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Résumé

Ce mémoire met en évidence 'importance des modeles mathématiques a structure d’age dans la
compréhension du comportement des maladies infectieuses complexes. Le modele étudié montre
comment des facteurs temporels tels que 1’age biologique et la période d’incu-
bation influencent la propagation de l'infection, et démontre la possibilité de controler la
dynamique épidémique par des stratégies d’intervention efficaces. Les résultats indiquent qu’'une
vaccination ciblée peut réduire considérablement la propagation de la maladie, ce qui renforce le
role de la modélisation mathématique dans I'appui aux décisions de santé publique fondées sur
des bases scientifiques.

Mots-clés: Modele épidémique structuré par age; Rechute; Nombre de reproduction de

base; Stabilité globale; Fonctionnelle de Lyapunov; Contréle optimal; Dérivée de Gateaux.



Abstract

This thesis highlights the importance of age-structured mathematical models in understanding
the behavior of complex infectious diseases. The studied model illustrates how temporal factors
such as biological age and incubation period affect the spread of infection, and demonstrates the
possibility of controlling epidemic dynamics through effective intervention strategies. The results
show that targeted vaccination can significantly reduce the spread of the disease, reinforcing the
role of mathematical modeling in supporting scientifically based public health decisions.

keywords: Age-structure epidemic model; relapse; basic reproduction number; global stability;

Lyapunov functional; optimal control; gateaux derivative.
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Introduction

Infectious diseases have long represented a persistent threat to humanity, having caused major
health crises throughout history that claimed millions of lives and deeply affected the social and
economic fabric of societies. Despite significant advances in science and medicine that have made
it possible to control many epidemics, infectious diseases continue to present new challenges due
to complex factors such as globalization, climate change, urban expansion, and the increasing
interaction between humans and nature. These conditions have led to more intricate epidemic
patterns and highlighted the urgent need for precise analytical tools capable of understanding
transmission mechanisms, predicting outbreak dynamics, and proposing effective containment
strategies.

In this context, mathematical modeling has emerged as a central tool in epidemiology,
enabling researchers to represent biological and behavioral phenomena through systems of
equations that can be rigorously analyzed. These models have evolved from simple frameworks
based on compartmentalization—dividing the population into susceptible, infected, and recovered
groups—to more refined approaches that incorporate additional biological features such as
age structure, latency, and the possibility of reinfection. Some infectious diseases, such as
tuberculosis and certain viral infections, can remain dormant in the host for extended periods
before reactivation, necessitating the use of models that capture such complexity [19].

This study proposes a mathematical model with a double age structure—based on both
the biological age of individuals and the duration of the latent period. The model divides the
population into four compartments: the susceptible s(¢,a), the exposed or latent individuals
e(t, ), the infectious I(¢), and the recovered R(t). This structure enables a more accurate
representation of diseases that involve a variable latent period and potential loss of immunity or
viral reactivation [10].

The thesis is divided into two chapters. The first chapter provides a qualitative analysis of

the model without any intervention, focusing on the basic reproduction number Ry, a fundamental
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threshold used to evaluate the infectious potential of a disease. It further analyzes the existence
and stability of equilibrium points and investigates the long-term behavior of the system using
mathematical tools that ensure the model’s well-posedness and consistency [35].

The second chapter explores the application of optimal control theory to reduce the
disease burden through a targeted treatment strategy aimed at the susceptible population. Unlike
classical approaches that use Pontryagin’s Maximum Principle, this part employs Gateaux
derivatives from variational analysis to establish the existence of an optimal control that
balances minimizing infection levels and reducing intervention costs [34]. Numerical simulations
are presented in the impact of treatment of disease dynamics and demonstrating the potential

of this framework to improve public health outcomes [23].
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Preliminaries

Definition 0.1 (Cauchy Sequence) Page 47, [27]

Let (X, d) be a metric space. A sequence (z,,) C X is called a Cauchy sequence if:
Ve > 0, N € N such that Vm,n > N, d(x,,x,) < €.

Definition 0.2 (Banach Space) Pages 58-59, [22]
A Banach space is a normed vector space (X, || - ||) such that every Cauchy sequence (x,) C X

converges to a limit in X. In other words, X is complete with respect to the norm || - ||.

Definition 0.3 (Lipschitz Function) Page 9, [j]
Let (X,dx) and (Y, dy) be metric spaces. A function f: X — Y is called Lipschitz if there

exists a constant C' > 0 such that:
dy (f(x1), f(z2)) < C -dx(x1,29) for all x1, 25 € X.

Any such C' is referred to as a Lipschitz constant of f. The minimal Lipschitz constant is called

the dilatation of f and denoted by dil f.

Definition 0.4 (Strong Convergence) Page 24, [22]

A sequence (z,,) in a Hilbert space H is said to converge strongly to x € H if:
dim [z, —2f| =0

Definition 0.5 (Weak Convergence) Page 35, [22]

A sequence (z,,) in a Hilbert space H is said to converge weakly to = € H if:

lim (z,,y) = (z,y) forally e H

n—o0

Definition 0.6 (Uniformly bounded) Page 205, [22]
Let X and Y be normed vector spaces, and let {1, }aca be a family of bounded linear operators
from X to Y, i.e.,

T,: X =Y, VaeA.
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The family {7, }aca is said to be uniformly bounded if there exists a constant M > 0 such that

IToll :== sup ||Tu(x)|ly < M, forall a € A.

=l x=1

Equivalently, this means:

sup || T, || < oo.
acA

Definition 0.7 (Equicontinuous) Page 154, |28/
Let X be a metric space, and let F be a family of functions f : X — R. The family F is
equicontinuous at a point xo € X if for every € > 0, there exists a 0 > 0 such that for all

fe€F and all x € X with d(z,xy) < 9, we have:

[f(x) = f(xo)] <e.

If the condition holds for every xq € X, then F is said to be equicontinuous on X.

Definition 0.8 (Uniform convergence) Page 147 [2§]
Let (f,) be a sequence of functions f, : X — R, where X is a metric space. We say that f,

converges uniformly to a function f: X — R if:

Ve > 0,3N € N such that Vn > N,Vz € X, |fu(x) — f(2)] <e.

That is, the convergence is uniform over all x € X.

Definition 0.9 (Closed set) Page 32, (28]
A subset C' of a metric space (X, d) is called closed if it contains all its limit points. Equivalently,
C' is closed if every convergent sequence (x,) in C' converges to a limit = that is also in C'.

Formally:
C CXisclosed <= VY(z,) CC, 2, 2 = ze(C.

Definition 0.10 (Convex set) Page 23, [4)]
A subset C' of a vector space V over R is called convex if for any two points x,y € C' and for
every t € [0, 1], the point

(1—t)z +ty
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also belongs to C'.
Formally:

C CVisconvex <= Vr,ye C, Vt €[0,1], (1 —t)z+ty € C.

Definition 0.11 (Totally bounded) Page 89, (6]
A subset A C X is totally bounded if for every ¢ > 0, there exists a finite set of points
{z1,29,...,2,} C X such that

Ac | Bae)

i=1

where B(x;,¢) is the open ball centered at z; with radius e.

Definition 0.12 (Compact Global Attractor) Pages 23-24, [7]
Let (X,d) be a metric space and {S(t) }+>0 a semigroup of continuous operators on X. A set

A C X is called a compact global attractor if:

1. Invariance: S(t)A = A for all ¢ > 0.
2. Compactness: A is compact in X.

3. Attractiveness: For every bounded subset B C X,

Jim dist(S(¢)B,A) = 0.
Definition 0.13 (L” Spaces) Pages 125-130, [20]

Let (X, A, p) be a measure space. For 1 < p < oo, the space LP(X) is defined as the set

of (equivalence classes of) measurable functions f : X — R such that

151 = ([ 5@ P dn) " < .

For p = oo, the space L*>(X) consists of essentially bounded measurable functions with

norm

| flloo = inf{M > 0:|f(x)] < M for almost every x € X}.
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Definition 0.14 (Norms on L” Spaces) Pages 130-132, [26]
For 1 < p < oo, the norm on the space LP(X) is defined by

3 =

171 = ([ @) duo))

For p = oo, the norm is given by the essential supremum norm

[ flloo = esssup,ex | f(x)],

which means the smallest number M > 0 such that |f(x)| < M for almost every z € X.

Definition 0.15 (Point Dissipative Dynamical System) Page 321, [35]

A dynamical system (X, {T(¢)};>0) on a metric space X is point dissipative if there

exists a bounded set B C X such that for every z € X, there exists ¢, > 0 with:

T(t)x € B forallt>t,.

This implies that all trajectories eventually enter and remain in the bounded set B.

Definition 0.16 (Positively Invariant Set) Page 2, [31/

Let S C R™ be a set, and consider the dynamical system:

The set S is called positively invariant if every solution () with initial condition

z(0) € S satisfies:

z(t)e S Vt>0

That is, trajectories starting in S remain in S for all future time.

Definition 0.17 (Minimizing Sequence) Section 1.2 [§] A sequence (x,) in a metric space

X is called a minimizing sequence for a functional J : X — RU {400} if

lim J(z,) = inf J(x).
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In other words, the values of J(z,) approach the infimum of J on X as n grows.

Definition 0.18 (Admissible Set) Page 5, [35]

An admissible set is a collection of functions (or controls, states, etc.) that satisfy the
constraints of a variational or optimization problem. These constraints may include boundary
conditions, integrability, smoothness, or inequality constraints.

For example, the admissible set of controls is given by:
Upg = {u € L*(0,7T) | tymin < u(t) < Upag, a.e. on (O,T)}

Definition 0.19 (Cy-Semigroup) Page 328, (2]
Let X be a Banach space. A family {T'(¢)}+>0 € £(X) is called a Co-semigroup if:

1. T(0) = I, the identity operator on X,
2. T(t+s)=T()T(s) for all t,s > 0, Foreveryx € X, limyo ||T(t)z — x| = 0.

. Definition 0.20 (Dense Set) Page 32, (28]
Let X be a topological space and A C X. The set A is said to be dense in X if for every point
x € X, and every neighborhood U of z, the intersection ANU # (). Equivalently, A = X, where

A denotes the closure of A.

Definition 0.21 (Sobolev Space) Page 57, (1
Let 2 C R" be an open subset. For £ € N and 1 < p < oo, the Sobolev space W*?(Q) is
defined as the set of functions u € LP()) whose weak derivatives of order up to k also belong to

LP(€2). That is:

WEP(Q) = {u € LP(Q) | D*u € LP(Q), for all |a| < k}
where D“u denotes the weak derivative of u corresponding to the multi-index «.

Definition 0.22 (Alpha and Omega Limit Sets) Pages 126-127, [17]
Let ¢ be a flow on a metric space X and x € X. The alpha-limit set a(x) and the omega-limit

set w(z) of the point x are defined as follows:

alzr) ={y € X | It, = —oc0 with ¢, (x) = y}
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w(z) ={y € X | 3t, = +oo with ¢, () — y}

Definition 0.23 (Lower semicontinuity) Pages 33-35, [25]
A function f : X — R U {+oo} is said to be lower semicontinuous at xy € X if for every

a < f(xg), there exists a neighborhood U of zy such that
f(z) >a Vrel.

Equivalently,
liminf f(z) > f(zo).

T—T0

Definition 0.24 (Lyapunov function) Page 93, [21]

Consider the system:

= f(x), z€R" f(0)=0.

A continuously differentiable function V' : R" — R is called a Lyapunov function near the origin

if:

2. V(z) > 0 for all = # 0 (positive definite),

3. V(z) =VV(x)- f(xz) <0 for all x near the origin.
If V(x) < 0 for all z # 0, the origin is said to be asymptotically stable.

Definition 0.25 (Arzela—Ascoli Theorem) Page 158, [25]

Let K be a compact metric space, and let F C C'(K) be a family of real-valued continuous
functions on K. If F is equicontinuous and pointwise relatively compact (i.e., for each z € K,
the set {f(x) : f € F} has compact closure in R), then JF is relatively compact in C(K) with

the uniform norm.

Definition 0.26 (LaSalle’s Invariance Principle Theorem) Page 125, [21]
Let D C R™ be a compact positively invariant set for the autonomous system & = f(x), where f

is continuous. Suppose there exists a continuously differentiable function V' : D — R such that:
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1. V(z) <0 for all z € D.
Let E = {z € D|V(z) =0}, and let M be the largest invariant set contained in E. Then

every solution starting in DD approaches M as t — oo.

Definition 0.27 (Gateaux derivative) Page 22, [11]
Let X and Y be normed vector spaces and F': X — Y be a function. The Gateaux derivative

of F at x € X in the direction h € X is defined as

DeF(x)(h) = lim F(z +th) — F(x)

t—0 t

Y

provided this limit exists. If it exists for all h € X, then F' is said to be Gateaux differentiable

at x.

Definition 0.28 (Uniform Persistence) (Page 36, [16])
Let X CR", and let ¢ : [0,00) x X — X be a semiflow. The system is said to be uniformly

persistent on a positively invariant set M C X if there exists n > 0 such that

liginf d(o(t,z),0M) >n, Yxe M,

[e.9]

where M C X is a compact subset of M and OM denotes its boundary.



CHAPTER

Stability analysis of an age-structured epidemic

model

In this chapter, we formulate an age-structured SEIRI model to describe the transmission
dynamics of an infectious disease. Based on the information and discussion provided in the
introduction, we propose a model in which the population is divided into four compartments:
susceptible, latent, infectious, and recovered individuals. In this framework, susceptible individu-
als may have different levels of susceptibility, the latency period varies among latent individuals,
and recovered individuals may become reinfected. Precisely, let s(t, a) represent the density of
susceptible individuals at time ¢ and susceptibility age a, e(t,6) denote the density of latent
individuals (those infected but not yet infectious) at time ¢ with latency age 6, I(t) be the
number of infectious individuals at time ¢, and R(¢) be the number of recovered individuals at
time t. We assume that all recruitment into the population occurs exclusively in the susceptible
class at a constant flux A. New infections occur at the rate I(t) [y S(a)s(t, a) da, where B(a) is
the transmission rate that depends on the susceptibility age. Latent individuals progress to the
infectious class at rate ¥(#). Recovered individuals may be reinfected at rate -, and infectious
individuals recover at rate o. A natural death rate p is assumed to apply to all individuals.

Under these assumptions, the disease transmission dynamics can be described by the following
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mathematical model:

&Sgt, a) n 382156;@) = —ps(t,a) — B(a)I(t)s(t,a),

PM0) 0D (i w@))ett.0),
‘”Ef) = [T 6(0)e(t,0)db + yR(E) — (u+ o)1),
MU — 1)~ (u+ 1) R()

with the boundary conditions
s(6,0) = A, e(t,0) = I(¢) /0 ~ B(a)s(t, a) da,
and initial conditions
s(0,a) = so(a), €(0,0) =eo(d), 1(0)=1,, R(0)= Ro.

Assumption A: For system ((1.1)-(1.3]), we assume that:
(i) Ay, 0,9 >0, ¢ € LT(0,00) and B € L5(0,00) N LY (0, 00);

(ii) 5 is a Lipschitz continuous function on R ;

(1.1)

(1.2)

(1.3)

(iii) Let a € [0,a*], 0 € [0, 6*], where a and 6 represent the maximum age of susceptibility

and latency, which may be infinite. If a*, §* = 400, we assume that s(¢,a) = 0, e(¢,0) = 0 for

sufficiently large values of a and 6.

1.1 Existence and uniqueness

In this part, we study the existence and uniqueness of solutions in order to ensure that the

system (|1.1)-(1.3]) is well-defined and satisfies the required mathematical consistency by using

the integrated semi-group approach [3]|. For this purpose, we will first reformulate system

(1.1)-(L.3) as a non-densely defined Cauchy problem by proceeding as follows:
We consider the space

Y =R x L'(0, +00).
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Then, we define the linear operators A; : D(A;) CY — Y as follows:

A1(0>( —61(0) ) AQ(O)( (0 )
o] \=¢i(a) - un(a) 2] \=(0) — w(0)6a(0)

where w(0) = pu+ (), with D(4;) = {0} x WH(R4,R), j = 1,2.
Hence, it us important to observe that A; are non-densely defined operators ( since D(A;) are

not dense in Y ). Moreover, for any A € p(A;), where p(A;) denotes the resolvent set of Ay,

0
and € D(Ay). If
o
C1 0
(M — Ay)7! = :
(91) (¢1)

then, a straightforward calculation yields

p1(a) = cre”Pwe —i—/o e~ M=)y (s)ds, forall a € R,. (1.4)

Similarly, for any A € p(As), where p(As) denotes the resolvent set of As, and (

(&) 0
(A — Ap)™? = ,
(92) (¢2)

0 0 0
b2(0) = coe” Jo Octen(s)) ds —i—/o e ). (AFrel@Ddoy, (s)ds, for all 0 € Ry. (1.5)

0

€ D(Ay).
¢2)
So, if

then, we obtain
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Accordingly, it is clear to notice that system (|1.1)-(1.3]) is equivalent to the following system:

o 0 ) | (A= B@Iwsta)

&t - ! |
S(t, ) S(ta ) 0

jt o (), 1) [ Bla)s(t. a)da | 1.6
6(15, ) €<t7 ) 0

dg:) = [T t)et.0)d6 + yR(t) ~ (u+ o)1),

dR(t)

Now, by setting

Il
D
fn
>
—~
~
N—
+
T
—
VAN
—~
~
oy
>
—~
~
oy
~
—~
~
N—
=
—
~
N—
N—

(1.7)
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where

Next, define the spaces

Y=YXYXR xR, and Y,=Y, xY; xRy xRy.

Define the linear operator A: D(A) CY — Y by

5(t) Ay8(t)
REC IR0 .
1(t) —(n+0)I(t)
R(t) —(n+7)R(t)
with D = D(A;) x D(A3) x R x R. Thus, we have
D(A) = {0} x L*(0,00) x {0} x L'(0,00) x R x R,
and hence, D(A) is not dense in Y. Moreover, we define the nonlinear function F : D(A) — Y
by
8(t) Fy(3(2), e(t), 1(1), R(t))
| 20| _ | RGw.0. 10, 5w) o
1(t) F3 (3(t), e(t), I(1), R(t))
R(t) Fy (3(2), e(t), 1(1), R(t))

Set Yo := D(A) and its positive cone Yoy := D(A) N Y. Then, we can reformulate system
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(1.1)-(L.3) as the following abstract Cauchy problem:

du(t)
- - Au(t) + F(u(t)), t>0, (1.10)

U(O) = Ug € Y0+,

where u(t) = (5(t),é(t), I(t), R(t)) and ug = (8o, éo, I, Ry). From the definition of the linear
operator A given by (|1.8) together with the expressions (1.4)) and ((1.5)), it follows that:
H1. A is a Hill-Yosida operator with (—u, 00) C p(A), i.e., there exists M > 0 such that

I —A)™ < for Re(\) > —p and n > 1.

(Re(A) + )™

Moreover, from ([1.9) we can check that
H2. F is locally Lipschitz operator, i.e., for all C' > 0, there exists L(C') > 0 such that

IE(€) = F(€)llx < LllE - €Il

for all £,€ € YN B(0,C), where B(0,C) is the ball of Y, centered in 0 and with radius C' > 0.

Suppose that the initial condition ug satisfies the following compatibility condition:
so(0)= A, and ep(0) = Lo / B(a)so(a) da. (1.11)
0

Then, we can derive the following result:

Proposition 1.1 Under H1 and H2, for each ug € Yq, problem (1.10) has a unique continuous

solution u € C([0, tmax), Y), for some tupax > 0.

Again, with the help of the expressions ((1.4)) and (L.5)), it can be deduced that

H3. A is resolvent positive, i.e.,
(M — A)7'Y, CY,, forall \e p(A).

Furthermore, the formula (1.9)) of the non-linearity F' implies that

HA4. For every r > 0, there exists a > 0 such that

Fu)+aueYy, forallue B(0,r)NY,
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where B(0,7) denotes the ball of Y, centered in 0 € Y and with radius r. Then, we can obtain
the non-negativity of solution of problem ({1.10)) as follows:

Proposition 1.2 Under H3 and Hj4, for each uy € Yg, the solution u of problem (|1.10)) is
satisfying
u(t) € Yio, forallt €0, tmax)-

Define the space
Y := L1 (0,00) x L1 (0,00) x Ry x Ry,

equipped with the norm

(@ aeanz)llx = [ la(@)lda+ [ [ea(6)]d6 + [as] + o],

where LY (0, 00) is the set space of integrable functions from (0, co) into Ry = [0, +00). Note

that the initial condition of the system (|1.1)-(|1.3)) can be written as follows
Lo = (SO('>’ 60(')a -[Oa RO) S ld

Then, for each x¢ = (so(+), eo(-), Lo, Ro) € Y satisfying the compatibility condition ([1.11]), system
(1.1)-(1.3) has a unique continuous solution (s(t,-),e(t,-), I(t), R(t)) € C([0,tmax),¥Y). Next, we
pass to show that this solution exists globally, i.e., (s(¢,-),e(t,-), I(t), R(t)) € C(R.,Y).

Proposition 1.3 Let zg € Y. Then, the solution (s(t,-),e(t,-), I(t), R(t)) of system (1.1)-(1.3])
exists globally.

Proof To extend the domain of existence from ¢ € [0, t,ax) to t € Ry, it suffices to show that the
solution does not blow-up in finite time. Let xy € Y; and s(t, ), e(t, ), I(t), R(t)) € C([0, tmax), 9)
be the solution of system —. Suppose by contradiction that .., < oc.

From system —, we can have

jt(/ stt.a)+ [ elt.0)+ 1)+ R)) = A~ [ B@I®)s(t.a)

-y /°° s(t,a) — u/om e(t,0) — /O°° W(O)e(t,0) + I(t) /0°° B(a)s(t, a)da

+ / e(t,0)d0 + v R(t) — uI(t) — SI1(t) + 61(t) — pR(t) — v R(?).



1.1 Existence and uniqueness 23

Then,

d

a /Ooo s(t,a) + /OOO e(t,0) + I1(t) + R(t) | = A —p /OOO s(t,a)da + /OOO e(t,a)dd + I(t) + R(t))

(t) x(t)

Hence, we obtain
Via Gronwall, we have

By passing to the limit as t goes to ty.x, We get

lim [z(t)]ly < co. (1.12)

t—tmax

In conclusion,
Jim ([t )+ (e, )l + 1(2) + () < oo,

which gives a contradiction, and hence, we have claimed that ¢,,,, = +00. This completes the

proof of Proposition |1.3]

So we can define the semi-flow U : R, x Y — Y generated by the system — as follows
U(t,zo) = (s(t,-),elt,-), I(t),R(t)), t>0,29 €Y. (1.13)
Hence
Ut w0)ll = s(t, Joet. ). IO ROy = [ sltada+ [~ elt.0)d6 -+ 10) + Ri).
Moreover, we define

o {(s,e,I,R) ey /Ooos(t,a)da+/Oooe(t,9)d9+1(t) R < /;}

Then, for the semi-flow U(t,x¢) defined in ([1.13]), we obtain

Proposition 1.4 Consider the system (1.1))-(1.3)). Then
(i) The set ¥ is positively invariant under the semi-flow U(t, zo)i<o,1.e., U(t,zo) € X for all
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ro € X, t >0

(i) The semi-flow U(t,xg) is point dissipative, and the set ¥ attracts every point in Y.
Proof From the system (1.1))-(1.3), we get

d < Os(t o de(t, 0 dI(t)  dR(t
IIU(t,xo)Hy=/ u ’a>da+/ e1,9) g . AW | 4RO
dt ; ;

ot ot dt dt
- a‘”“d [ st ayda ~ 16) [ Blaysr,a)da
5(t,0) e(t,0)
% de(t, ) x oo
—/0 - dH—M/O e(t,e)de—/o b(0)e(t, 0) d9+/ e(t,0)d6

e(t,0)
— () — pR(E).
<A = plU(E o) ly

Via Gronwall, we get

A A
U(t,x < — —e ( — ||z ) , 1.14
1U (¢, o)y . . [zolly (1.14)

which implies that U(t,zo) € £, t > 0, for any solution of system (L.1)-(L.3) satisfying zo € .
Hence, {U(t, x¢) }+>0 is positively invariant for the set ¥. Furthermore, passing to the limit as
t — oo in , we get limsup,_, . ||U (¢, zo)]|y < %, for any xy € X. As a result, the semi-flow
{U(t, x0) }+>0 is point dissipative, and the set ¥ attracts all points in Y. This completes the
proof of Proposition

From [1.4] we obtain the following

Proposition 1.5 Let D > % be a constant. If vo € Y and ||zo|ly < D, then
(i) 0 < [5° s(t,a)da, [y e(t,0)d0, I(t), R(t) < D, for allt > 0;

(ii) there exists €1 > 0 such that

00 A
hmmf s(t,a)da > 1, withey i = ————.
Bl )y stheydaza TES

1.2 Existence and local stability of equilibria

In this section, we address the existence and local asymptotic stability of the equilibria of system

(1.1)—(1.3). We begin by introducing the threshold parameter known as the basic reproduction
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number, which quantifies the expected number of secondary infections caused by a single infected
individual. The basic reproduction number, denoted by Ry, is a key epidemiological indicator
that determines whether an infectious disease can infect and persist in a fully susceptible
population. Specifically, Ry represents the average number of secondary cases generated by one
infectious individual during their entire infectious period. For example The basic reproduction
number Ry is estimated to be approximately 2.5 for COVID-19 (and up to 812 for Omicron),
and around 1.0 for tuberculosis (typically ranging from 0.5 to 1.5). The calculation of Ry is
typically based on the next-generation matrix method, which separates new infection terms from
other transitions in the model, allowing us to derive an explicit expression for this threshold value.
Following the argument presented in [9], the basic reproduction number of system f is

given by the following expression

o= uia&gﬁ (u+0(;2u+7)’ (1.15)
where
&= [ Bam@da, &= [ wO)m(6)dw.
and

6
m(a) = e #  m(f) =e Jo tuto(m)
Next, we turn to the main objective of this section. We begin with the following result

Lemma 1.1 System (1.1)-(1.3)) always admits a unique disease-free equilibrium, given by
E° = (5(a),0,0,0),

such that
s%(a) = Ami(a), for alla € RT. (1.16)

Proof In the absence of disease transmission, there are no infected individuals, i.e., e(t,0) =
I(t) = R(t) = 0. Setting the time derivatives in system (|1.1)-(1.3)) equal to zero, the disease-free

equilibrium must satisfy the following first-order ordinary differential equation

s%(a
d dc(L ) = _/’L80<a)7

s°(0) = A,



1.2 Existence and local stability of equilibria 26

which yields the solution
s%(a) = Ami(a), Va €R,.

Therefore, System ([1.1)-(1.3) always has a unique disease-free equilibrium given by E°= (s°(a),
0,0, 0), which proves Lemma Now, we will apply the linearization method as described in
Webb [37, Section 4.5] to establish the following

Theorem 1.1 Let Ry be given by (1.15). Then, E° is locally asymptotically stable if Ry < 1,
and unstable if Ry > 1.

Proof To examine the local stability of E° we begin by linearizing the system (1.1)—(1.3)

around EV. So, we introduce small perturbation variables as follows
5(t,a) = s(t,a) — %a), e(t,0) =e(t,0), I(t)=1(t), and R(t)= R(t).

The linearized system is then expressed as

+ 8a - —/L§<Zf, a) - 5(&)80(61)[(]5)’
aegz; - + aegé 9 _ —(p + p(0))e(t, ),
di(t) <

dt 0 ’ (1.17)

‘“Zf) = al(t) = (u+7)R(1),
5(t,0) =0,

We now set
5(t,a) = ¢i(a)e™, &(t,0) = ¢a(0)e™, I(t) = ¢se™, and R(t) = ¢ue™,

for all A € R, where (¢1(a), ¢2(0), @3, ¢4) will be determined later. Consequently, the linearized
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system becomes
) — 3+ p)on(a) — Bla)s @,
W0) (ot 0(0)a00)

(At i+ 0)os = [~ 0(0)6a(0)0 + 761,
A+ p+7)ds =03,
le(O) = 07

0

$2(0) = ¢3/ B(a)s’(a)da.

(1.18)

[t is important to observe that the first equation in system (|1.18)) is decoupled from the rest. as a
result, our analysis can be restricted to the subsystem involving only to the disease-transmission

classes

W0 (et 0(0)200),
62(0) = 65 |~ Bl@)s"(a)da,
(At p+0)s = [ 0(0)62(0)d0 + 76,

A+ p+7)ps = 0¢s.

(1.19)

Solving the ordinary differential equation in system ([1.19)), we find that

62(6) = dama(0)e™ [ Ba)s"(a)da (1.20)

At this point, we need to show A+ pu+ 0 # 0 and A+ p+ v # 0. Assume, For the sake
of contradiction that A + p + o = 0. Substituting into the third equation of system
, we immediately obtain ¢3 = 0. Then, Using the last equation of , it follows that
A+ i+ v = 0, which contradicts our assumption. Similarly, conclude that A+ 1+ v # 0. Hence,
from the last equation of system , we deduce that

g

= ——¢s. 1.21

o
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Substituting the expressions for ¢9(6) and ¢, into the third equation of (|1.19)), we obtain

&(N)

b3 =

- A+u+o/ooo B(a)s"(a)da + = 2

A+p+7)(A+p+o)

where

&) = [ vOm(B)e

denotes the Laplace transform of the function ¢(0)ms(6). As a result, the characteristic equation

of (1.17) at E° can be written as

&2(\)

Ap+o

00 0 oy B
/0 Bla)(a)da+ S = (1.22)

Let us denote the left-hand side of equation ([1.22]) by I'(\), it is clear that I'(\) is a continuously
differentiable function and satisfies the following propertirs
lim I'(A\) = 400, lim I'(A)=0, and I'()\)<O.
A——00 A—+00
Hence, I is a monotonically decreasing function with respect to A € R. Given that I'(0) = R, > 0,
the Intermediate Value Theorem guarantess the existence of a positive real root of the equation
['(A) =1 this implies that E° is unstable when Ry > 1. On the other hand, we can prove that
all roots of equation ([1.22) have negative real parts when Ry < 1. Suppose, to the contrary,

that equation (|1.22) admits an eigenvalue A such that Re(\) > 0. More precisely, consider the
case where ([1.22)) has a real root A = Ay > 0 with no imaginary part. Then, we obtain

A~

IR10))
X+ p+o

_ &

 pto

- :R().

o0 0 oy
/0 la)sia)dat S e T i+ o)

> 0 oy
/0 fla)s'{a)da+ (n+y)(u+o)

This leads to a contradiction with the assumption that Ry < 1. Therefore, any eigenvalue A of
equation ((1.22) must have a negative real part when Ry < 1, which implies that E° is locally
asymptotically stable. In conclusion, we have proven that E° is locally asymptotically stable if

Ry < 1 and unstable if Ry > 1. This completes the proof of Theorem

Next, we proceed by proving the existence of the endemic equilibrium and analyzing its local
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asymptotic stability. We begin by introducing the following

Lemma 1.2 Suppose that Ry > 1. In this case system (L.1))-(1.3) admits a unique endemic

equilibrium, such that

satisfying the following

E* = (s*(a),e"(0), ", R"),

8*((L) _ SO(CL) eI foaﬁ(‘r)df’

e’ (0) = m(0) I /Oo B(a) s°(a) o1 Jo Br)dr da,
0
R = o I*
pety

where I* is given as the solution of equation ((1.12)).

Remark 1.1 Observe that if we set I* = 0, the system naturally the disease-free equilibrium

E° = (s°(a),0,0,0).

Proof The equilibrium equations are obtained by setting all time derivatives in system to zero.

Let E* = (s*(a),e*(0), I*, R*) represent the endemic equilibrium of system ((1.1})-(1.3]). It must

then satisfy the following system that is independent of time

B st (a) — (@ (@),
WO — (v wio)e o)

0— /OOO W(0)e*(0)d0 + ~R* — (pu+ o)I*,

o
|

ol* — (p+~)R*,

By integrating the first and second ODE of system (|1.23)), we obtain

and

e*(0) =

s*(a) = %(a)e™ foaB(T)dT, for all a € Ry,

o (0) " /OO B(a)s’(a)e™" Jo P07 da,  for all # € Ry,
0

(1.23)
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A straightforward computation of the fourth equation in system ({1.23)) yields

o
pty

R I

By substituting the expressions for e*(#) and R* into the third equation of system ((1.23]), We

obtain

&2 o 0 —I* [ B(r)d oy
+[*/ B(a)s (a)e " Jo NV da 4+ Irr=1.
p+o o Plasla) (n+o)(p+7)

Since I* > 0, we may divide both sides of the above equation by I*, which yields

52 o 0 —I* foa,B(r)dr oy _
HJ/O B(a)s(a)e do+ iy = (1.24)

Denoting the left-hand side of by P(I*), Clearly, P is monotonically decreasing function
tending 0 as [* — oco. and we have P(0) = Ry > 1. Hence, the equation P(/*) = 1 admits a
unique positive solution I* > 0. As a resut, when Ry > 1, system possesses a unique
positive endemic equilibrium E* = (s*(a), e*(#), I*, R*). This completes the proof of lemma

We now proceed to examine the local asymptotic stability of E*. Aiming to understand the

behavior and spread the disease once it becomes endemic in the population.

Theorem 1.2 The endemic equilibrium E* of system (L.1)-(1.3)) is locally asymptotically stable
provided that Rg > 1.

Proof To analyze the local stability of £*, we linearize system (1.1f)-(1.3) around E*. So, we

introduce the perturbation variables

5(t,a) = s(t,a) —s*(a), &(t,0)=e(t,0)—e*(0), I(t)=1I(t)—1I", and R(t)= R(t)— R*.
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These perturbations are assumed to satisfy the following linearized system

0s(t,a)  05(t,a) -

+ 2 = —pi(t a) — I'B(a)(t, a) — Bla)s” () I(2),
O] 0D (it wo)pett. o),
O

= P(0)e(t, 0)df +yR(t) — (n+ o) (1), (1.25)

5(t,0) =0,

o)

&(t,0) = I" /0 ~ B(a)s(t, a)da + (1) /0 B(a)s*(a)da.

Next, we propose an exponential form for the solution of system ([1.25]) as follows:
5(t,a) = ¢pi(a)e, e(t,0) = ga(0)eM, I(t) = pse™, and R(t) = ¢ue™,
where ¢1(a), ¢2(0), ¢3, ¢4 is to be determined later. Thus, system (1.25)) is rewritten as

d

2O (ot B () — Bla)s" (@),
dgo (0

20—t 0 @)0n00),
A+ p+a)ds = [ 0(0)6:(0)d0 + 761,

0 (1.26)
A+ p+7)¢s = 0¢s.
¢1(0) = 07
() =1 [ B@)dr(a)da+ b5 [ Hla)s*(a)da.
0 0
Solving the first and second differential equations of system , we find

br(a) =~ [ Br)s(p)eT L Ot (127

and

6(0) = e 075(6) [—z* /0 ~ B(a) ( /0 " B(r)s*(r)e T ffﬂ<‘>d%<A+u><m>dT) da (1.28)

+ /OOO 5(@)5*(a)da} O3.

As in the earlier analysis , we can confirm that A+ p+ o0 # 0 and A+ p+ v # 0. Consequently,
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the third and fourth equations of system ([1.26]) yield the following expressions:

1

%:A+u+a

f, v O0a(0)0 + S s (1.29)

Substituting ((1.28)) into the equation (|1.29), we find

¢3 = )\_%/(j\j_a [—I* /OOO ﬁ(a) /Oaﬂ(T)S*(T)el* f: B(E)dfe(,\+ﬂ)(a_7)d7_da

> * oy
+ 7B @da) 63+ T s

Dividing the both sides of the previous equation by ¢3 # 0, we obtain the following expression

— 2o [Tt [ st e A0 e

+/Q 5(@)8 (a)da]‘f‘(/\_’_ﬂ_i_o-)()\—i-,u‘f"y)'

This represents the characteristic equation of the linearized system ([1.25)) evaluated atFE*.

Accordingly, it can be expressed as

L 2 [ ) [ s () RO

Afp+o
_ &) > * o
B )\—i-,LL—i—U/o fla)s (a)da+(A+u+0—)(A+u+v)'

Now, let us assume for contradiction that the equation ((1.2)) admits a complex root A with
Re (A\) > 0. In particular, Suppose it has a real root A = \g > 0 with no imaginary part.

Therefore, on one hand, we have

L) . oy
M+M+UA mwSmMm+QwHHﬂ%%+ﬂ+ﬂ
52 & X a7y o
< HU/O Bla)s*(@)da+ b =1,

Using equation ([1.24)), we obtain the expression above. we also have
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A

by 0o a . [
1 2O [T 5 [ (s (et A e e > 1

Observe that the left-hand side of the equation ([1.2)) is strictly greater than one, while the
right-hand side is strictly less than one, this contradiction implies that all roots of equation

(1.2) must have negative real parts. Consequently, E* is locally asymptotically stable. This
concludes the proof of Theorem

1.3 Asymptotic smoothness

To demonstrate the existence of a compact global attractor, it is necessary to prove that the
semi-flow U, generated by the system (L.1)-(L.3) is asymptotically smooth. As stated in [18],
the semi-flow U is said to be asymptotically smooth if every forward invariant bounded closed
set is attracted by a nonempty compact set.

Analogous to that of [37], integrating the equations of s(¢, a) and e(t, §) on the system (L.1))-(L.3)

along the characteristic lines t — a = const, t — 6 = const, respectively, we get

Ami(a)e” Jo BOI(r+t=a) dr t>a,
s(t,a) = . (1.30)
so(a — t) e Jamt SO H—a)dr W:E;(“_)t) , t<a,
and
M(t—0)I(t—0)me(f), t>6.
2
B A CA <
60(8 t)ﬂ_z(e_t), t_0,
where
M(t) = / ~ B(a)s(t, a) da. (1.32)
0

Before going on, we present the following proposition
Proposition 1.6 The function M(t) Lipschitz-continuous on R, .

Additionally, We present the following two Lemmas from [30], which provide the essential tools

to show the asymptotic smoothness of the semi-flow U generated by system (|1.1))-(1.3]).
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Lemma 1.3 (Theorem 3.2 [30)]). The semi-flow U : Ry XY — Y is asymptotically smooth if
there are maps Uy, Us : Ry XY — Y such that U(t,zo) = Ur(t, x0) + Ua(t, z0), and the following

statements hold for any bounded closed set &/ C Y, which is forward invariant under U :
(i) tli)m diam Uy (t, o) = 0;
(ii) There exists t, > 0 such that Us(t, o) has compact closure for each t > t..

Since Y is an infinite dimensional space, L}F(O, +00) is a subset of Y. In infinite dimensional space,
boundedness alone does not imply precompactness. Therefore, to establish the precompactness

of Y, we need to apply the following lemma:

Lemma 1.4 (Theorem B.2 [30]). A set o/ € L. (0,400) has a compact closure if the following

statements hold
(i) sup/ (0)|dl < o0;
(ii) lim / (0)|dl — 0 uniformly in f € o ;

(1i7) hm / fl+h)— f(0)|dl — 0 uniformly in f € < ;
(iv) hrn / (0)|dl — 0 uniformly in f € .

After the above preparation, we can deal with this result:

Theorem 1.3 The semi-flow U generated by system (1.1))-(1.3)) is asymptotically smooth.

Proof Firstly, we decompose U (t, xy) into two parts U; and U, defined, respectively, as follows:

Ui(t, zo) = (ps(t, ), @e(t,+),0,0,0),and Us(t,xo) = (8(t,-),é(t,-), I(t), R(t)), where

0, t > a,
ws(t,a) = (1.33)
so(a —t)e = [o B (- “)dTWT(lé )t) t <a.
0, t>0,
©e(t,0) = (1.34)
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Ami(a)e” Jo AIrttzaydr =y 4,

§(t,a) = (1.35)
0, t<a
and
I(t—0)M({t—10 0), t>40,
gy |1 OME =000 L
0, t<0.

For zy € o/, where &/ C Y is a bounded set, such that r > % is a bound for &7, we obtain

1UL(8 zo)lly = [les(E, )llx + llpe(t, )l

= [T sola— ) porrman m?z;(_)t ot / (@ - (e@t) o

_/ s0(a) e_faH (MI(r+i= “dTﬂl t+a d +/ 7T2 t+0)d9.

Hence, we have
1U(t,zo)lly < e (lIsollzr + lleoll) < e [|zolly < re™".

Therefore,
tligg Ul(ta 42{) = Oa

and the condition (i) in Lemma (1.3 holds. Next, we move to show that Us(t, <) has compact
closure for each t > 0. According to (i) of Proposition we have I(t) and R(t) remain in the
compact set [0, D] where D > % is a bound for 7. Thus, it remains only to verify that §(¢, a)
and é(t,0) remain in precompact subset of L (0,+o00) which is independent of zy. To this
end, it needs to verify that (i)-(iv) in Lemma From (i) of Proposition we could easily
conclude that (i), (ii) and (iv) in Lemma [1.3|are hold. Now, we pass to claim the statement (iii)
in Lemma[1.3] So, for sufficiently small h € (0,t), we have
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/°° e(t,0+ h) — e(t,6)| 6
0
t—h t
:/ |é(t,0 + h) — é(t,9)|d0+/ |é(t,0)|do
0 t—h
t—h
:/ I(t— 0 —R)M(t — 0 — h)mo(0+ h) — I(t — 0) M(t — 0) m(6)| d6
0
t .
v [ It = 6) M(t — ) ma(6)d6.
t—h
Thus, it yields
/°° e(t,0+ h) — e(t,0)| df
0
t—h
< / I(t— 6 — h) M(t — 6 — h) 7a(60 + ) — ma(8)| d6
0
t—h N
+/ I(t—0—h)M(t — 06— h) — I(t — 0) M(t — 0)| 72(6) dO
0
t ~
[ It —0) Mt —0)m(6) db.
t—h
At this stage, from (i) of Proposition [1.5] it yields
9 t—h
Z1 < DBl [ ImaO+ h) —ma(6)] 8
t—h t—h
< D1l | [ @) a0~ [ w04 )00
0 0
h t
_ N2 _
= D213l | [ at0) a0 [ o) 0
< D?||Bl|sch- (1.37)

Furthermore, from the equation of I(¢) in system (1.1)), it follows

dl(t
) < (w7 oID = L

dI(t)
dt

Which implies that ’—’ has bound L; and I(t) is Lipschitz continuous on (0, +o00) with
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Lipschitz coefficient L;. Therefore, we have

=, < /Ot_hu(t—e C ) M(t— 0 — h) — M(t — 0)| () dO
4 /OthM(t CO) |t — 0 — h) — I(t — 0)| ma(6) dO

< (DL + D||BllL1) b, (1.38)

where Ly and Ly are the Lipschitz constants of I(t) and M (t), respectively. Similarly, we could

obtain

t
=, = / I(t = 0)M(t = 0)m(6)d0 < 2D%)B]|och. (1.39)
t—
In conclusion, by collecting ([1.37))-(1.39), we could write

lé(t, -+ h) —é(t, )|y < Ch, C = (2D?||B||oc + DLy + D||B|seLi)h.

Therefore, lim lé(t, -+ h) —é(t, )|l = 0 uniformly for any x¢ in &7 , and hence é(¢, 0) remains in
a precompact subset @ of L (0,00). Similarly, we can claim that 3(¢,a) remains in precompact
subset % of Li(0,00). Thus, Uy(t,z¢) C @ x @ x [0, D] x [0, D], which is compact in Y.
It follows that Us(t,/) has compact closure, which implies that (iii) in Lemma holds.
Consequently, the semi-flow generated by system — is asymptotically smooth. This
completes the proof of Theorem

According to [30], we can introduce the following useful result of the existence of a global

attractor for semi-flow {U(¢, o) }+>0:

Theorem 1.4 The semi-flow {U(t,z0)}i>0 has a global attractor o/ contained in 'Y, which
attracts the bounded sets of Y.

1.4 Uniform persistence

In this part, we shall demonstrate the uniform persistence of system (1.1))-(1.3) if Ry > 1, which
indicates that there will always exist infectious individuals if the infectivity is initially exist. Let

us first define

A

M= {(s(t, 3e(t, ), I(8), R(t)) €Y : /O°° o(t,0)d0 + (1) + R(t) > o}
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and

OM := Y\ M.

Theorem 1.5 For the semi-flow {U(t, x¢) }+>0 generated by system 1-3, the sets M and OM
are positively invariant. Furthermore, for every ¢ € 83\7[, we have U(t, z0)¢ — E°, as t goes to

infinity.

Proof Let (so(-), eo(-), Iy, Ro) € M. Define
H(t) = I(t) + R(t) + /0 T e(t, 0)de.

Therefore, we find

dZt(t) — (t,0) — M/OOO e(t,0)df — pI(t) — pR(t)

> —pH(t)
Moreover, we have H(0) > 0. Then, it yields
H(t) > H(0)e ™ > 0.

which means that U/(t, mO)M C M, and hence, M is positively invariant. For any (so(+),eo0(+), Lo,

Ry) € OM, we have 1(0) = I = 0, R(0) = Ry = 0, and /Oo eo(0)df = 0. Thus, OM is positively
0

invariant. Next, let (so(+), eo(+), Lo, Ro) € M. Then, we have

de(t,0) N de(t, 0)

= —(u+ () e(t,0),

ot N 00
PO ™ w0)ett,0)d0-+ 4RO — -+ ) 1),
WU 1(0) — (u+ ) RO, (1.40)

From (i) of Proposition it follows

/OOO B(a)s(t,a)da < D||B|le, as t — oo.



1.4 Uniform persistence 39

Consequently, by comparison principle, it results
e(t,0) <é(t,0), I(t)<I(t), and R(t) < R(t), (1.41)

where (é(t,0),1(t), R(t)) is the solution of the following system

S S = (v ()e(t,9)
d;? = [ vt 0)a0 + o1(0),
dR;tt) = af(t) —(n+ 'y)f%(t), (1.2

By solving the first equation of system ([1.42f) along the characteristic line ¢ — § = constant, we

obtain

D||B|lscl(t — 0)m(6), t >8>0,

&(t,0) = 2 (0) (1.43)
eo(6 — t)m, 0>t>0.

Furthermore, solving the third equation of (??7) while taking into account that R(0) = 0, we find

R(t) =0 [ "o T — ) (1.44)

Substituting (1.43]) and (1.44))) into the second equation of system (|1.42)), we arrive at

dilit) = D||B]loo /Otww)ﬂb(@)i(t —0)d + o~ /Ot e*(u+'y)rj<t _Ndr+ F() — (u+ g)f(t%

1(0) =0,
(1.45)

where & is defined by
m2(6)

———df.
71'2(9 — t)

F(t) = [ v(O)eo(0 - 1)

It is clear that F(t) = 0 as t — co. Therefore, the equation (I.33)) has a unique solution I(t) = 0.
Consequently, from ((1.29)), it yields that é(t,8) = 0, for 0 < 6 < t. Moreover, for 0 <t < 6, we

have

7'('2((9)

—ut
Me_t)H1 < e |eg]|;. (1.46)

.0 ], = oo
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This means that é(t,6) — 0 as t — co. Next, from the equation of R(t) in system (T.45)), we have
R(t) = 0. In conclusion, from (T.41)) it follows that I(t) = 0, R(t) = 0 and e(t,0) = 0 as t — oc.

. . . 0
Moreover, we can conclude from the first equation of system (1.1])-(1.3)) that tlgglo s(t,a) = s°(a).
This completes the proof Thorem

Next, we will show the uniform persistence of {U(t, zo) }+>0 generated by system ([1.1)-(L.3)).

Theorem 1.6 Suppose Ry > 1. The semi-flow {U(t, x) }1>0 is uniformly persistent with respect
to (M, 83\7[), i.e., there exists a constant € > 0, such that

lim inf d(U (¢, )¢, OM) > e,

—00
for any ¢ € M.

Proof As already shown, EY is globally asymptotically stable in 8]\7[, then according to Theorem
4.2 in Hale and Waltman [18], we need to study the behavior of solutions starting in M in some

neighborhood of E°. Therefore, we should demonstrate that
W*(E®) N M = 0,
where
W5(E?) = {C €Y: lim Ul(t,xo)¢ = EO}.

To this end, we will proceed by contradiction. So, assuming that there exists ¢ € Ws(E®) N M.
Hence, there exists t; > 0 so that I(t) + R(ty) + [ e(t1,0)df > 0 since ¢ € M. Therefore, it
yields

I(t) + R(t) + /Ome(t,e)de S0, t>1 >0.

On the other hand, due to Ry > 1, we can pick an €9 > 0 small enough so that

§2
w+o

> 0 — & a 0'7 . .
/0 B(a)(s°(a) — £o)da + eI (1.47)

Since ( € W*(E®), we have lim (s(t, a), e(t,6),0,0) = (s°(a),0,0,0,0). Then, for the above

chosen g, there exists to > 0 such that

s(t,a) > s%(a) —eg, for all t > t,. (1.48)
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Now, setting

r'}/ o
T =10) + Rl + /0 O(0)e(t, 0)do, (1.49)

where ®(0) : R, — R, is given by
O(0) = / T p(r)e Jo et g, (1.50)
6

It is clear that ®(0) = &, and

do(9)

S (1 +(0))2(0) —»(0).

Next, differentiating J(t) with respect to time ¢ gives

i) _ 0 [8396@, 6) + (11 + w(0))e(t, 8)| b + d;ff) + d};f”.

dI(t) v dR(t)
dt p+y dt

— B(0)e(t, 0) — /qup(e)e(t, 6)do +

Recalling that e(t,0) = I(t) /Oo B(a)s’(a,t)da, and by applying (1.48)), we obtain
0

P 2 () [ Bla)(s0) — eo)do+ T 10— (u+ )10
=(u+o) [,uif . /Ooo B(a)(s(a) — e) da + it UO)ZM o 11 I(t)
> (u+0) Lﬁf . /OOO B(a)(s°(a) — eo) da + o U(;ZM e 1] I(t)

Obviously, J(t) is a non-decreasing function for ¢ > to. Therefore, J(t) > J(to) > 0 for all ¢ > ¢,
with to = max{ty,ts}. This prevents (e(t,0), I(t), R(t)) converging to (0,0,0) as t — oo, which
contradicts the assumption of ¢ € W#(E°). Hence, W*(E°) N M = §. This proves Theorem

Before investigating the global stability results in the next section, it is necessary to
define the total trajectory which refers to the solution of — extended to R . A total
trajectory of U is defined as a function ¢ :R— Y, o(t) = (s(t,-),e(t,-), [(t), R(t)) such that
Ulr,o(t)) = o(t+7r), for all t € R and r € Ry. Setting s,.(t,a) = s(t+7,a), e.(t,0) =e(t+r,0),
I.(t) = I(t+r), and R,(t) = R(t + ), we obtain
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Ay (a)e™ Jo BOUr+tr—ayar t>a,
sp(t,a) =
s(ra—t)e I B Urtar—apdr_T1(a) L <y
) 7r1(a _ t)’ =,
e(t+r—0,0)m(0), t>0,
er(t,0) =
m2(0)
0—t)————, t<40
rd=t o-n =Y
dl.(t oo
O [ w0)er(1,0)d0 + 4R, (1) — 1+ o)),
dR,.(t
L T
For 7 > r e Ry, with t =7 — r, we arrive at
Armi(a)e” Jo AOU(tHr—a))dl T—71>a,
sp(T,a) =
S(ra — (r — 1)) o BOUERT—a)te___m(a) <
’ m(a—(r—r))’ -
e(t —6,0)ms(0), T—1r>0,
e (1,0) =
m2(0)
—(r— —r<
e(r,0 — (7 7’))@(9 oy TS 0, (1.51)
4l (t) _ | eOm©)e(r—0,00d8 + [~ w(®)e(r,6 - (r 1)) m0) g
dt 0 ’ T—r ’ mo (6 — (7 —1))
+ YR (t) — (u+ o) L.(t),
dR,.(t
" b ()~ (B ().
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Letting r — —oo in system ([1.51]) and substituting 7 by ¢, we get for all t € R, a,0 € Ry,
S(t, a) =Am ((1)67 foa ﬁ(T)I(t+Tfa)dT’

e(t,0) = e(t — 0,0)ms(0),

v (1.52)
=8 - /0 G(0)ma(0)e(t — 0,0)d0 + VR(t) — (1 + 0) (),
MU _ o1(6) — (u+ RO,

1.5 Global stability

In this section, we present the core findings of this study. Specifically , we aim to establish
the global asymptotic stability of each equilibrium of the epidemic model described by system
(1.1)-(1.3]). Before we proceed, we define G : (0, 4+00) — R, as follows

Gx)=xz—-1-1Inz. (1.53)

Clearly, the derivative is G'(2) = 1— 1 which implies that G is decreasing on (0, 1], and increasing
on [1,400). It has also only one extremum, which is a global minimum at x = 1. Additionally,
we have 1 —z + Inx < 0 for z > 0, and the equality holds if and only if = 1. This function is
typically used to construct the Lyapunov functional in Volterra-Lotka systems [12]. Now, we

start by establishing the global asymptotic stability of E° of system (1.1))-(T1.3).

Theorem 1.7 The disease-free equilibrium E° is globally asymptotically stable, if Ry < 1.

Proof Let ¢(t) = (s(t,-),e(t,-),I(t), R(t)) be a total trajectory of system (|L.1)-(1.3]) in A.

Construct the Lyapunov functional as follows:

V() = &Yi(t) + Yalt) + Va(t) + Ya(2), (1.54)
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such that

Moreover, in view of Proposition s(t, a) is bounded and bounded away from 0. Consequently,
V(t) is bounded and hence well-defined on ¢(t). Moreover, by (1.39), V(¢) is nonnegative
definite with global minimum 0 at E°. Now, differentiating Y7 () along the trajectory of system

(1.1))-(1.3)) with respect to t yields

d};lt(t) :/ s%(a )§G< ((’(j)))da.
s,

- ( )[a @@+ﬂdt@+ﬁ()“(t@]&b (1.55)

It is clear that

- 0) gm0 ()

Therefore, the expression (|1.55)) can be simplified to

= e () a1 [ (1 G ) st ae

Integrating by parts the first term on the right-hand side of equation (1.5]), we obtain

di;(t) _ 906 (ss(ot(,(?))> _u /OOO s°(a)G (i&?;})) da

=0

_uwémm@qu@m+ua/wm@§mmw

0

e(t,0)

Observe that G (££9) = G(1) = 0. Thus, we have
s9(0

de'lt(t) = —e(t,0) + I(t) /OOO B(a)s®(a)da — M/Om ()G (Ss(ot{ a)) " (156)
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Similarly, we differentiate Y>(t) along the solutions of system (1.1])-(1.3)) to obtain

di;gt(t) _ O‘X’ ®(0) L%e(t 0) + (/L-lrtb(@))e(t?@)] 20
B _/ooo @(6)59 (¢,6)do — /Ooo(u+w(0))<1>(6)e(t,e)d9 (1.57)

Ese(t,0) /{)@Z)(Q)e(t,@)d@.

Moreover, the time derivatives of Y3(¢) and Y,(t) are given, respectively, by

de},t(t) - /ooo Y (O)e(t,0)d0 — (p+ o) I(t) +VR(?), (1.58)
and
dYy(t) oy
B ag o RO (1.59)

Substituting ([1.56 into (| and after doing some rearrangement, we obtai
the trajectories of system (|L.1 — in the following form

dt

dy (t) R s(t,a)
7_(#4_0) (CRO—l)I(t)—M+0 : S(Q)G<80(a)>da].
240

Since Ry < 1, < 0 holds, i.e., Y (t) is non-decreasing over time. Due to the boundedness of
V(t) on ¢(.), the a-limit set of ¢(t) must be contained in Mo, the largest compact invariant subset
in {dY O} Let’s claim that My = E°. = 0 holds when s(t,a) = s°(a)
and I(t) = 0. Then, from it follows that e(t,#) = 0 and R( ) =0, for all ¢ € R. Therefore,

our claim holds. This implies that the a-limit consists only of EY. Hence, ¢ = E°. So, A = {E"}.

In conclusion, following the LaSalle’s invariance principle (see, e.g., ( [15], [36]), we can conclude

that E° is globally asymptotically stable if Ry < 1. Which completes proof of Theorem

Next, we jump to show the global asymptotic stability of the endemic equilibrium E* of system
([L.2)-(L.3).

Theorem 1.8 The endemic equilibrium E* is globally asymptotically stable, if Ry > 1.

Proof Let o(t) = (s(t,-),e(t,-), I(t), R(t)) be the total U-trajectory in A, for all £ € R. Define
the Lyapunov function by
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Wher
h W(t)-/oo ) o (sha))
" e (0) T\ s (a) )
oo 0
Wy (t) /0 \P<0) i(*t(’e)) dga
(1)
Wi = e (7).
_ VR R(t)
0= e ® (7).
with
by  H v (i
foe b(0)e(0)do
It is clear that W(0) = 1, and ¥'(0) = wge)fz(g)e). According to Proposition , s(t,a), e(t,0),

I(t) and R(t) are bounded, and they are also bounded away from 0. This means that W (t) is
bounded on ¢(t), and hence W (t) is well-defined. Thus, W (¢) > 0 with global minimum 0 at
E*. Differentiating W along the trajectory of system ((1.1))-(1.3]) with respect to time ¢ yields

dWi(t) © .0 s(t,a)
at ./o i <a>§G ( s*(a) ) da

- _6*10) L (1 T 1@))

Q

%s(t, a) + ps(t, a)] da (1.61)

Taking into account that

o35 Gt 0 (23) - (- 552) e

Then, (1.61]) can be expressed as follows

dvg(t) _ _6(10) /0°° (@) ;?a - <ss(*t(,;>)> Jo i eI(() | /Ooo (1 B SS(*t(,?)> B(a)s(t, a)da
t

Q
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Recalling that ¢*(0) = I* [5° f(a)s*(a)da. Therefore, a straightforward calculation gives

dWi(t)  s*(0) ., (s(t,0) o0 ~S(a) , (st a)
i = s () - e S ()
=0 (1.62)
L Jo” Bla)s(ta)da _ e(t,0) | I(t)
T B@s @da ~ e(0) | T

Similarly, we can get the derivative of Ws(t) along the solutions of (1.1))-(1.3) as

dWs(t) o0 0 (e(t0)
it /o Y05 ( e*(0) ) 4

= [Tww) L (1= e*(9)> [ae(t 0) + (1 + (0) el 9)] o). e
0 e*(0) e(t,d)) |00 ’
Considering
e O e(t,0)\ e*(0) 0
e (9)%6’ ( o (0) ) = (1 - e(t,@)) laee(t 0) + (,u—l—w(ﬁ))e(t,ﬁ)} .
Then, is converted to
dWoy(t) % o _ [e(t,0)
2 - _/0 @(e)aQG(e*@ ) do.
By integration by parts, we have
dWs(t) _ e(t,0) 1 oo e(t,0) ., (e(t,0)
a - Ve ( (O)>_§2/0 ¢(0)6*(9)G<e(9)>d0
1 oo @) , (e(t,0)
‘&A “”(@G<<m)“
Combining (1.62) and (1.64), it results
W) W) (T L [ Bla)s(t,a)da
i = (1) s o)
e
1oy e*(0) , [e(t,0)
& h VOFGE ( e (0) ) w
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By Jensen’s inequality, we have
Jo* ﬁ(a)s(ta)da) 1 o0 . < )
G a)s*(a)d da.
(fooo B(a)s*(a)da . I B(a)s*(a)da/o Bla)s*(a) s*(a)

Hence, it follows

ﬂ2@+d%ff:GCﬁv_MAW§$G<TM§da

()

Now, we turn to differentiate W3(t) along the trajectory of ([1.1)-(|L.3|) with respect to ¢ as

(1.66)

e : (1 -6 ) Uooo b(0)e(t,0)d0 +VR(t) — (0 + p)I (t)]

dt  &e*(0) 1(t)
_ 5261@) [ /0 T 0(@)e(t, 0)d0 + VR(E) — (o + w1 (D)

Therefore, we can get

AW (t) 1/000@0(9)2*(9) 1+e(t,9)_ o(t,6) ]d&

it & *(0) () Ier(d) I
vR* R(t) I'R(t) 1()
*@am>b+'3 RI(1) I]

dWs(t) 1 [ e*(
dt _52/0 1/1(9)6*(

.9) ) d9 (1.67)
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Finally, the derivative of Wy(t) could be expressed as follows

dW,(t) _ v _ R’ o _
= e (L ) 1O~ e DR
1)
0

Y 1) *
(14 7)%2e(0) [Ol(t) RO = o R gy + it R ] .

Applying the equation oI* = (u + v)R*, it yields

dWi(t)  9R RI(t) R(t)
dt __§Qe*(0)[ I*R(t) R+ I

oo (1) -o((%) <(526)
In summary, collecting (1.66), and gives
Sl (e e Lo (mem)
gl i) < ()

Therefore, %t(t) < 0; in addition 4Y = 0 holds if and only if s(¢,a) = s*(a), e(t,6) = e*(0),

(1.68)

I(t) = I*, and R(t) = R*. Due to the boundedness of W (t) on ¢(t), the a-limit set of () must
be contained in My, the largest compact invariant subset in {% = O}. Therefore, M; = {E*},
and hence, the a-limit consists only of £*. Furthermore, we have W (t) is strictly decreasing
along trajectory ¢(t) in A and it is distinct from E*. Since W (¢) has the minimum at ¢(t) = E*,
we must have ¢(t) = E*. This means for any total trajectory () in A, which consists entirely
of total trajectories, we have A = {E*}. In conclusion, by LaSalle’s invariance principle, E* is

globally asymptotically stable if Ry > 1. This completes the proof of Theorem



CHAPTER

Optimal control

In this chapter, we study the optimal control problem associated with the proposed epidemic
model (L.I)-(1.3). We introduce a control variable u(t), representing the treatment rate of
infected individuals, and formulate an objective functional that aims to minimize the number of
susceptible, latent, and infected individuals, while accounting for the cost of treatment.

We begin by proving the existence of an optimal control using appropriate mathematical
analysis tools. Then, we use the Gateaux derivative of the objective functional to derive the
necessary conditions for optimality and obtain an explicit expression for the optimal control
u*(t) based on the associated adjoint system.

Next, we move to the numerical part, where we solve the model numerically with control
using a suitable numerical algorithm. This allows us to evaluate the effectiveness of the optimal
strategy and compare it to the uncontrolled case.

This numerical study highlights the role of treatment in reducing the number of infections
and increasing the number of recoveries, thereby contributing to improved epidemic control

strategies.

2.1 Optimal Control Strategies

Optimal control theory is a mathematical framework derived from the calculus of variations,
designed to determine the best possible intervention strategy for a dynamical system to meet
specific objectives. In the context of epidemic modeling, this theory helps public health

authorities to identify optimal ways to reduce disease transmission and minimize the effect of
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infection.
In our system model described by the equations (1.1})-(1.3), we introduce a time-dependent
control variable u(t) representing the treatment applied to infected individuals. The control

belongs to the admissible set:
Usa = {u € L*0,T) [0 <u(t) <€ < 1,Vt € [0,T]},

where ¢ denotes the maximum feasible level of intervention due to resource limitations.

The control term wu(t)I(t) represents the rate at which infected individuals are removed
from the infected class due to the treatment intervention. This term is subtracted from the
equation governing the infected class and added to the recovered class, assuming successful
intervention leads to recovery.

The objective of the control problem is to reduce the total number of susceptible, latent,
and infected individuals over time, while minimizing the intervention cost. This can be expressed

through the objective functional as follows
T B ,
J(u(t)) = /0 (S(t) + () + () + 2l (t)) dt, (2.1)

where S(t) = /OOO s(t,a)da, E(t) = /Ooo e(t,0)dd, and By > 0 is a weighting constant reflecting
the cost or social impact of the control effort.

The optimal control problem aims to find the function w*(¢) that minimizes J(u) subject
to the age-structured SEIRI epidemic model, incorporating the control in the infected equation

and hence, the optimal control problem can be expressed as follows:

Js(t, a) 8(ta)

o) | = —pus(t,a) — Bla)I(t)s(t, a),
Oc(t.9) 8629, ) _ (it D(0))e(t, B),

d[gt) (2.2)
—3 = w(0)e(t.0)d0 + YR(t) — (u+ o)1 (t) — u())I(2),
MU — 51(0) — (0 + )R + )1 0),

with boundary conditions

s(6,0) = A, e(t,0) = I(¢) /0 ~ B(a)s(t, a) da, (2.3)
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and initial conditions
s(0,a) = so(a), €(0,0) =eo(@), I1(0)=1Ip, and R(0)= Ry. (2.4)

This formulation ensures that the number of infected individuals is actively reduced while

maximizing recovery through optimal use of available interventions.

Theorem 2.1 There exists an optimal control variable u* € Uyq such that J(u*) = inf J(u),

u€Uyq
subject to the control system ([2.2])-(2.4]).

Proof Now, let (u,)nen C Uqg be a minimizing sequence such that

lim J(u,) = inf J(u).

n—00 wEULq

Since the admissible set U,y is closed, convex and bounded set in L?(0, 7)), and the functional .J
is coercive, the sequence (u,) is bounded in L?(0,T). By the Banach-Alaoglu Theorem [14],

there exists a subsequence and a function u* € U,y such that
u, —u* weakly in L*(0,T).

The corresponding state variables (x,,) = (S,(t), E,(t), I.(t), R,(t)) associated with (u,),
are uniformly bounded and equicontinuous with respect to time ¢t. By the Arzela-Ascoli
Theorem [13], one can extract a subsequence such that the states converge uniformly to a limit
x* = (8%, E*, I*, R*) associated with the control u*.

Using standard lower semi-continuity arguments, the cost functional satisfies
. . ES
lim inf J(u,) > J(u").
By definition of (u,) as a minimizing sequence, we also have

lim J(u,) = inf J(u) < J(u").

n—00 u€Uqq

Combining both inequalities yields

J(u*) = inf J(u),

uEUqq
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which proves that «* is an optimal control. This completes the proof of Theorem [2.1

To determine the necessary conditions for optimality, we apply the Gateaux derivative
approach. Starting with a given a control u(t), we consider another control defined as: u(t) =
u(t) + ev(t), where v(t) is a variation function and 0 < € < 1 is a small parameter. The variation
function can take any sign, since small perturbations in u(t) (whether positive or negative) still
ensure that u®(t) € U,q , i.e, the perturbed control remains admissible within the perdefind
bounds.

Let S = S(u), E = E(u),I = I(u), R = R(u), and S = S(u°), £ = E(u),I° = I(u°), R* =

R(uf). Then, the state equations corresponding to the control u¢ are given by

W) O s(t,a) — Bla) ()51, 0),

ae;}i’ ) 4 O a@e’ o) _ —(u+(0))e(t, 0), (2.5)
d[dt(t) — [ 0O (4.6 a0 + 1 Fe () — (1 + (1) — w (DI (1)

dRC;t(t) = oI°(t) = (u+ ) R(t) + u(HI(D),

and initial conditions
s°(0,a) = sp(a), €9(0,0) =eg(f), I90)=1I,, and R(0)= Ry, (2.7)

where S°(t) = / s(t,a)da and E(t) = / e“(t,0)df.Now, we find the difference quotient
0 0
—S:_S and similarly for F, I, and R. By subtracting system (2.2 from ({2.5]), we find

ot € da € €

0 (s(ta) = sta)) | O (s(ta)=s(ta)) _ (s(ta) = s(ta)
( ) 3@( ) ;(a) ([f(t)[(t)>>se(t,a)
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Moreover, we have

a9 (ef(t,e) —e(t,9)> N 9, (ef(t,e) —e(t,0)>

Also,

Further, we obtain

d (R&(t) - R(t)) ot ult) <1€<t> - f(t)) P (Ré(t) - R(t))

dt €

with

and

s¢(0,a) — s(0, a)zo _

Letting ¢ — 0, then M — 5, and same for the others. Thus, we obtain

( a) as(at , @) = —us(t,a) — B(a)l(t)s(t,a) — B(a)l(t)5(t,a),
( 0) 8e(t 0)

o S — (- v(6))et,6), )

dgt ) - /Ooo Y(0)e(t,0)do +yR(t) — (n+ o+ u(t)I(t) —v(t)I(t),
R _ (o () T(0) — (11 )R + 010,

dt
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with boundary conditions

5(6,0) =0, &(t,0) = I(t) /O ¥ Bla)s(t,a) + (D) /0  B(a)s(t, a) da, (2.9)

and initial conditions
5(0,a) =0, €(0,0)=0, I(0)=0, and R(0)=0. (2.10)

In order to find the adjoint system, we rewrite the fisrt equation in (2.8)) as

0= <<§ts(t, a) + 86;5@, a) + ps(t,a) + 1(t)8(a)s(t, a) + 1(t)B(a)s(t, a), M(t, a)>>
= <<s(t, a), —gt)\l(t, a) — ;L)\l(t, a) + B(a)I(t) A (t, a) + pA(t, a)>>
+/ / IO (t, a) da dt, (2.11)

with boundary conditions
5(0,a) =0, §(t,00) =0, and X\ (T,a)=0,

where ((f, g)) = / / fgdadt. Similarly, the second equation in becomes

0= {{ 300.0) + ge.0) + (1 + v(O)e(t.0), A2<t,e>>>

— <<e(t,9), —;/\Q(t,é) 880 5(t,0) + (u+¢(9)))\2(t,0)>>
_/ / £) + s(t, a)I(t)] B(a)a(t, 0) dadt, (2.12)

with conditions

&(0,0) =0, é(t,00)=0, and Mo(T,0) = 0.

Similarly, the third and fourth equations in (2.8) can be written in the form of
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_ <dt - /0°° Y(O)e(t,0) db +yR(t) — (1 + o +u(t)I(t) +o(t)I(t), As(t)>
= <f(t), —jtxg(t) +(p+o+ u(t))k3(t)>
_/T/mmwauw&awmﬁ—AfM3 +/,% t, (2.13)

with
1(0)=0, and A3(T)=0.

T
where (f,g) = / fgdt. By the same way in last equation of ({2.8]), we can find
0

_/ / (o + ult )dadt—/OT)\4(t)v(t)I(t)dt, (2.14)

with
R(0) =0, and M(T)=0.

Respectively, thus, we derive the Gateaux derivative [20] of J(u) as follows
T _ _
0< J(u) = / [5(t) + E(t) + I(t) + Bro(t)u(t)] dt. (2.15)
0

Next, we define the Lagrangian L function as follows:
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-

ot 967" 2(£,0) + (1 + 9(0)) Ao (2, 9)] do dt

—/OT/OOOé(t,G)
+/T/°<> [5(t, ) I(1) + s(t,a)I(8)] B(@)As(t, 0) dadt

0 0

_ /T 1) [—j&( )+ (M+a+u(t))A3(t)1 dt
+/ / ) df dt

+ / Vst R(t) dt — /0 As(D)o(D)I (1) dt

- [ R [—jtm )+ et (o) a

/ / o+ u()I(E)M(t) da dt +/ M(B)o(t)I(1) dt. (2.16)
By solving
oL oL oL oL
T g o0 ZE_o
o5 ' ®E ol ' 9R

We obtain the following adjoint system:

0

(915)\ 1(t,a) + (,)aa)\l(t, a) = B(a)I(t)A1(t,a) + pAi(t,a) — B(a)I(t)A2(t,0) — 1,
£ 00(1,6) + S0a(t,6) = (-t 0(8))alt,6) — H(ON(E) -

i,\3( t) = (u+ o +u(t)A3(t) — (o +ut)Aa(t) + M\ (2) /OOO B(a)s(t,a)da

dt
. >\2(t,0)/0 B(a)s(t, a) da — 1,

Ccli)\4( t) = (1 + ) Aalt) —yAs(t),

(2.17)

with transversality conditions

AM(T,a) =0, M(T,0)=0, X(T)=0, and \(T)=0. (2.18)
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Theorem 2.2 Ifu* in U, is an optimal control that minimizes (2.1)), and (S*(t), E*(t), [*(t), R*(t))
and (A1(t,a), Aa(t,0), A3(t), A\4(t)) are the corresponding state and adjoint variables, respectively,

u*@)ZZHHn{ﬁﬂnax{O,Q&*ﬂ__gj@»]*@)}}. (2.19)

then

Proof Using system ([2.17)), we can rewrite relation ([2.15)) as follows:

0<.J(u) = /Tﬁm (t) + I(t) + Bro(t)u(t)| dt

E(t
3} 0
= / [ pr —Ai(t,a) — %Al(t,a) + B(a) ()M (t,a) + pri(t,a) — B(a)I(t) a(t, 0)1 dt

" / 1) = () + e, 00+ 0l ~ (0|

+ I( ) [—jt)\s( )+ (4 o+ u()A3(t) — (o 4+ u(t)Aa(t) + A (t) /OOO B(a)s(t,a)da

_&@JDAwﬁmﬁ@aM4dt+ATR@l—i}d) (u+7M4ﬂ—7&@ﬂdt

T

+ ; Byu(t)u(t) dt. (2.20)

Now, keeping in mind equations (2.11f), (2.12)), (2.13)), and (2.14)), we can write equation ([2.20))

as:

0</ J(8) = As(8)) + Buu(t)] dt, for all u(t) € Uyg.
Therefore, on this set, in the case v(t) # 0, the rest of the integrand must be equal to zero, thus

o) = =10

Hence, by taking the upper and lower bound into account, we obtain

u*(t) = min {e, max {0, Qs (t) _gj(t))f*(t) }} . (2.21)

This completes the proof of Theorem

Clearly, the optimal control presented in formula (2.21)) lies within the bounds 0 < u < ¢. Thus,
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we obtained the optimal system:

P00 OBD _stt,0) — pla)W)s(t,a),
( 0) 36(?5 0) _
(8 = —(u+1(0))e(t,0), (2.22)
7 / e(t,0)d0 + Y R(t) — (1 + o) I(t) — (D) I(L),
MO o 10) ~ (a4 RO + ' (10,
with boundary conditions
s(t,0) =A, e(t,0)=1(t) /Ooo p(a)s(t,a)da, (2.23)
and initial conditions
s(0,a) = so(a), €(0,0) =eo(d), 1(0)=1,, and R(0)= Ry, (2.24)

where u*(t) is defind in relation (2.21)).

2.2 numerical simulations

To validate the effectiveness of the analytically derived optimal system , obtained from
the original model — through the incorporation of a control variable u(t), a numerical
simulation was performed. This simulation involved solving both the state and adjoint equations
using a combination of forward and backward finite difference methods [24]. The initial
population distributions for the susceptible, exposed, infected, and recovered compartments were
adopted from the study by Thater et al. [32]. For the selection and justification of parameter
values, please refer to Table 1.

The age-dependent functions o(a) and &(a) were assumed to take the form of a constant
multiple of the exponential function e~*. This choice is motivated not only by the monotonic
decreasing nature of e”®, but also by its desirable mathematical properties such as positivity,
boundedness, and its natural decay to zero as age increases.

To ensure sufficient resolution in the simulation, small step sizes were used for both time
and age, specifically At = Aa = 0.05. The maximum age considered for infection was set to 40

years, and the total duration for the application of the control strategy was set to 40 days
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Parameters | Values
v 0.0136
A 15.844
7 0.1
1 1
B1 1
o(a) 0.005e™
&(a) 0.002e~¢

Table 2.1: Parameters values used in numerical simulation

Susceptibles individuals Latent individuals

s(ta)

sug\
600
T
200
Time t
’ Infected individuals o Recovered individuals
05
04
£08
02
01
0 0
0 100 200 300 400 50 600 700 800 0 100 200 300 400 50 600 700 800
Time Time

Fig.1.Asymptotic behavior of the solution of the system (1.1]), with § = 0.002. In this case, we

obtain Ry < 1. Leading to the extinction of the epidemic.

Susceptibles individuals Latent individuals

Timet Agea

Infected individuals

10}

0 0
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
Time. Time

Fig.2.Asymptotic behavior of the solution of the system (1.1]), with 8 = 0.005. In this case, we

obtain Ry > 1. Leading to the disease spreading.
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Surface plot of s(t,a)

Susceptible s(t,a)

100

Agea 0 o Time t

Figure 2.1: Surface plot of s(t,a)

Infectious and Recovered over time

—_— ()

R(t)]

Control u(t)

0 20 40 60 80 100
Time t

Figure 2.3: Infectious and Recovered over

time

Surface plot of e(t,0)

o 0 o Time t

Figure 2.2: Surface plot of e(t,a)

Optimal control u(t) over time

. . .
0 20 40 60 80 100
Time t

Figure 2.4: Optimal control u(t) over time

Fig.3.The plots illustrate the dynamics of the epidemic model under the control strategy. 1.

Susceptible population s(t,a); 2. Exposed population e(t,a); 3. Infected population I(t) and

recovered population R(t); 4. All compartments under the effect of the optimal control strategy.
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Conclusion

This study aims to analyze the dynamics of infectious disease spread using a mathematical
model that takes into account the age structure of the population and the incubation period. By
examining the stability of the system, we were able to understand the behavior of equilibrium
points in both the presence and absence of the disease. Additionally, we applied optimal
control theory to identify effective strategies for reducing disease transmission, using numerical
simulations to evaluate the impact of health interventions such as targeted vaccination. The
results showed that these strategies could significantly contribute to improving public health

and reducing the overall impact of the disease on the community.
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