 1 and unstable if R0 > 1. This completes the proof of Theorem 1.1

Next, we proceed by proving the existence of the endemic equilibrium and analyzing its local
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asymptotic stability. We begin by introducing the following

Lemma 1.2 Suppose that R0 > 1. In this case system (1.1)-(1.3) admits a unique endemic

equilibrium, such that

E∗ = (s∗(a), e∗(θ), I∗, R∗),

satisfying the following

s∗(a) = s0(a) e−I∗
∫ a

0 β(τ) dτ ,

e∗(θ) = π2(θ) I∗
∫ ∞

0
β(a) s0(a) e−I∗

∫ a

0 β(τ) dτ da,

R∗ = σ

µ+ γ
I∗,

where I∗ is given as the solution of equation (1.12).

Remark 1.1 Observe that if we set I∗ = 0, the system naturally the disease-free equilibrium

E0 = (s0(a), 0, 0, 0).

Proof The equilibrium equations are obtained by setting all time derivatives in system to zero.

Let E∗ = (s∗(a), e∗(θ), I∗, R∗) represent the endemic equilibrium of system (1.1)-(1.3). It must

then satisfy the following system that is independent of time



ds∗(a)
da

= −µs∗(a) − I∗β(a)s∗(a),
de∗(θ)
dθ

= −(µ+ ψ(θ))e∗(θ),

0 =
∫ ∞

0
ψ(θ)e∗(θ)dθ + γR∗ − (µ+ σ)I∗,

0 = σI∗ − (µ+ γ)R∗,

s∗(0) = Λ,

e∗(0) = I∗
∫ ∞

0
β(a)s∗(a)da.

(1.23)

By integrating the first and second ODE of system (1.23), we obtain

s∗(a) = s0(a)e−I∗
∫ a

0 β(τ)dτ , for all a ∈ R+,

and

e∗(θ) = π2(θ)I∗
∫ ∞

0
β(a)s0(a)e−I∗

∫ a

0 β(τ)dτda, for all θ ∈ R+,
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A straightforward computation of the fourth equation in system (1.23) yields

R∗ = σ

µ+ γ
I∗.

By substituting the expressions for e∗(θ) and R∗ into the third equation of system (1.23), We

obtain
ξ2

µ+ σ
+ I∗

∫ ∞

0
β(a)s0(a)e−I∗

∫ a

0 β(τ)dτda+ σγ

(µ+ σ)(µ+ γ)I
∗ = I∗.

Since I∗ > 0, we may divide both sides of the above equation by I∗, which yields

ξ2

µ+ σ

∫ ∞

0
β(a)s0(a)e−I∗

∫ a

0 β(r)drda+ σγ

(µ+ σ)(µ+ γ) = 1. (1.24)

Denoting the left-hand side of (1.24) by P (I∗), Clearly, P is monotonically decreasing function

tending 0 as I∗ → ∞. and we have P (0) = R0 > 1. Hence, the equation P (I∗) = 1 admits a

unique positive solution I∗ > 0. As a resut, when R0 > 1, system (1.23) possesses a unique

positive endemic equilibrium E∗ = (s∗(a), e∗(θ), I∗, R∗). This completes the proof of lemma 1.2.

We now proceed to examine the local asymptotic stability of E∗. Aiming to understand the

behavior and spread the disease once it becomes endemic in the population.

Theorem 1.2 The endemic equilibrium E∗ of system (1.1)-(1.3) is locally asymptotically stable

provided that R0 > 1.

Proof To analyze the local stability of E∗, we linearize system (1.1)-(1.3) around E∗. So, we

introduce the perturbation variables

s̄(t, a) = s(t, a) − s∗(a), ē(t, θ) = e(t, θ) − e∗(θ), Ī(t) = I(t) − I∗, and R̄(t) = R(t) −R∗.
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These perturbations are assumed to satisfy the following linearized system



∂s̄(t, a)
∂t

+ ∂s̄(t, a)
∂a

= −µs̄(t, a) − I∗β(a)s̄(t, a) − β(a)s∗(a)Ī(t),
∂ē(t, θ)
∂t

+ ∂ē(t, θ)
∂θ

= −(µ+ ψ(θ))ē(t, θ),
dĪ(t)
dt

=
∫ ∞

0
ψ(θ)ē(t, θ)dθ + γR̄(t) − (µ+ σ)Ī(t),

dR̄(t)
dt

= σĪ(t) − (µ+ γ)R̄(t),

s̄(t, 0) = 0,

ē(t, 0) = I∗
∫ ∞

0
β(a)s̄(t, a)da+ Ī(t)

∫ ∞

0
β(a)s∗(a)da.

(1.25)

Next, we propose an exponential form for the solution of system (1.25) as follows:

s̄(t, a) = ϕ1(a)eλt, ē(t, θ) = ϕ2(θ)eλt, Ī(t) = ϕ3e
λt, and R̄(t) = ϕ4e

λt,

where ϕ1(a), ϕ2(θ), ϕ3, ϕ4 is to be determined later. Thus, system (1.25) is rewritten as



dϕ1(a)
da

= −(λ+ µ+ I∗β(a))ϕ1(a) − β(a)s∗(a)ϕ3,

dϕ2(θ)
dθ

= −(λ+ µ+ ψ(θ))ϕ2(θ),

(λ+ µ+ σ)ϕ3 =
∫ ∞

0
ψ(θ)ϕ2(θ)dθ + γϕ4,

(λ+ µ+ γ)ϕ4 = σϕ3.

ϕ1(0) = 0,

ϕ2(0) = I∗
∫ ∞

0
β(a)ϕ1(a)da+ ϕ3

∫ ∞

0
β(a)s∗(a)da.

(1.26)

Solving the first and second differential equations of system (1.26), we find

ϕ1(a) = −ϕ3

∫ a

0
β(τ)s∗(τ)e−I∗

∫ a

τ
β(ℓ)dℓe−(λ+µ)(a−τ)dτ, (1.27)

and

ϕ2(θ) = e−λθπ2(θ)
[
−I∗

∫ ∞

0
β(a)

(∫ a

0
β(τ)s∗(τ)e−I∗

∫ a

τ
β(ℓ)dℓe(λ+µ)(a−τ)dτ

)
da (1.28)

+
∫ ∞

0
β(a)s∗(a)da

]
ϕ3.

As in the earlier analysis , we can confirm that λ+ µ+ σ ̸= 0 and λ+ µ+ γ ̸= 0. Consequently,
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the third and fourth equations of system (1.26) yield the following expressions:

ϕ3 = 1
λ+ µ+ σ

∫ ∞

0
ψ(θ)ϕ2(θ)dθ + σγ

(λ+ µ+ σ)(λ+ µ+ γ)ϕ3. (1.29)

Substituting (1.28) into the equation (1.29), we find

ϕ3 = ξ̂2(λ)
λ+ µ+ σ

[
−I∗

∫ ∞

0
β(a)

∫ a

0
β(τ)s∗(τ)e−I∗

∫ a

τ
β(ℓ)dℓe(λ+µ)(a−τ)dτda

+
∫ ∞

0
β(a)s∗(a)da

]
ϕ3 + σγ

(λ+ µ+ σ)(λ+ µ+ γ)ϕ3.

Dividing the both sides of the previous equation by ϕ3 ≠ 0, we obtain the following expression

1 = ξ̂2(λ)
λ+ µ+ σ

[
−I∗

∫ ∞

0
β(a)

∫ a

0
β(τ)s∗(τ)e−I∗

∫ a

τ
β(ℓ)dℓe−(λ+µ)(a−τ)dτda

+
∫ ∞

0
β(a)s∗(a)da

]
+ σγ

(λ+ µ+ σ)(λ+ µ+ γ) .

This represents the characteristic equation of the linearized system (1.25) evaluated atE∗.

Accordingly, it can be expressed as

1 + ξ̂2(λ)
λ+ µ+ σ

− I∗
∫ ∞

0
β(a)

∫ a

0
β(τ)s∗(τ)e−I∗

∫ a

τ
β(ℓ)dℓe−(λ+µ)(a−τ)dτda

= ξ̂2(λ)
λ+ µ+ σ

∫ ∞

0
β(a)s∗(a)da+ σγ

(λ+ µ+ σ)(λ+ µ+ γ) .

Now, let us assume for contradiction that the equation (1.2) admits a complex root λ with

Re (λ) ≥ 0. In particular, Suppose it has a real root λ = λ0 ≥ 0 with no imaginary part.

Therefore, on one hand, we have

∣∣∣∣∣∣ ξ̂2(λ0)
λ0 + µ+ σ

∫ ∞

0
β(a)s∗(a)da+ σγ

(λ0 + µ+ σ)(λ0 + µ+ γ)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣ ξ̂2

µ+ σ

∫ ∞

0
β(a)s∗(a)da+ σγ

(µ+ σ)(µ+ γ)

∣∣∣∣∣∣ = 1.

Using equation (1.24), we obtain the expression above. we also have
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∣∣∣∣∣∣1 + ξ̂2(λ0)
λ0 + µ+ σ

− I∗
∫ ∞

0
β(a)

∫ a

0
β(τ)s∗(τ)e−I∗

∫ a

τ
β(ℓ)dℓe−(λ0+µ)(a−τ)dτda

∣∣∣∣∣∣ > 1.

Observe that the left-hand side of the equation (1.2) is strictly greater than one, while the

right-hand side is strictly less than one, this contradiction implies that all roots of equation

(1.2) must have negative real parts. Consequently, E∗ is locally asymptotically stable. This

concludes the proof of Theorem 1.2.

1.3 Asymptotic smoothness

To demonstrate the existence of a compact global attractor, it is necessary to prove that the

semi-flow U , generated by the system (1.1)-(1.3) is asymptotically smooth. As stated in [18],

the semi-flow U is said to be asymptotically smooth if every forward invariant bounded closed

set is attracted by a nonempty compact set.

Analogous to that of [37], integrating the equations of s(t, a) and e(t, θ) on the system (1.1)-(1.3)

along the characteristic lines t− a = const, t− θ = const, respectively, we get

s(t, a) =


Λπ1(a)e−

∫ a

0 β(τ)I(τ+t−a) dτ , t > a,

s0(a− t) e−
∫ a

a−t
β(τ)I(τ+t−a)dτ π1(a)

π1(a− t) , t ≤ a,
(1.30)

and

e(t, θ) =


M(t− θ)I(t− θ)π2(θ), t > θ.

e0(θ − t) π2(θ)
π2(θ − t) , t ≤ θ,

(1.31)

where

M(t) =
∫ ∞

0
β(a)s(t, a) da. (1.32)

Before going on, we present the following proposition

Proposition 1.6 The function M(t) Lipschitz-continuous on R+.

Additionally, We present the following two Lemmas from [30], which provide the essential tools

to show the asymptotic smoothness of the semi-flow U generated by system (1.1)-(1.3).
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Lemma 1.3 (Theorem 3.2 [30]). The semi-flow U : R+ × Y → Y is asymptotically smooth if

there are maps U1, U2 : R+ × Y → Y such that U(t, x0) = U1(t, x0) + U2(t, x0), and the following

statements hold for any bounded closed set A ⊂ Y, which is forward invariant under U :

(i) lim
t→∞

diamU1(t,A ) = 0;

(ii) There exists tA > 0 such that U2(t,A ) has compact closure for each t ≥ tA .

Since Y is an infinite dimensional space, L1
+(0,+∞) is a subset of Y. In infinite dimensional space,

boundedness alone does not imply precompactness. Therefore, to establish the precompactness

of Y, we need to apply the following lemma:

Lemma 1.4 (Theorem B.2 [30]). A set A ∈ L1
+(0,+∞) has a compact closure if the following

statements hold

(i) sup
f∈A

∫ ∞

0
|f(ℓ)|dℓ < ∞;

(ii) lim
r→∞

∫ ∞

r
|f(ℓ)|dℓ → 0 uniformly in f ∈ A ;

(iii) lim
h→0+

∫ ∞

0
|f(ℓ+ h) − f(ℓ)|dℓ → 0 uniformly in f ∈ A ;

(iv) lim
h→0+

∫ ∞

0
|f(ℓ)|dℓ → 0 uniformly in f ∈ A .

After the above preparation, we can deal with this result:

Theorem 1.3 The semi-flow U generated by system (1.1)-(1.3) is asymptotically smooth.

Proof Firstly, we decompose U(t, x0) into two parts U1 and U2 defined, respectively, as follows:

U1(t, x0) = (φs(t, ·), φe(t, ·), 0, 0, 0), and U2(t, x0) = (ŝ(t, ·), ê(t, ·), I(t), R(t)), where

φs(t, a) =


0, t > a,

s0(a− t)e−
∫ a

a−t
β(τ)I(τ+t−a)dτ π1(a)

π1(a−t) , t ≤ a.

(1.33)

φe(t, θ) =


0, t > θ,

e0(θ − t) π2(θ)
π2(θ−t) , t ≤ θ.

(1.34)
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ŝ(t, a) =


Λπ1(a)e−

∫ a

0 β(τ)(τ+t−a)dτ , t > a,

0, t ≤ a.

(1.35)

and

ê(t, θ) =


I(t− θ)M(t− θ)π2(θ), t > θ,

0, t ≤ θ.

(1.36)

For x0 ∈ A , where A ⊂ Y is a bounded set, such that r > Λ
µ

is a bound for A , we obtain

∥U1(t, x0)∥Y = ∥φs(t, ·)∥1 + ∥φe(t, ·)∥1

=
∫ ∞

t
s0(a− t)e−

∫ a

a−t
β(τ)I(τ+t−a)dτ π1(a)

π1(a− t)da+
∫ ∞

0
e0(θ − t) π2(θ)

π2(θ − t)dθ

=
∫ ∞

0
s0(a)e−

∫ a+t

a
β(τ)I(τ+t−a)dτ π1(t+ a)

π1(a) da+
∫ ∞

0
e0(θ)

π2(t+ θ)
π2(θ)

dθ.

Hence, we have

∥U1(t, x0)∥Y ≤ e−µt(∥s0∥L1 + ∥e0∥L1) ≤ e−µt∥x0∥Y ≤ re−µt.

Therefore,

lim
t→∞

U1(t,A ) = 0,

and the condition (i) in Lemma 1.3 holds. Next, we move to show that U2(t,A ) has compact

closure for each t ≥ 0. According to (i) of Proposition 1.5, we have I(t) and R(t) remain in the

compact set [0, D] where D ≥ Λ
µ

is a bound for A . Thus, it remains only to verify that ŝ(t, a)

and ê(t, θ) remain in precompact subset of L1
+(0,+∞) which is independent of x0. To this

end, it needs to verify that (i)-(iv) in Lemma 1.3. From (i) of Proposition 1.5, we could easily

conclude that (i), (ii) and (iv) in Lemma 1.3 are hold. Now, we pass to claim the statement (iii)

in Lemma 1.3. So, for sufficiently small h ∈ (0, t), we have



1.3 Asymptotic smoothness 36

∫ ∞

0
|ê(t, θ + h) − ê(t, θ)| dθ

=
∫ t−h

0
|ê(t, θ + h) − ê(t, θ)| dθ +

∫ t

t−h
|ê(t, θ)| dθ

=
∫ t−h

0

∣∣∣∣I(t− θ − h)M(t− θ − h) π2(θ + h) − I(t− θ)M(t− θ) π2(θ)
∣∣∣∣ dθ

+
∫ t

t−h
I(t− θ)M(t− θ) π2(θ)ḋθ.

Thus, it yields

∫ ∞

0
|ê(t, θ + h) − ê(t, θ)| dθ

≤
∫ t−h

0
|I(t− θ − h)M(t− θ − h) π2(θ + h) − π2(θ)| dθ︸ ︷︷ ︸

Ξ1

+
∫ t−h

0
|I(t− θ − h)M(t− θ − h) − I(t− θ)M(t− θ)| π2(θ) dθ︸ ︷︷ ︸

Ξ2

+
∫ t

t−h
I(t− θ)M(t− θ) π2(θ) dθ︸ ︷︷ ︸

Ξ3

.

At this stage, from (i) of Proposition 1.5, it yields

Ξ1 ≤ D2∥β∥∞

∫ t−h

0
|π2(θ + h) − π2(θ)| dθ

≤ D2∥β∥∞

[∫ t−h

0
π2(θ) dθ −

∫ t−h

0
π2(θ + h) dθ

]

= D2∥β∥∞

[∫ h

0
π2(θ) dθ −

∫ t

t−h
π2(θ) dθ

]

≤ D2∥β∥∞h. (1.37)

Furthermore, from the equation of I(t) in system (1.1), it follows

∣∣∣∣∣dI(t)
dt

∣∣∣∣∣ ≤ (∥ψ∥∞ + µ+ γ + σ)D := LI .

Which implies that
∣∣∣dI(t)
dt

∣∣∣ has bound LI and I(t) is Lipschitz continuous on (0,+∞) with
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Lipschitz coefficient LI . Therefore, we have

Ξ2 ≤
∫ t−h

0
|I(t− θ − h)M(t− θ − h) −M(t− θ)| π2(θ) dθ

+
∫ t−h

0
M(t− θ) |I(t− θ − h) − I(t− θ)|π2(θ) dθ

≤ (DLM +D∥β∥∞LI)h, (1.38)

where LI and LM are the Lipschitz constants of I(t) and M(t), respectively. Similarly, we could

obtain

Ξ3 =
∫ t

t−h
I(t− θ)M(t− θ)π2(θ)dθ ≤ 2D2∥β∥∞h. (1.39)

In conclusion, by collecting (1.37)-(1.39), we could write

∥ê(t, · + h) − ê(t, ·)∥1 ≤ Ĉh, Ĉ = (2D2∥β∥∞ +DLM +D∥β∥∞LI)h.

Therefore, lim
h→0

∥ê(t, · +h) − ê(t, ·)∥1 = 0 uniformly for any x0 in A , and hence ê(t, θ) remains in

a precompact subset Aê of L+
1 (0,∞). Similarly, we can claim that ŝ(t, a) remains in precompact

subset Aŝ of L+
1 (0,∞). Thus, U1(t, x0) ⊆ Aŝ × Aê × [0, D] × [0, D], which is compact in Y.

It follows that U2(t,A ) has compact closure, which implies that (iii) in Lemma 1.4 holds.

Consequently, the semi-flow generated by system (1.1)-(1.3) is asymptotically smooth. This

completes the proof of Theorem 1.3

According to [30], we can introduce the following useful result of the existence of a global

attractor for semi-flow {U(t, x0)}t≥0:

Theorem 1.4 The semi-flow {U(t, x0)}t≥0 has a global attractor A contained in Y, which

attracts the bounded sets of Y.

1.4 Uniform persistence

In this part, we shall demonstrate the uniform persistence of system (1.1)-(1.3) if R0 > 1, which

indicates that there will always exist infectious individuals if the infectivity is initially exist. Let

us first define

M̂ :=
{

(s(t, ·), e(t, ·), I(t), R(t)) ∈ Y :
∫ ∞

0
e(t, θ)dθ + I(t) +R(t) > 0

}
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and

∂M̂ := Y \ M̂.

Theorem 1.5 For the semi-flow {U(t, x0)}t≥0 generated by system 1-3, the sets M̂ and ∂M̂

are positively invariant. Furthermore, for every ζ ∈ ∂M̂, we have U(t, x0)ζ → E0, as t goes to

infinity.

Proof Let (s0(·), e0(·), I0, R0) ∈ M̂. Define

H(t) = I(t) +R(t) +
∫ ∞

0
e(t, θ)dθ.

Therefore, we find

dH(t)
dt

= e(t, 0) − µ
∫ ∞

0
e(t, θ) dθ − µI(t) − µR(t)

≥ −µH(t)

Moreover, we have H(0) > 0. Then, it yields

H(t) ≥ H(0)e−µt > 0.

which means that U(t, x0)M̂ ⊂ M̂, and hence, M̂ is positively invariant. For any (s0(·), e0(·), I0,

R0) ∈ ∂M̂, we have I(0) = I0 = 0, R(0) = R0 = 0, and
∫ ∞

0
e0(θ)dθ = 0. Thus, ∂M̂ is positively

invariant. Next, let (s0(·), e0(·), I0, R0) ∈ M̂. Then, we have



∂e(t, θ)
∂t

+ ∂e(t, θ)
∂θ

= −(µ+ ψ(θ)) e(t, θ),
dI(t)
dt

=
∫ ∞

0
ψ(θ) e(t, θ) dθ + γR(t) − (µ+ σ) I(t),

dR(t)
dt

= σI(t) − (µ+ γ)R(t),

e(t, 0) = I(t)
∫ ∞

0
β(a) s(t, a) da,

e(0, θ)=e0(θ), I(0) = 0, R(0) = 0.

(1.40)

From (i) of Proposition 1.5, it follows

∫ ∞

0
β(a)s(t, a)da ≤ D∥β∥∞, as t → ∞.
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Consequently, by comparison principle, it results

e(t, θ) ≤ ẽ(t, θ), I(t) ≤ Ĩ(t), and R(t) ≤ R̃(t), (1.41)

where (ẽ(t, θ), Ĩ(t), R̃(t)) is the solution of the following system



∂ẽ(t, θ)
∂t

+ ∂ẽ(t, θ)
∂θ

= −(µ+ ψ(θ))ẽ(t, θ),
dĨ(t)
dt

=
∫ ∞

0
ψ(θ)ẽ(t, θ)dθ + σĨ(t),

dR̃(t)
dt

= σĨ(t) − (µ+ γ)R̃(t),

ẽ(t, 0) = D∥β∥∞Ĩ(t),

ẽ(0, θ) = e0(θ), I(0) = 0, R(0) = 0.

(1.42)

By solving the first equation of system (1.42) along the characteristic line t− θ = constant, we

obtain

ẽ(t, θ) =


D∥β∥∞Ĩ(t− θ)π2(θ), t > θ ≥ 0,

e0(θ − t) π2(θ)
π2(θ − t) , θ ≥ t ≥ 0.

(1.43)

Furthermore, solving the third equation of (??) while taking into account that R(0) = 0, we find

R̃(t) = σ
∫ t

0
e−(µ+γ)τ Ĩ(t− τ)dτ. (1.44)

Substituting (1.43) and (1.44)) into the second equation of system (1.42), we arrive at


dĨ(t)
dt

= D∥β∥∞

∫ t

0
ψ(θ)π2(θ)Ĩ(t− θ)dθ + σγ

∫ t

0
e−(µ+γ)τ Ĩ(t− τ)dτ + F(t) − (µ+ σ)Ĩ(t),

I(0) = 0,
(1.45)

where F is defined by

F(t) =
∫ ∞

t
ψ(θ)e0(θ − t) π2(θ)

π2(θ − t)dθ.

It is clear that F(t) = 0 as t → ∞. Therefore, the equation (1.33) has a unique solution Ĩ(t) = 0.

Consequently, from (1.29), it yields that ẽ(t, θ) = 0, for 0 ≤ θ < t. Moreover, for 0 ≤ t ≤ θ, we

have ∥∥∥ẽ(t, θ) ∣∣∣
1

=
∥∥∥ e0(θ − t) π2(θ)

π2(θ − t)
∥∥∥

1
≤ e−µt∥e0∥1. (1.46)
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This means that ẽ(t, θ) → 0 as t → ∞. Next, from the equation of R̃(t) in system (1.45), we have

R̃(t) = 0. In conclusion, from (1.41) it follows that I(t) = 0, R(t) = 0 and e(t, θ) = 0 as t → ∞.

Moreover, we can conclude from the first equation of system (1.1)-(1.3) that lim
t→∞

s(t, a) = s0(a).

This completes the proof Thorem 1.5.

Next, we will show the uniform persistence of {U(t, x0)}t≥0 generated by system (1.1)-(1.3).

Theorem 1.6 Suppose R0 > 1. The semi-flow {U(t, x0)}t≥0 is uniformly persistent with respect

to (M̂, ∂M̂), i.e., there exists a constant ε > 0, such that

lim inf
t→∞

d(U(t, x0)ζ, ∂M̂) ≥ ε,

for any ζ ∈ M̂.

Proof As already shown, E0 is globally asymptotically stable in ∂M̂, then according to Theorem

4.2 in Hale and Waltman [18], we need to study the behavior of solutions starting in M̂ in some

neighborhood of E0. Therefore, we should demonstrate that

W s(E0) ∩ M̂ = ∅,

where

W s(E0) =
{
ζ ∈ Y : lim

t→∞
U(t, x0)ζ = E0

}
.

To this end, we will proceed by contradiction. So, assuming that there exists ζ̃ ∈ W s(E0) ∩ M̂.

Hence, there exists t1 > 0 so that I(t1) +R(t1) +
∫∞

0 e(t1, θ)dθ > 0 since ζ̃ ∈ M̂. Therefore, it

yields

I(t) +R(t) +
∫ ∞

0
e(t, θ)dθ > 0, t ≥ t1 > 0.

On the other hand, due to R0 > 1, we can pick an ε0 > 0 small enough so that

ξ2

µ+ σ

∫ ∞

0
β(a)(s0(a) − ε0)da+ σγ

(µ+ σ)(µ+ γ) > 1. (1.47)

Since ζ̃ ∈ W s(E0), we have lim
t→∞

(s(t, a), e(t, θ), 0, 0) = (s0(a), 0, 0, 0, 0). Then, for the above

chosen ε0, there exists t2 > 0 such that

s(t, a) > s0(a) − ε0, for all t ≥ t2. (1.48)
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Now, setting

J(t) = I(t) + γ

µ+ γ
R(t) +

∫ ∞

0
Φ(θ)e(t, θ)dθ, (1.49)

where Φ(θ) : R+ → R+ is given by

Φ(θ) =
∫ ∞

θ
ψ(r)e−

∫ τ

θ
(µ+ψ(ℓ))dℓdτ. (1.50)

It is clear that Φ(0) = ξ2 and

dΦ(θ)
dθ

= (µ+ ψ(θ))Φ(θ) − ψ(θ).

Next, differentiating J(t) with respect to time t gives

dJ(t)
dt

= −
∫ ∞

0
Φ(θ)

[
∂
∂θe(t, θ) + (µ+ ψ(θ))e(t, θ)

]
dθ + dI(t)

dt
+ γ

µ+ γ

dR(t)
dt

.

= Φ(0)e(t, 0) −
∫ ∞

0
ψ(θ)e(t, θ)dθ + dI(t)

dt
+ γ

µ+ γ

dR(t)
dt

.

Recalling that e(t, 0) = I(t)
∫ ∞

0
β(a)s0(a, t)da, and by applying (1.48), we obtain

dJ(t)
dt

≥ ξ2I(t)
∫ ∞

0
β(a)(s0(a) − e0) da+ σγ

µ+ γ
I(t) − (µ+ σ)I(t)

= (µ+ σ)
[

ξ2

µ+ σ

∫ ∞

0
β(a)(s0(a) − e0) da+ σγ

(µ+ σ)(µ+ γ) − 1
]
I(t)

≥ (µ+ σ)
[

ξ2

µ+ σ

∫ ∞

0
β(a)(s0(a) − e0) da+ σγ

(µ+ σ)(µ+ γ) − 1
]
I(t)

≥ 0.

Obviously, J(t) is a non-decreasing function for t ≥ t2. Therefore, J(t) ≥ J(t0) > 0 for all t ≥ t0

with t0 = max{t1, t2}. This prevents (e(t, θ), I(t), R(t)) converging to (0, 0, 0) as t → ∞, which

contradicts the assumption of ζ̃ ∈ W s(E0). Hence, W s(E0) ∩ M̂ = ∅. This proves Theorem 1.6.

Before investigating the global stability results in the next section, it is necessary to

define the total trajectory which refers to the solution of (1.1)-(1.3) extended to R . A total

trajectory of U is defined as a function φ :R→ Y, φ(t) = (s(t, ·), e(t, ·), I(t), R(t)) such that

U(r, φ(t)) = φ(t+ r), for all t ∈ R and r ∈ R+. Setting sr(t, a) = s(t+ r, a), er(t, θ) = e(t+ r, θ),

Ir(t) = I(t+ r), and Rr(t) = R(t+ r), we obtain
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

sr(t, a) =


Λπ1(a)e−

∫ a

0 β(τ)(I(τ+t+r−a))dτ , t > a,

s(r, a− t)e−
∫ a

a−t
β(τ)(I(τ+t+r−a))dτ π1(a)

π1(a− t) , t ≤ a,

er(t, θ) =


e(t+ r − θ, 0)π2(θ), t > θ,

e(r, θ − t) π2(θ)
π2(θ − t) , t ≤ θ,

dIr(t)
dt

=
∫ ∞

0
ψ(θ)er(t, θ)dθ + γRr(t) − (µ+ σ)Ir(t),

dRr(t)
dt

= (µ+ γ)Rr(t).

For τ ≥ r ∈ R+, with t = τ − r, we arrive at



sr(τ, a) =


Λπ1(a)e−

∫ a

0 β(ℓ)(I(ℓ+τ−a))dℓ, τ − r > a,

s(r, a− (τ − r))e−
∫ a

a−(τ−r) β(ℓ)(I(ℓ+τ−a))dℓ π1(a)
π1(a− (τ − r)) , τ − r ≤ a,

er(τ, θ) =


e(τ − θ, 0)π2(θ), τ − r > θ,

e(r, θ − (τ − r)) π2(θ)
π2(θ − (τ − r)) , τ − r ≤ θ,

dIr(t)
dt

=
∫ τ−r

0
ψ(θ)π2(θ)e(τ − θ, 0)dθ +

∫ ∞

τ−r
ψ(θ)e(τ, θ − (τ − r)) π2(θ)

π2(θ − (τ − r))dθ

+ γRr(t) − (µ+ σ)Ir(t),

dRr(t)
dt

= σIr(t) − (µ+ γ)Rr(t).

(1.51)
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Letting r → −∞ in system (1.51) and substituting τ by t, we get for all t ∈ R, a, θ ∈ R+,



s(t, a) = Λπ1(a)e−
∫ a

0 β(τ)I(t+τ−a)dτ ,

e(t, θ) = e(t− θ, 0)π2(θ),

dI(t)
dt

=
∫ ∞

0
ψ(θ)π2(θ)e(t− θ, 0)dθ + γR(t) − (µ+ σ)I(t),

dR(t)
dt

= σI(t) − (µ+ γ)R(t).

(1.52)

1.5 Global stability

In this section, we present the core findings of this study. Specifically , we aim to establish

the global asymptotic stability of each equilibrium of the epidemic model described by system

(1.1)-(1.3). Before we proceed, we define G : (0,+∞) → R+ as follows

G(x) = x− 1 − ln x. (1.53)

Clearly, the derivative is G′(x) = 1− 1
x

which implies that G is decreasing on (0, 1], and increasing

on [1,+∞). It has also only one extremum, which is a global minimum at x = 1. Additionally,

we have 1 − x+ ln x ≤ 0 for x > 0, and the equality holds if and only if x = 1. This function is

typically used to construct the Lyapunov functional in Volterra-Lotka systems [12]. Now, we

start by establishing the global asymptotic stability of E0 of system (1.1)-(1.3).

Theorem 1.7 The disease-free equilibrium E0 is globally asymptotically stable, if R0 < 1.

Proof Let φ(t) = (s(t, ·), e(t, ·), I(t), R(t)) be a total trajectory of system (1.1)-(1.3) in A.

Construct the Lyapunov functional as follows:

V (t) = ξ2Y1(t) + Y2(t) + Y3(t) + Y4(t), (1.54)
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such that
Y1(t) =

∫ ∞

0
s0(a)G

(
s(t, a)
s0(a)

)
da,

Y2(t) =
∫ ∞

0
Φ(θ) e(t, θ)dθ,

Y3(t) = I(t),

Y4(t) = γ

µ+ γ
R(t).

Moreover, in view of Proposition 1.5, s(t, a) is bounded and bounded away from 0. Consequently,

V (t) is bounded and hence well-defined on φ(t). Moreover, by (1.39), V (t) is nonnegative

definite with global minimum 0 at E0. Now, differentiating Y1(t) along the trajectory of system

(1.1)-(1.3) with respect to t yields

dY1(t)
dt

=
∫ ∞

0
s0(a) ∂

∂t
G

(
s(t, a)
s0(a)

)
da.

= −
∫ ∞

0

(
1 − s0(a)

s(t, a)

)[
∂

∂a
s(t, a) + µs(t, a) + β(a)I(t)s(t, a)

]
da. (1.55)

It is clear that

(
1 − s0(a)

s(t, a)

)[
∂

∂a
s(t, a) + µs(t, a)

]
= s0(a) ∂

∂a
G

(
s(t, a)
s0(a)

)
.

Therefore, the expression (1.55) can be simplified to

dY1(t)
dt

= −
∫ ∞

0
s0(a) ∂

∂a
G

(
s(t, a)
s0(a)

)
da− I(t)

∫ ∞

0

(
1 − s0(a)

s(t, a)

)
β(a)s(t, a)da.

Integrating by parts the first term on the right-hand side of equation (1.5), we obtain

dY1(t)
dt

= s0(0)G
(
s(t, 0)
s0(0)

)
︸ ︷︷ ︸

=0

−µ
∫ ∞

0
s0(a)G

(
s(t, a)
s0(a)

)
da

− I(t)
∫ ∞

0
β(a)s(t, a)da︸ ︷︷ ︸
e(t,0)

+I(t)
∫ ∞

0
β(a)s0(a)da.

Observe that G
(
s(t,0)
s0(0)

)
= G(1) = 0. Thus, we have

dY1(t)
dt

= −e(t, 0) + I(t)
∫ ∞

0
β(a)s0(a)da− µ

∫ ∞

0
s0(a)G

(
s(t, a)
s0(a)

)
da. (1.56)
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Similarly, we differentiate Y2(t) along the solutions of system (1.1)-(1.3) to obtain

dY2(t)
dt

= −
∫ ∞

0
Φ(θ)

[
∂

∂θ
e(t, θ) + (µ+ ψ(θ))e(t, θ)

]
dθ

= −
∫ ∞

0
Φ(θ) ∂

∂θ
e(t, θ)dθ −

∫ ∞

0
(µ+ ψ(θ))Φ(θ)e(t, θ)dθ

= ξ2e(t, 0) −
∫ ∞

0
ψ(θ)e(t, θ)dθ.

(1.57)

Moreover, the time derivatives of Y3(t) and Y4(t) are given, respectively, by

dY3(t)
dt

=
∫ ∞

0
ψ(θ)e(t, θ)dθ − (µ+ σ)I(t) + γR(t), (1.58)

and
dY4(t)
dt

= σγ

µ+ γ
I(t) − γR(t). (1.59)

Substituting (1.56)-(1.59) into (1.54) and after doing some rearrangement, we obtain dY (t)
dt

along

the trajectories of system (1.1)-(1.3) in the following form

dY (t)
dt

= (µ+ σ)
[
(R0 − 1)I(t) − µ

µ+ σ

∫ ∞

0
s0(a)G

(
s(t, a)
s0(a)

)
da

]
.

Since R0 < 1, dY (t)
dt

≤ 0 holds, i.e., Y (t) is non-decreasing over time. Due to the boundedness of

V (t) on φ(.), the α-limit set of φ(t) must be contained in M0, the largest compact invariant subset

in
{
dY (t)
dt

= 0
}
. Let’s claim that M0 = E0. Recalling that dY (t)

dt
= 0 holds when s(t, a) = s0(a)

and I(t) = 0. Then, from (1.52) it follows that e(t, θ) = 0 and R(t) = 0, for all t ∈ R. Therefore,

our claim holds. This implies that the α-limit consists only of E0. Hence, φ ≡ E0. So, A = {E0}.

In conclusion, following the LaSalle’s invariance principle (see, e.g., ( [15], [36]), we can conclude

that E0 is globally asymptotically stable if R0 < 1. Which completes proof of Theorem 1.7

Next, we jump to show the global asymptotic stability of the endemic equilibrium E∗ of system

(1.1)-(1.3).

Theorem 1.8 The endemic equilibrium E∗ is globally asymptotically stable, if R0 > 1.

Proof Let φ(t) = (s(t, ·), e(t, ·), I(t), R(t)) be the total U -trajectory in A, for all t ∈ R. Define

the Lyapunov function by

W (t) = W1(t) +W2(t) +W3(t) +W4(t). (1.60)
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Where
W1(t) =

∫ ∞

0

s∗(a)
e∗(0)G

(
s(t, a)
s∗(a)

)
da,

W2(t) =
∫ ∞

0
Ψ(θ)e(t, θ)

e∗(θ) dθ,

W3(t) = I

ξ2e∗(0)G
(
I(t)
I∗

)
,

W4(t) = γR

(µ+ γ)ξ2e∗(0)G
(
R(t)
R∗

)
,

with

Ψ(θ) =
∫ θ

0 ψ(τ)e∗(τ)dτ∫ θ
0 ψ(θ)e∗(θ)dθ

.

It is clear that Ψ(0) = 1, and Ψ′(θ) = ψ(θ)e∗(θ)
ξ2e∗(0) . According to Proposition 1.5, s(t, a), e(t, θ),

I(t) and R(t) are bounded, and they are also bounded away from 0. This means that W (t) is

bounded on φ(t), and hence W (t) is well-defined. Thus, W (t) ≥ 0 with global minimum 0 at

E∗. Differentiating W1 along the trajectory of system (1.1)-(1.3) with respect to time t yields

dW1(t)
dt

=
∫ ∞

0
s∗(a) ∂

∂t
G

(
s(t, a)
s∗(a)

)
da

= − 1
e∗(0)

∫ ∞

0

(
1 − s∗(a)

s(t, a)

)[
∂

∂a
s(t, a) + µs(t, a)

]
da

− I(t)
e∗(0)

∫ ∞

0

(
1 − s∗(a)

s(t, a)

)
β(a)s(t, a)da.

(1.61)

Taking into account that

(
1 − s∗(a)

s(t, a)

)[
∂

∂a
s(t, a) + µs(t, a)

]
= s∗(a) ∂

∂a
G

(
s(t, a)
s∗(a)

)
−
(

1 − s∗(a)
s(t, a)

)
I∗β(a)s(t, a),

Then, (1.61) can be expressed as follows

dW1(t)
dt

= − 1
e(0)

∫ ∞

0
s∗(a) ∂

∂a
G

(
s(t, a)
s∗(a)

)
da+ I∗

e∗(0)

∫ ∞

0

(
1 − s∗(a)

s(t, a)

)
β(a)s(t, a)da

− I(t)
e∗(0)

∫ ∞

0

(
1 − s∗(a)

s(t, a)

)
β(a)s(t, a)da.



1.5 Global stability 47

Recalling that e∗(0) = I∗ ∫∞
0 β(a)s∗(a)da. Therefore, a straightforward calculation gives

dW1(t)
dt

= s∗(0)
e∗(0)G

(
s(t, 0)
s∗(0)

)
︸ ︷︷ ︸

=0

−
∫ ∞

0
(µ+ β(a)I∗)s

∗(a)
e∗(a)G

(
s(t, a)
s∗(a)

)
da

+
∫∞

0 β(a)s(t, a)da∫∞
0 β(a)s∗(a)da − e(t, 0)

e∗(0) + I(t)
I∗ − 1.

(1.62)

Similarly, we can get the derivative of W2(t) along the solutions of (1.1)-(1.3) as

dW2(t)
dt

=
∫ ∞

0
Ψ(θ) ∂

∂t

(
e(t, θ)
e∗(0)

)
dθ

= −
∫ ∞

0
Ψ(θ) 1

e∗(0)

(
1 − e∗(θ)

e(t, θ)

)[
∂

∂θ
e(t, θ) + (µ+ ψ(θ))e(t, θ)

]
dθ.

(1.63)

Considering

e∗(θ) ∂
∂θ
G

(
e(t, θ)
e∗(θ)

)
=
(

1 − e∗(θ)
e(t, θ)

)[
∂

∂θ
e(t, θ) + (µ+ ψ(θ))e(t, θ)

]
.

Then, (1.63) is converted to

dW2(t)
dt

= −
∫ ∞

0
Ψ(θ) ∂

∂θ
G

(
e(t, θ)
e∗(θ)

)
dθ.

By integration by parts, we have

dW2(t)
dt

= Ψ(0)G
(
e(t, 0)
e∗(0)

)
− 1
ξ2

∫ ∞

0
ψ(θ)e(t, θ]

e∗(θ) G
(
e(t, θ)
e(θ)

)
dθ

= e(t, 0)
e∗(0) − 1 − ln I(t)

I∗ − ln
∫∞

0 β(a)s(t, a)da∫∞
0 β(a)s∗(a)da

− 1
ξ2

∫ ∞

0
ψ(θ)e

∗(θ)
e∗(0)G

(
e(t, θ)
e∗(θ)

)
dθ.

(1.64)

Combining (1.62) and (1.64), it results

dW1(t)
dt

+ dW2(t)
dt

= G

(
I(t)
I∗

)
+G

(∫∞
0 β(a)s(t, a)da∫∞
0 β(a)s∗(a)da

)

−
∫ ∞

0
(µ+ β(a)I∗)s

∗(a)
e∗(0)G

(
s(t, a)
s∗(a)

)
da

− 1
ξ2

∫ ∞

0
ψ(θ)e

∗(θ)
e∗(0)G

(
e(t, θ)
e∗(θ)

)
dθ.

(1.65)
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By Jensen’s inequality, we have

G

(∫∞
0 β(a)s(t, a)da∫∞
0 β(a)s∗(a)da

)
≤ 1∫∞

0 β(a)s∗(a)da

∫ ∞

0
β(a)s∗(a)G

(
s(t, a)
s∗(a)

)
da.

Hence, it follows

dW1(t)
dt

+ dW2(t)
dt

= G

(
I(t)
I∗

)
− µ

∫ ∞

0

s∗(a)
e∗(0)G

(
s(t, a)
s∗(a)

)
da

− 1
ξ2

∫ ∞

0
ψ(θ)e

∗(θ)
e∗(0)G

(
e(t, θ)
e∗(θ)

)
dθ.

(1.66)

Now, we turn to differentiate W3(t) along the trajectory of (1.1)-(1.3) with respect to t as

dW3(t)
dt

= 1
ξ2e∗(0)

(
1 − I∗

I(t)

) [∫ ∞

0
ψ(θ)e(t, θ)dθ + γR(t) − (σ + µ)I(t)

]
= 1
ξ2e∗(0)

[∫ ∞

0
ψ(θ)e(t, θ)dθ + γR(t) − (σ + µ)I(t)

−I∗
∫ ∞

0
ψ(θ)e(t, θ)

I(t) dθ − γI∗R(t)
I(t) + (σ + µ)I∗

]
.

Applying the equation

(σ + µ)I∗ =
∫ ∞

0
ψ(θ)e∗(θ)dθ + γR∗.

Therefore, we can get

dW3(t)
dt

= 1
ξ2

∫ ∞

0
ψ(θ)e

∗(θ)
e∗(0)

[
1 + e(t, θ)

e∗(θ) − I∗e(t, θ)
I(t)e∗(θ) − I(t)

I∗

]
dθ

+ γR∗

ξ2e∗(0)

[
1 + R(t)

R∗ − I∗R(t)
R∗I(t) − I(t)

I∗

]
.

After straightforward calculation, we can get

dW3(t)
dt

= 1
ξ2

∫ ∞

0
ψ(θ)e

∗(θ)
e∗(0)G

(
e(t, θ)
e∗(θ)

)
dθ −G

(
I(t)
I∗

)

− 1
ξ2

∫ ∞

0
ψ(θ)e

∗(θ)
e∗(0)G

(
I∗e(t, θ)
I(t)e∗(θ)

)
dθ

+ γR

ξ2e∗(0)

[
G

(
R(t)
R∗

)
−G

(
I∗R(t)
R∗I(t)

)
−G

(
I(t)
I∗

)]
.

(1.67)
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Finally, the derivative of W4(t) could be expressed as follows

dW4(t)
dt

= γ

(µ+ γ)ξ2e∗(0)

(
1 − R∗

R(t)

)
[σI(t) − (µ+ γ)R(t)]

= γ

(µ+ γ)ξ2e∗(0)

[
σI(t) − (µ+ γ)R(t) − σR∗ I(t)

R(t) + (µ+ γ)R∗
]
.

Applying the equation σI∗ = (µ+ γ)R∗, it yields

dW4(t)
dt

= − γR

ξ2e∗(0)

[
1 − R∗I(t)

I∗R(t) − R(t)
R∗ + I(t)

I∗

]

= − γR

ξ2e∗(0)

[
G

(
I(t)
I

)
−G

(
R(t)
R

)
−G

(
R∗I(t)
I∗R(t)

)]
.

(1.68)

In summary, collecting (1.66), (1.67) and (1.68) gives

dW (t)
dt

= −µ
∫ ∞

0

s∗(a)
e∗(0)G

(
s(t, a)
s∗(a)

)
da− 1

ξ2

∫ ∞

0
ψ(θ)e

∗(θ)
e∗(0)G

(
I∗e(t, θ)
I(t)e∗(θ)

)
dθ

− γR∗

ξ2e∗(0)

[
G

(
I∗R(t)
I(t)R∗

)
+G

(
R∗I(t)
I∗R(t)

)]
.

Therefore, dW (t)
dt

≤ 0; in addition dW
dt

= 0 holds if and only if s(t, a) = s∗(a), e(t, θ) = e∗(θ),

I(t) = I∗, and R(t) = R∗. Due to the boundedness of W (t) on φ(t), the α-limit set of φ(t) must

be contained in M1, the largest compact invariant subset in
{
dW
dt

= 0
}

. Therefore, M1 = {E∗},

and hence, the α-limit consists only of E∗. Furthermore, we have W (t) is strictly decreasing

along trajectory φ(t) in A and it is distinct from E∗. Since W (t) has the minimum at φ(t) = E∗,

we must have φ(t) ≡ E∗. This means for any total trajectory φ(t) in A, which consists entirely

of total trajectories, we have A = {E∗}. In conclusion, by LaSalle’s invariance principle, E∗ is

globally asymptotically stable if R0 > 1. This completes the proof of Theorem 1.8.
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Optimal control

In this chapter, we study the optimal control problem associated with the proposed epidemic

model (1.1)-(1.3). We introduce a control variable u(t), representing the treatment rate of

infected individuals, and formulate an objective functional that aims to minimize the number of

susceptible, latent, and infected individuals, while accounting for the cost of treatment.

We begin by proving the existence of an optimal control using appropriate mathematical

analysis tools. Then, we use the Gâteaux derivative of the objective functional to derive the

necessary conditions for optimality and obtain an explicit expression for the optimal control

u∗(t) based on the associated adjoint system.

Next, we move to the numerical part, where we solve the model numerically with control

using a suitable numerical algorithm. This allows us to evaluate the effectiveness of the optimal

strategy and compare it to the uncontrolled case.

This numerical study highlights the role of treatment in reducing the number of infections

and increasing the number of recoveries, thereby contributing to improved epidemic control

strategies.

2.1 Optimal Control Strategies

Optimal control theory [29] is a mathematical framework derived from the calculus of variations,

designed to determine the best possible intervention strategy for a dynamical system to meet

specific objectives. In the context of epidemic modeling, this theory helps public health

authorities to identify optimal ways to reduce disease transmission and minimize the effect of
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infection.

In our system model described by the equations (1.1)-(1.3), we introduce a time-dependent

control variable u(t) representing the treatment applied to infected individuals. The control

belongs to the admissible set:

Uad =
{
u ∈ L2(0, T )

∣∣∣ 0 ≤ u(t) ≤ ℓ ≤ 1, ∀t ∈ [0, T ]
}
,

where ℓ denotes the maximum feasible level of intervention due to resource limitations.

The control term u(t)I(t) represents the rate at which infected individuals are removed

from the infected class due to the treatment intervention. This term is subtracted from the

equation governing the infected class and added to the recovered class, assuming successful

intervention leads to recovery.

The objective of the control problem is to reduce the total number of susceptible, latent,

and infected individuals over time, while minimizing the intervention cost. This can be expressed

through the objective functional as follows

J(u(t)) =
∫ T

0

(
S(t) + E(t) + I(t) + B1

2 u2(t)
)
dt, (2.1)

where S(t) =
∫ ∞

0
s(t, a)da, E(t) =

∫ ∞

0
e(t, θ)dθ, and B1 > 0 is a weighting constant reflecting

the cost or social impact of the control effort.

The optimal control problem aims to find the function u∗(t) that minimizes J(u) subject

to the age-structured SEIRI epidemic model, incorporating the control in the infected equation

and hence, the optimal control problem can be expressed as follows:



∂s(t, a)
∂t

+ ∂s(t, a)
∂a

= −µs(t, a) − β(a)I(t)s(t, a),
∂e(t, θ)
∂t

+ ∂e(t, θ)
∂θ

= −(µ+ ψ(θ))e(t, θ),
dI(t)
dt

=
∫ ∞

0
ψ(θ)e(t, θ) dθ + γR(t) − (µ+ σ)I(t) − u(t)I(t),

dR(t)
dt

= σI(t) − (µ+ γ)R(t) + u(t)I(t),

(2.2)

with boundary conditions

s(t, 0) = Λ, e(t, 0) = I(t)
∫ ∞

0
β(a)s(t, a) da, (2.3)
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and initial conditions

s(0, a) = s0(a), e(0, θ) = e0(θ), I(0) = I0, and R(0) = R0. (2.4)

This formulation ensures that the number of infected individuals is actively reduced while

maximizing recovery through optimal use of available interventions.

Theorem 2.1 There exists an optimal control variable u∗ ∈ Uad such that J(u∗) = inf
u∈Uad

J(u),

subject to the control system (2.2)-(2.4).

Proof Now, let (un)n∈N ⊂ Uad be a minimizing sequence such that

lim
n→∞

J(un) = inf
u∈Uad

J(u).

Since the admissible set Uad is closed, convex and bounded set in L2(0, T ), and the functional J

is coercive, the sequence (un) is bounded in L2(0, T ). By the Banach-Alaoglu Theorem [14],

there exists a subsequence and a function u∗ ∈ Uad such that

un ⇀ u∗ weakly in L2(0, T ).

The corresponding state variables (xn) = (Sn(t), En(t), In(t), Rn(t)) associated with (un),

are uniformly bounded and equicontinuous with respect to time t. By the Arzelà-Ascoli

Theorem [13], one can extract a subsequence such that the states converge uniformly to a limit

x∗ = (S∗, E∗, I∗, R∗) associated with the control u∗.

Using standard lower semi-continuity arguments, the cost functional satisfies

lim inf
n→∞

J(un) ≥ J(u∗).

By definition of (un) as a minimizing sequence, we also have

lim
n→∞

J(un) = inf
u∈Uad

J(u) ≤ J(u∗).

Combining both inequalities yields

J(u∗) = inf
u∈Uad

J(u),
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which proves that u∗ is an optimal control. This completes the proof of Theorem 2.1.

To determine the necessary conditions for optimality, we apply the Gâteaux derivative

approach. Starting with a given a control u(t), we consider another control defined as: uϵ(t) =

u(t) + ϵv(t), where v(t) is a variation function and 0 < ϵ < 1 is a small parameter. The variation

function can take any sign, since small perturbations in u(t) (whether positive or negative) still

ensure that uϵ(t) ∈ Uad , i.e, the perturbed control remains admissible within the perdefind

bounds.

Let S = S(u), E = E(u), I = I(u), R = R(u), and Sϵ = S(uϵ), Eϵ = E(uϵ), Iϵ = I(uϵ), Rϵ =

R(uϵ). Then, the state equations corresponding to the control uϵ are given by



∂sϵ(t, a)
∂t

+ ∂sϵ(t, a)
∂a

= −µsϵ(t, a) − β(a)Iϵ(t)sϵ(t, a),
∂eϵ(t, θ)
∂t

+ ∂eϵ(t, θ)
∂θ

= −(µ+ ψ(θ))eϵ(t, θ),
dIϵ(t)
dt

=
∫ ∞

0
ψ(θ)eϵ(t, θ) dθ + γRϵ(t) − (µ+ σ)I(t)ϵ − uϵ(t)Iϵ(t),

dRϵ(t)
dt

= σIϵ(t) − (µ+ γ)Rϵ(t) + uϵ(t)Iϵ(t),

(2.5)

with boundary conditions

sϵ(t, 0) = Λ, eϵ(t, 0) = Iϵ(t)
∫ ∞

0
β(a)sϵ(t, a) da, (2.6)

and initial conditions

sϵ(0, a) = s0(a), eϵ(0, θ) = e0(θ), Iϵ(0) = I0, and Rϵ(0) = R0, (2.7)

where Sϵ(t) =
∫ ∞

0
sϵ(t, a)da and Eϵ(t) =

∫ ∞

0
eϵ(t, θ)dθ.Now, we find the difference quotient

Sϵ−S
ϵ

and similarly for E, I, and R. By subtracting system (2.2) from (2.5), we find

∂

∂t

(
sϵ(t, a) − s(t, a)

ϵ

)
+ ∂

∂a

(
sϵ(t, a) − s(t, a)

ϵ

)
= −µ

(
sϵ(t, a) − s(t, a)

ϵ

)

− β(a)
(
Iϵ(t) − I(t)

ϵ

)
sϵ(t, a)

− β(a)
(
sϵ(t, a) − s(t, a)

ϵ

)
I(t).
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Moreover, we have

∂

∂t

(
eϵ(t, θ) − e(t, θ)

ϵ

)
+ ∂

∂θ

(
eϵ(t, θ) − e(t, θ)

ϵ

)
= −(µ+ ψ(θ))

(
eϵ(t, θ) − e(t, θ)

ϵ

)
.

Also,

d

dt

(
Iϵ(t) − I(t)

ϵ

)
=
∫ ∞

0
ψ(θ)

(
eϵ(t, θ) − e(t, θ)

ϵ

)
dθ − (µ+ σ + u(t))

(
Iϵ(t) − I(t)

ϵ

)

+ γ

(
Rϵ(t) −R(t)

ϵ

)
+ v(t)Iϵ(t).

Further, we obtain

d

dt

(
Rϵ(t) −R(t)

ϵ

)
= (σ + u(t))

(
Iϵ(t) − I(t)

ϵ

)
da− (µ+ γ)

(
Rϵ(t) −R(t)

ϵ

)

+ v(t)Iϵ(t),

with

sϵ(t, 0) − s(t, 0)
ϵ

= 0,

eϵ(t, 0) − e(t, 0)
ϵ

= Iϵ(t)
∫ ∞

0
β(a)

(
sϵ(t, a) − s(t, a)

ϵ

)
da+

(
Iϵ(t) − I(t)

ϵ

)∫ ∞

0
β(a)s(t, a)da,

and

sϵ(0, a) − s(0, a)
ϵ

= 0, eϵ(0, θ) − e(0, θ)
ϵ

= 0, Iϵ(0) − I(0)
ϵ

= 0, Rϵ(0) −R(0)
ϵ

= 0.

Letting ϵ → 0, then sϵ(t,a)−s(t,a)
ϵ

→ s̄, and same for the others. Thus, we obtain



∂s̄(t, a)
∂t

+ ∂s̄(t, a)
∂a

= −µs̄(t, a) − β(a)Ī(t)s(t, a) − β(a)I(t)s̄(t, a),
∂ē(t, θ)
∂t

+ ∂ē(t, θ)
∂θ

= −(µ+ ψ(θ))ē(t, θ),
dĪ(t)
dt

=
∫ ∞

0
ψ(θ)ē(t, θ) dθ + γR̄(t) − (µ+ σ + u(t))Ī(t) − v(t)I(t),

dR̄(t)
dt

= (σ + u(t))Ī(t) − (µ+ γ)R̄(t) + v(t)I(t),

(2.8)
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with boundary conditions

s̄(t, 0) = 0, ē(t, 0) = I(t)
∫ ∞

0
β(a)s̄(t, a) + Ī(t)

∫ ∞

0
β(a)s(t, a) da, (2.9)

and initial conditions

s̄(0, a) = 0, ē(0, θ) = 0, Ī(0) = 0, and R̄(0) = 0. (2.10)

In order to find the adjoint system, we rewrite the fisrt equation in (2.8) as

0 =
〈〈

∂

∂t
s̄(t, a) + ∂

∂a
s̄(t, a) + µs̄(t, a) + I(t)β(a)s̄(t, a) + Ī(t)β(a)s(t, a), λ1(t, a)

〉〉

=
〈〈
s̄(t, a),− ∂

∂t
λ1(t, a) − ∂

∂a
λ1(t, a) + β(a)I(t)λ1(t, a) + µλ1(t, a)

〉〉

+
∫ T

0

∫ ∞

0
β(a)s(t, a)Ī(t)λ1(t, a) da dt, (2.11)

with boundary conditions

s̄(0, a) = 0, s̄(t,∞) = 0, and λ1(T, a) = 0,

where ⟨⟨f, g⟩⟩ =
∫ T

0

∫ ∞

0
fg da dt. Similarly, the second equation in (2.8) becomes

0 =
〈〈

∂

∂t
ē(t, θ) + ∂

∂θ
ē(t, θ) + (µ+ ψ(θ))ē(t, θ), λ2(t, θ)

〉〉

=
〈〈
ē(t, θ), − ∂

∂t
λ2(t, θ) − ∂

∂θ
λ2(t, θ) + (µ+ ψ(θ))λ2(t, θ)

〉〉

−
∫ T

0

∫ ∞

0

[
s̄(t, a)I(t) + s(t, a)Ī(t)

]
β(a)λ2(t, 0) da dt, (2.12)

with conditions

ē(0, θ) = 0, ē(t,∞) = 0, and λ2(T, θ) = 0.

Similarly, the third and fourth equations in (2.8) can be written in the form of
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0 =
〈
dĪ

dt
−
∫ ∞

0
ψ(θ)ē(t, θ) dθ + γR̄(t) − (µ+ σ + u(t))Ī(t) + v(t)I(t), λ3(t)

〉

=
〈
Ī(t),− d

dt
λ3(t) + (µ+ σ + u(t))λ3(t)

〉

−
∫ T

0

∫ ∞

0
ψ(θ)ē(t, θ)λ3(t) dθ dt−

∫ T

0
γλ3(t)R̄(t) +

∫ T

0
λ3(t)v(t)I(t) dt, (2.13)

with

Ī(0) = 0, and λ3(T ) = 0.

where ⟨f, g⟩ =
∫ T

0
fg dt. By the same way in last equation of (2.8), we can find

0 =
〈
dR̄

dt
− (σ + u(t))Ī(t) + (µ+ γ)R̄(t) − v(t)I(t), λ4(t)

〉

=
〈
R̄(t),− d

dt
λ4(t) + (µ+ γ)λ4(t)

〉

−
∫ T

0

∫ ∞

0
(σ + u(t))Ī(t)λ4(t) da dt−

∫ T

0
λ4(t)v(t)I(t) dt, (2.14)

with

R̄(0) = 0, and λ4(T ) = 0.

Respectively, thus, we derive the Gâteaux derivative [20] of J(u) as follows

0 ≤ J ′(u) =
∫ T

0

[
S̄(t) + Ē(t) + Ī(t) +B1v(t)u(t)

]
dt. (2.15)

Next, we define the Lagrangian L function as follows:
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L(S̄, Ē, Ī, R̄) =
∫ T

0

[
S̄(t) + Ē(t) + Ī(t) +B1v(t)u(t)

]
dt

−
∫ T

0

∫ ∞

0
s̄(t, a)

[
− ∂

∂t
λ1(t, a) − ∂

∂a
λ1(t, a) + β(a)I(t)λ1(t, a) + µλ1(t, a)

]
da dt

−
∫ T

0

∫ ∞

0
β(a)s(t, a)Ī(t)λ1(t, a) da dt

−
∫ T

0

∫ ∞

0
ē(t, θ)

[
− ∂

∂t
λ2(t, θ) − ∂

∂θ
λ2(t, θ) + (µ+ ψ(θ))λ2(t, θ)

]
dθ dt

+
∫ T

0

∫ ∞

0

[
s̄(t, a)I(t) + s(t, a)Ī(t)

]
β(a)λ2(t, 0) da dt

−
∫ T

0
Ī(t)

[
− d

dt
λ3(t) + (µ+ σ + u(t))λ3(t)

]
dt

+
∫ T

0

∫ ∞

0
ψ(θ)ē(t, θ)λ3(t) dθ dt

+
∫ T

0
γλ3(t)R̄(t) dt−

∫ T

0
λ3(t)v(t)I(t) dt

−
∫ T

0
R̄(t)

[
− d

dt
λ4(t) + (µ+ γ)λ4(t)

]
dt

+
∫ T

0

∫ ∞

0
(σ + u(t))Ī(t)λ4(t) da dt+

∫ T

0
λ4(t)v(t)I(t) dt. (2.16)

By solving
∂L

∂S̄
= 0, ∂L

∂Ē
= 0, ∂L

∂Ī
= 0, ∂L

∂R̄
= 0,

We obtain the following adjoint system:



∂

∂t
λ1(t, a) + ∂

∂a
λ1(t, a) = β(a)I(t)λ1(t, a) + µλ1(t, a) − β(a)I(t)λ2(t, 0) − 1,

∂

∂t
λ2(t, θ) + ∂

∂θ
λ2(t, θ) = (µ+ ψ(θ))λ2(t, θ) − ψ(θ)λ3(t) − 1,
d

dt
λ3(t) = (µ+ σ + u(t))λ3(t) − (σ + u(t))λ4(t) + λ1(t)

∫ ∞

0
β(a)s(t, a) da

− λ2(t, 0)
∫ ∞

0
β(a)s(t, a) da− 1,

d

dt
λ4(t) = (µ+ γ)λ4(t) − γλ3(t),

(2.17)

with transversality conditions

λ1(T, a) = 0, λ2(T, θ) = 0, λ3(T ) = 0, and λ4(T ) = 0. (2.18)
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Theorem 2.2 If u∗ in Uad is an optimal control that minimizes (2.1), and (S∗(t), E∗(t), I∗(t), R∗(t))

and (λ1(t, a), λ2(t, θ), λ3(t), λ4(t)) are the corresponding state and adjoint variables, respectively,

then

u∗(t) = min
{
ℓ,max

{
0, (λ3(t) − λ4(t))I∗(t)

B1

}}
. (2.19)

Proof Using system (2.17), we can rewrite relation (2.15) as follows:

0 ≤ J ′(u) =
∫ T

0

[
S̄(t) + Ē(t) + Ī(t) +B1v(t)u(t)

]
dt

=
∫ T

0
S̄(t)

[
− ∂

∂t
λ1(t, a) − ∂

∂a
λ1(t, a) + β(a)I(t)λ1(t, a) + µλ1(t, a) − β(a)I(t)λ2(t, 0)

]
dt

+
∫ T

0
Ē(t)

[
− ∂

∂t
λ2(t, θ) + ∂

∂θ
λ2(t, θ)(µ+ ψ(θ))λ2(t, θ) − ψ(θ)λ3(t)

]
dt

+
∫ T

0
Ī(t)

[
− d

dt
λ3(t) + (µ+ σ + u(t))λ3(t) − (σ + u(t))λ4(t) + λ1(t)

∫ ∞

0
β(a)s(t, a) da

−λ2(t, 0)
∫ ∞

0
β(a)s(t, a)da

]
dt+

∫ T

0
R̄(t)

[
− d

dt
λ4(t) + (µ+ γ)λ4(t) − γλ3(t)

]
dt

+
∫ T

0
B1v(t)u(t) dt. (2.20)

Now, keeping in mind equations (2.11), (2.12), (2.13), and (2.14), we can write equation (2.20)

as:

0 ≤
∫ T

0
v(t) [I(t)(λ4(t) − λ3(t)) +B1u(t)] dt, for all u(t) ∈ Uad.

Therefore, on this set, in the case v(t) ̸= 0, the rest of the integrand must be equal to zero, thus

u(t) = (λ3(t) − λ4(t))I(t)
B1

.

Hence, by taking the upper and lower bound into account, we obtain

u∗(t) = min
{
ℓ,max

{
0, (λ3(t) − λ4(t))I∗(t)

B1

}}
. (2.21)

This completes the proof of Theorem 2.2.

Clearly, the optimal control presented in formula (2.21) lies within the bounds 0 ≤ u ≤ ℓ. Thus,
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we obtained the optimal system:



∂s(t, a)
∂t

+ ∂s(t, a)
∂a

= −µs(t, a) − β(a)I(t)s(t, a),
∂e(t, θ)
∂t

+ ∂e(t, θ)
∂θ

= −(µ+ ψ(θ))e(t, θ),
dI(t)
dt

=
∫ ∞

0
ψ(θ)e(t, θ) dθ + γR(t) − (µ+ σ)I(t) − u∗(t)I(t),

dR(t)
dt

= σI(t) − (µ+ γ)R(t) + u∗(t)I(t),

(2.22)

with boundary conditions

s(t, 0) = Λ, e(t, 0) = I(t)
∫ ∞

0
β(a)s(t, a) da, (2.23)

and initial conditions

s(0, a) = s0(a), e(0, θ) = e0(θ), I(0) = I0, and R(0) = R0, (2.24)

where u∗(t) is defind in relation (2.21).

2.2 numerical simulations

To validate the effectiveness of the analytically derived optimal system (2.22), obtained from

the original model (1.1)-(1.3) through the incorporation of a control variable u(t), a numerical

simulation was performed. This simulation involved solving both the state and adjoint equations

using a combination of forward and backward finite difference methods [24]. The initial

population distributions for the susceptible, exposed, infected, and recovered compartments were

adopted from the study by Thater et al. [32]. For the selection and justification of parameter

values, please refer to Table 1.

The age-dependent functions σ(a) and ξ(a) were assumed to take the form of a constant

multiple of the exponential function e−a. This choice is motivated not only by the monotonic

decreasing nature of e−a, but also by its desirable mathematical properties such as positivity,

boundedness, and its natural decay to zero as age increases.

To ensure sufficient resolution in the simulation, small step sizes were used for both time

and age, specifically ∆t = ∆a = 0.05. The maximum age considered for infection was set to 40

years, and the total duration for the application of the control strategy was set to 40 days



2.2 numerical simulations 60

Parameters Values
ν 0.0136
Λ 15.844
µ 0.1
l 1

B1 1
σ(a) 0.005e−a

ξ(a) 0.002e−a

Table 2.1: Parameters values used in numerical simulation

Fig.1.Asymptotic behavior of the solution of the system (1.1), with β = 0.002. In this case, we

obtain R0 < 1. Leading to the extinction of the epidemic.

Fig.2.Asymptotic behavior of the solution of the system (1.1), with β = 0.005. In this case, we

obtain R0 > 1. Leading to the disease spreading.
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Figure 2.1: Surface plot of s(t,a) Figure 2.2: Surface plot of e(t,a)

Figure 2.3: Infectious and Recovered over
time Figure 2.4: Optimal control u(t) over time

Fig.3.The plots illustrate the dynamics of the epidemic model under the control strategy. 1.

Susceptible population s(t,a); 2. Exposed population e(t,a); 3. Infected population I(t) and

recovered population R(t); 4. All compartments under the effect of the optimal control strategy.
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Conclusion

This study aims to analyze the dynamics of infectious disease spread using a mathematical

model that takes into account the age structure of the population and the incubation period. By

examining the stability of the system, we were able to understand the behavior of equilibrium

points in both the presence and absence of the disease. Additionally, we applied optimal

control theory to identify effective strategies for reducing disease transmission, using numerical

simulations to evaluate the impact of health interventions such as targeted vaccination. The

results showed that these strategies could significantly contribute to improving public health

and reducing the overall impact of the disease on the community.
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