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Abstract

This study is dedicated to investigating the existence of weak solutions for

hyperbolic Kirchhoff-type problems, considering cases both with and without

volume constraints and free boundaries. We employ the hyperbolic discrete

Morse flow, which transforms the original problem into a sequence of mini-

mization problems defined at discrete time intervals. This process ensures the

existence of a minimizer for the discretized functional, which corresponds to

the solution of the discretized problem and subsequently provides a weak so-

lution to the original problem. The non-local terms arising from the Kirchhoff

component, volume constraint, and free boundary condition present significant

challenges that require innovative methods to tackle. These complexities are

a key focus of our research. Furthermore, we present numerical simulations to

better illustrate our results’ physical implications.

Keywords

Hyperbolic Kirchhoff type problem, Free boundary, Volume constraint, Weak

solution, Discrete Morse flow, Numerical simulation.



Résumé

Dans cette étude, nous nous concentrons sur l’exploration de l’existence de so-

lutions faibles pour les problèmes hyperboliques de type Kirchhoff, avec et sans

contraintes de volume et limites libres. Notre approche utilise le flot discret

de Morse hyperbolique, une méthode bien établie dans l’étude des équations

hyperboliques. Cette technique transforme le problème original en une série

de problèmes de minimisation définis à des pas de temps discrets, établissant

l’existence d’un minimiseur pour la fonctionnelle discrétisée. Ce minimiseur cor-

respond à la solution du problème discrétisé, qui, à son tour, fournit une solution

faible au problème principal. Notamment, les termes non locaux découlant de

la composante Kirchhoff et de la contrainte de volume, combinés à la condition

aux limites libres, posent des défis substantiels. Ces complexités nécessitent des

stratégies innovantes pour les résoudre, constituant le point central de notre

recherche. De plus, nous incluons des simulations numériques pour illustrer

plus efficacement les implications physiques de nos résultats.

Mots-clés

Problème hyperbolique de type p-Kirchhoff, Frontière libre, Contrainte de vol-

ume, Solution faible, Flux Morse discret, Simulation numérique.



P�lm��

�®kKm� Tfy`R �wl�  w�¤ �AKktF� Yl� z�r� ,TF�Cd�� £@¡ ¨�
�d�ts§ .Ah�¤d� ¤� ­r���  ¤d���¤ �����  wy� �� º�wF ,T§d¶�z�� �wJry�
�¯ A`m�� TF�C ¨� T�F�C Tq§rV ¨¡¤ ,©d¶�z�� �Ofnm�� xCw� ��d� An�h�
�ylqt�� ��AK� �� TlslF Y�� Tyl}±� TlkKm�� Tynqt�� £@¡ �w�� .T§d¶�z��
.TlOfnm�� T��dl� {f��  w�¤ 
b�§ Am� ,TlOfn� Tyn�E ��wW� ¨� ­ d�m��
A¾Afy`R ¾®� r�w§ £C¤d� ©@��¤ ,TlOfnm�� TlkKm�� �� �� {f�m�� �@¡ ���wt§
�� T·JAn�� Tyl�m�� ry� �A�lWOm��  � Y�� ­CAJ³� Cd�� .TyFAF±� TlkKml�
�kK� ,­r���  ¤d��� ªrJ �� 	n� Y�� A¾Abn� ,����� dy�¤ �wJry�  wk�
�kK�¤ ,Aht��A`m� ­rktb� �Ay�y��rtF� ��dyq`t�� £@¡ 	lWt� .­ryb� �A§d��
Tym�C ­A�A�� �Aylm� �Cd� ,��Ð Y�� T�AR³A� .An��b� ©z�rm�� zy�rt��

.Ty�A`� r��� �kK� An�¶Atn� T§ Am�� CA�µ� �yRwt�

Ty�Atfm�� �Amlk��

���� ,�����  wy� ,­r���  ¤d��� ,�wJry� �w� �� d¶�z�� �Wq�� TlkK�
.Tym�C ­A�A�� ,�Ofn� xCw� ��d� ,{f�n�



CONTENTS

1 General introduction 1

2 Mathematical Preliminaries 7

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Function Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Spaces of Continuous and Smooth Functions . . . . . . . . . . . . . . . . 9

2.2.2 Lebesgue Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.3 Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.4 Bochner Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.5 Vector-Valued Function Spaces . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Special Notation for Free Boundary Problems . . . . . . . . . . . . . . . . . . . 12

2.4 Special Notation for Volume Constraint Problems . . . . . . . . . . . . . . . . . 12

2.5 Variational Framework and the Direct Method . . . . . . . . . . . . . . . . . . . 13

2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Discrete Morse flow method 16

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Mathematical formulation of the DMF approach . . . . . . . . . . . . . . . . . 17

3.2.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 18

3.2.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 21

3.3 Benefits and expansions of the DMF approach . . . . . . . . . . . . . . . . . . . 21

3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4 Hyperbolic Kirchhoff-type problem 25

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

i



4.2 Hyperbolic Kirchhoff type problem . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.2.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.2.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 27

4.2.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 30

4.3 Hyperbolic p-Kirchhoff type problem . . . . . . . . . . . . . . . . . . . . . . . . 31

4.3.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.3.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 32

4.3.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.3.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 36

4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5 Free boundary Hyperbolic Kirchhoff-type problem 38

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

5.2 Free boundary Hyperbolic Kirchhoff-type problem . . . . . . . . . . . . . . . . 39

5.2.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

5.2.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 40

5.2.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5.2.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 43

5.3 Free boundary hyperbolic p-Kirchhoff type problem . . . . . . . . . . . . . . . . 45

5.3.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.3.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 45

5.3.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.3.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 49

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

6 Constrained Hyperbolic Kirchhoff-type problem 51

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

6.2 Constrained hyperbolic Kirchhoff-type problem . . . . . . . . . . . . . . . . . . 52

6.2.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

6.2.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 53

6.2.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

6.2.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 57

6.3 Constrained hyperbolic p-Kirchhoff type problem . . . . . . . . . . . . . . . . . 57

6.3.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6.3.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 58

6.3.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

6.3.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 62

6.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

ii



7 Constrained Hyperbolic Kirchhoff-type problem involving free boundary 64

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

7.2 Constrained hyperbolic Kirchhoff-type problem involving free boundary . . . . . 65

7.2.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

7.2.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 66

7.2.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

7.2.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 70

7.3 Constrained hyperbolic p-Kirchhoff type problem involving free boundary . . . 72

7.3.1 Problem Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

7.3.2 Approximation of the Weak Solutions . . . . . . . . . . . . . . . . . . . . 73

7.3.3 Energy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

7.3.4 Convergence to the Limit Function . . . . . . . . . . . . . . . . . . . . . 77

7.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

8 Numerical simulation 80

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

8.2 Hyperbolic Kirchhoff-type problem . . . . . . . . . . . . . . . . . . . . . . . . . 81

8.3 Free boundary hyperbolic Kirchhoff-type problem . . . . . . . . . . . . . . . . . 84

8.4 Constrained hyperbolic Kirchhoff-type problem . . . . . . . . . . . . . . . . . . 87

8.5 Constrained hyperbolic Kirchhoff-type problem involving free boundary . . . . 91

8.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

Conclusion 95

Bibliography 97

iii



LIST OF FIGURES

8.1 The stability of Hyperbolic Kirchhoff-type problem . . . . . . . . . . . . . . . . 83

8.2 The dynamic motion of an Hyperbolic Kirchhoff-type problem . . . . . . . . . . 84

8.3 The stability of Free boundary hyperbolic Kirchhoff-type problem . . . . . . . . 86

8.4 The dynamic motion of Free boundary hyperbolic Kirchhoff-type problem . . . 87

8.5 The stability of Constrained hyperbolic Kirchhoff-type problem . . . . . . . . . 89

8.6 The dynamic motion of Constrained hyperbolic Kirchhoff-type problem . . . . . 90

8.7 The stability of Constrained hyperbolic Kirchhoff-type problem involving free

boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

8.8 The dynamic motion of Constrained hyperbolic Kirchhoff-type problem involving

free boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

1



LIST OF TABLES

8.1 Data included in the simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

8.2 Data included in the simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

8.3 Data included in the simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

8.4 Data included in the simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

2



LIST OF ABBREVIATIONS

i, j,m, n ∈ N are natural numbers from the natural numbers set N.

Rn is the n-dimensional real Euclidean space, furthermore,
(
R = R1

)
.

Q is a bounded domain in Rn with Lipschitz boundary.

∂Q is the boundary of the domain Q.

|Q| is the Lebesgue measure of the domain Q.

Q̄ is the closure of the domain Q.

T is a positive real value representing the final time T .

QT is the open time-space Q× (0, T ).

V is a positive real value representing the volume.

v(x, t) is the unknown function with respect to x and t.

vt(x, t) is the partial derivative of v with respect to time

(
vt(x, t) =

∂v(x, t)

∂t

)
.

∇v is the gradient of v with respect to x (= (vx1 , vx2 , . . . , vxm)).

∆v is the Laplace operator with respect to x

(
=

∂2v

∂x2
1

+ · · ·+ ∂2v

∂x2
n

)
.

v|∂Q is the trace of v on ∂Q .

v0, u0 are the initial data that present the shape and velocity, respectively.

λ is the Lagrange multiplier, which is the non-local term originating in

the volume constraint.

k is the time step of the discretization in time.

M expressing the total number of time steps.

a.e. means almost everywhere of almost every.

{v > 0} is the set of points (x, t) from QT , for which v(x, t) > 0.

χ{v>0} is the characteristic function of the set {v > 0}.
C is a generic positive constant.

3



CHAPTER 1

GENERAL INTRODUCTION

Hyperbolic Kirchhoff-type problems stand at the intersection of advanced mathematical

modeling and real-world applications. These problems incorporate the Kirchhoff term, incor-

porating a non-linear relationship based on the integral of the strain. This approach effectively

models the behavior of elastic structures under stress and deformation. Typically, such prob-

lems are expressed in the form:

M

(∫
Q

|∇v(x, t)|2 dx
)
∂ttv(x, t)−∆v(x, t) = g(x, t),

with M is a function representing the material’s stiffness modulated by total deformation, v is

the displacement, and g(x, t, v) represents external forces. This formulation reflects the founda-

tional work on elastic and fluid membranes by Kirchhoff (1883) in modeling tensioned surfaces

under load [47].

The presence of free boundaries introduces further complexity, as evolving geometries ne-

cessitate a dynamic boundary treatment. For domains with free boundaries, the problem may

include a condition like:

γ∂nv + µv = 0 on ∂Q(t),

with γ and µ are parameters dependent on the material properties, and ∂nv represents the

normal derivative of v. This condition allows the boundary to adapt and evolve over time, re-

flecting practical scenarios in shape optimization and fluid-structure interaction problems [36].

In cases with volume constraints are imposed, additional conditions are necessary to preserve

spatial volumes within a domain. Such constraints can be formulated as:∫
Q

v(x, t) dx = V ,

1



Chapter 1

with v is a constant volume. The preservation of volume is particularly relevant in applications

involving fluid-filled membranes, with the enclosed volume must remain constant despite de-

formations. This dynamic interaction between boundary deformation and volume constraints

aligns with scenarios in fluid mechanics and material science, adding complexity and rigor to

the system’s mathematical formulation [80].

Incorporating volume constraints introduces a unique dimension of intricacy, requiring care-

ful attention to the preservation of spatial volumes and the dynamic interplay between material

properties. This dynamic aspect is especially crucial in situations with the volume within a sys-

tem must remain constant despite external forces or changes, as observed in diverse applications

ranging from material encapsulation to fluid dynamics. The inclusion of volume constraints

necessitates a nuanced understanding of how volume alterations impact the overall behavior of

the system, mirroring real-world scenarios with volume preservation is a critical consideration

in ensuring the accuracy and fidelity of simulations and analyses.

Expanding on the previously discussed study on hyperbolic Kirchhoff-type problems, we

delve deeper into the intricacies of these challenges and the methodologies employed to address

them. The integration of non-local features, coupled with free boundaries and volume con-

straints, presents a formidable landscape for exploration, with implications spanning diverse

fields like material science, fluid mechanics, and structural engineering.

To tackle these challenges, we employ the Discrete Morse Flow (DMF), a variational method

that has proven effective in handling hyperbolic problems with non-local constraints. The

DMF approach breaks the original problem into a series of minimization tasks at discrete time

intervals, ensuring the non-negativity of the minimized function and providing a foundation

for demonstrating the existence of weak solutions. Furthermore, the DMF method enables

energy preservation through the approximation process, promoting numerical stability and

convergence. This is formalized by the energy equation:

E(t) =

∫
Q

(
1

2
|∂tv|2 +

1

2
M

(∫
Q

|∇v|2dx
)
|∇v|2

)
dx,

with E(t) captures the system’s total energy at a given time T . The conservation of this energy

across discrete steps is essential for ensuring weak solution existence and accuracy, especially

under volume constraints [15].

The adaptability of DMF to diverse Problem Introductions, including those with free bound-

aries and volume constraints, underscores its efficacy in addressing the complexities inherent

in hyperbolic Kirchhoff-type problems. Building upon prior research by pioneers in the field,

our study aims to extend the applicability of DMF to these specific problem classes, paving the

2



Chapter 1

way for novel insights and solutions.

Central to our methodology is the development of an energy-preserving approximation

scheme tailored to hyperbolic Kirchhoff-type problems. By conserving energy throughout the

approximation process, we not only enhance the numerical stability of algorithms while also

providing a foundation for establishing the uniqueness of solutions in wave-type problems.

The establishment of a uniform estimate for the approximate solutions serves as a key mile-

stone in our research, enabling us to track the convergence of the approximation sequence and

identify a unique limit function. Drawing inspiration from previous work on minimization tech-

niques for wave-type problems [61], we leverage these insights while customizing our approach

to accommodate the Kirchhoff term and volume constraints inherent in our problem domain.

In summary, our study represents a concerted effort to push the boundaries of hyperbolic

variational problems, particularly in the realm of Kirchhoff-type challenges with additional

constraints. Through the synergy of advanced mathematical techniques, including the Discrete

Morse Flow and energy-preserving approximations, our goal is not only to demonstrate the

existence of weak solutions but also to enhance the broader understanding of dynamic systems

with evolving boundaries and volume constraints. By bridging theory and application, we

aspire to unlock new avenues for innovation and discovery in this complex and multifaceted

field.

Related Work and Previous Results

The hyperbolic-type problem has been widely explored, with variational approaches playing a

key role in examining solution existence. In this study, we focus on the Discrete Morse Flow

(DMF) method, which is specifically designed for hyperbolic-type problems. This approach is

a variational technique applied to time-dependent problems.

The positivity fo the generated functional by DMF simplifying the process of proving the

existence of a minimizer. This property is crucial, as it guarantees that the minimization pro-

cess remains well-posed and avoids potential complications arising from indefinite or unbounded

functionals. By leveraging this minimizer, the method ultimately constructs a weak solution

to the main problem. For further information and technical details, including the derivation of

the discretized functional and its properties, readers are encouraged to consult related founda-

tional works and recent advancements in the application of the DMF method to nonlinear and

constrained problems. For additional details, see [61, 77].

3
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The variational approach was initially introduced in [43], where it was successfully applied

to parabolic-type problems, offering an elegant and effective method for finding solutions to

such equations. This approach was subsequently extended to hyperbolic-type problems, as

discussed in [39], with the framework was adapted to handle the more complex dynamics and

wave propagation characteristic of hyperbolic systems. A significant contribution of this work

is the development of the discrete Morse flow method, which has proven to be an effective tool

for solving a wide range of problems, including those with free boundaries. As highlighted in

[46, 2, 60], the method has been successfully applied to various physical scenarios, particularly

in problems involving free boundary conditions.

In these works, a hyperbolic problem is considered in which the free boundary models the

vibrations of an elastic string. Notably, these studies omit the external force term. They proved

the existence to the weak solution in one-dimensional, providing a solid foundation for applying

the variational method to more complex systems. Additionally, [2] developed a scheme that

ensures energy conservation throughout the process, offering a clear comparison between this

scheme and others previously proposed. The energy-preserving nature of their approach helps

maintain the stability and accuracy of numerical simulations.

Moreover, the energy-preserving property of our approximation method provides a crucial

advantage by not only enabling the creation of numerical reliable algorithms and robust but also

facilitating the proof of uniqueness for solutions to specific wave-type problems. This is par-

ticularly important for ensuring that solutions are well-defined and stable over time, avoiding

issues such as non-uniqueness or instability that may arise in other methods. The preservation

of energy is a key feature that underpins the reliability of the solutions derived through this

approach, ensuring that they closely reflect the true physical behavior of the system. For more

detailed discussions on this topic and related developments, refer to the works in [24, 55, 58, 19],

with further theoretical and computational advancements are explored.

The variational approach was initially introduced in [43], with it was applied to parabolic-

type problems and later extended to hyperbolic types, as demonstrated in [39]. The discrete

Morse flow has been effectively utilized to address various challenges, including free boundary

problems, as shown in [46, 2, 60]. These studies investigated a hyperbolic problem with a free

boundary that models the vibrations of an elastic string, focusing on the inherent dynamics

of the system while omitting the external force term. By analyzing the system under these

simplified conditions, the researchers were able to establish the existence of weak solutions in

one-dimensional scenarios, providing important insights

to the behavior of the free boundary conditions vibrating strings. These results form the

foundation for further explorations into more complex systems, with additional factors such as

4
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external forces, multi-dimensional geometries, or nonlinearity may be introduced. The method-

ology used in these studies is also instrumental in advancing the theoretical understanding of

wave phenomena in elastic materials, especially in cases with boundary conditions play a crucial

role in determining the overall behavior of the system.

Additionally, [2] developed a scheme that guarantees energy preservation throughout the

numerical process, providing a reliable mechanism for maintaining the system’s stability and

consistency during computation. The scheme was compared with previous methods to highlight

its advantages, particularly in terms of ensuring that energy is conserved in simulations, which

is a crucial feature when solving dynamic problems in physics and engineering. This com-

parison demonstrated that the energy-preserving approach offers a more robust and accurate

framework for simulating wave-type systems, especially when dealing with complex boundary

conditions or nonlinear effects.

Notably, the energy-preserving property of our approximation method goes beyond merely

improving numerical stability. It plays a pivotal role in facilitating the creation of highly reli-

able numerical algorithms that can handle a wide range of problems effectively. This feature

is particularly important for problems with the physical conservation of energy is essential,

such as in vibrating structures, wave propagation in media, or elastic materials. Moreover,

by ensuring that energy remains conserved, the method contributes to proving the uniqueness

of solutions for specific wave-type problems. This is a key advantage, as it allows for a more

precise understanding of the system’s behavior and ensures that the solutions obtained are

physically meaningful and mathematically well-defined.

The application of this energy-preserving approach can extend to various complex systems,

with maintaining stability and consistency is critical, and has the potential to significantly

enhance the accuracy and reliability of simulations. For further details on the theoretical

background and practical applications of these techniques, refer to [24, 55, 58, 19], with more

in-depth discussions on energy conservation and the development of numerical algorithms for

wave-type problems are provided.

Bonafini [11] explores a non-local wave equation obstacle problem, addressing its complex-

ity by introducing a convex minimization approach combined with a time-discrete approxima-

tion scheme. Through this methodology, Bonafini successfully demonstrates the existence of

a weaker variant of a weak solution, offering a more accessible and mathematically tractable

form of the solution than conventional approaches. The use of time-discretization is particu-

larly important for handling the non-local nature of the problem, allowing for a step-by-step

approximation that captures the dynamics of the wave equation over time.
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A key feature of our approach, which distinguishes it from earlier methods, is the provi-

sion of the approximate solutions to uniform estimate. This is crucial for ensuring consistency

across the entire solution process and guarantees that the approximations remain bounded and

well-behaved. The uniform estimate plays a big role in the analysis, also to ensures that a

unique limit function can be identified. This uniqueness is particularly valuable, as it confirms

that the solution obtained is independent of the specific discretization scheme used. This leads

to a unique limit function, our method provides a robust framework for solving non-local wave

equation problems, paving the way for further applications in complex dynamical systems with

traditional methods may struggle.

Additionally, an intriguing method discussed in [26, 27] reformulates a nonlinear wave-type

development as a minimization problem. Rather than discretizing time, this approach utilizes

a singular weight in the integrand, which effectively transforms the problem into a convex min-

imization challenge and demonstrates the existence of weak solutions. The characteristic sets

our approach apart from the method presented in [26, 27], offering a distinct advantage in terms

of the convergence behavior and applicability.

Building on these foundational works, we have applied a new technics to tackle a hyperbolic

Kirchhoff-type problem with both a free boundary and a volume constraint. In our approach,

we make use of the Discrete Morse Flow (DMF), a reliable and widely recognized technique for

addressing variational problems akin to ours. Through the application of DMF, Our objective

is to rigorously prove the existence of a weak solution to the main problem.

Furthermore, we extend our analysis to study a hyperbolic p-Kirchhoff-type problem under

similar constraints, applying DMF to demonstrate the existence of weak solutions in this context

as well. This exploration not only builds on existing methods but also pushes the boundaries

of what can be achieved in constrained hyperbolic variational problems, particularly in settings

involving complex boundary dynamics and volume preservation.
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Chapter 2 2.1. Introduction

2.1 Introduction

This chapter establishes the mathematical foundations necessary for the analysis of hyperbolic

Kirchhoff-type problems with constraints. The study of such problems requires a careful blend

of functional analysis, partial differential equations, and variational calculus. We begin by

introducing the essential function spaces in which solutions are sought, including Lebesgue,

Sobolev, and Bochner spaces, which provide the appropriate framework for weak formulations.

Special attention is given to spaces relevant to free-boundary and volume-constrained problems,

which are central to this work.

Beyond function spaces, we present key variational tools that underpin the Discrete Morse

Flow method—the primary technique employed in this thesis. These include the direct method

of the calculus of variations, coercivity, weak lower semi-continuity, and the Euler-Lagrange

variational inequality. Together, these concepts form the theoretical backbone for constructing

minimizers at discrete time steps and establishing the existence of weak solutions.

The notation and results collected here will be referenced throughout subsequent chapters.

Readers familiar with functional analysis and variational methods may treat this chapter as

a reference, while those new to these concepts will find it a self-contained introduction to the

technical prerequisites.

2.2 Function Spaces

Throughout this work, Q ⊂ RN denotes a bounded domain with Lipschitz boundary ∂Q, T > 0

is a final time, and QT = Q × (0, T ). For k ∈ N and 1 ≤ p ≤ ∞, we employ the following

function spaces.
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2.2.1 Spaces of Continuous and Smooth Functions

Definition 2.2.1 (Spaces of continuous functions)

Let Q be an open subset of RN .

(1) C(Q) is the space of continuous functions v : Q → R, endowed with the supremum

norm

∥v∥C(Q) = sup
x∈Q

|v(x)|.

(2) For k ∈ N, Ck(Q) is the space of functions whose derivatives up to order k exist and

are continuous, with norm

∥v∥Ck(Q) =
∑
|α|≤k

sup
x∈Q

|Dαv(x)|.

(3) C∞(Q) =
⋂
k∈N

Ck(Q).

Definition 2.2.2 (Space of test functions)

C∞
0 (Q) denotes the subspace of C∞(Q) consisting of functions with compact support in Q.

This is the space of test functions used in distribution theory.

2.2.2 Lebesgue Spaces

Definition 2.2.3 (Lebesgue spaces)

For 1 ≤ p < ∞, the Lebesgue space Lp(Q) consists of measurable functions v : Q → R for

which

∥v∥Lp(Q) =

(∫
Q

|v(x)|p dx
)1/p

< ∞.

For p = ∞, L∞(Q) is the space of essentially bounded functions with norm

∥v∥L∞(Q) = ess supx∈Q |v(x)|.

These spaces are Banach spaces, and L2(Q) is a Hilbert space with inner product

(u, v)L2(Q) =

∫
Q

u(x)v(x) dx.

9
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Theorem 2.2.1 (Basic properties of Lp spaces)

(1) Completeness: Lp(Q) is complete for 1 ≤ p ≤ ∞.

(2) Density: C∞
0 (Q) is dense in Lp(Q) for 1 ≤ p < ∞.

(3) Dual spaces: For 1 < p < ∞, the dual space of Lp(Q) is Lq(Q) with
1

p
+

1

q
= 1.

(4) Hölder’s inequality: If u ∈ Lp(Q), v ∈ Lq(Q) with
1

p
+

1

q
= 1, then

∥uv∥L1(Q) ≤ ∥u∥Lp(Q)∥v∥Lq(Q).

2.2.3 Sobolev Spaces

Definition 2.2.4 (Sobolev spaces)

For k ∈ N and 1 ≤ p ≤ ∞, the Sobolev space W k,p(Q) consists of functions v ∈ Lp(Q)

whose weak derivatives Dαv exist and belong to Lp(Q) for all multi-indices α with |α| ≤ k.

It is equipped with the norm

∥v∥Wk,p(Q) =

∑
|α|≤k

∥Dαv∥pLp(Q)

1/p

, 1 ≤ p < ∞,

and

∥v∥Wk,∞(Q) =
∑
|α|≤k

∥Dαv∥L∞(Q).

We denote Hk(Q) = W k,2(Q), which are Hilbert spaces.

Definition 2.2.5 (Sobolev spaces with zero trace)

W 1,p
0 (Q) is the closure of C∞

0 (Q) in W 1,p(Q). In particular, H1
0 (Q) = W 1,2

0 (Q). Functions

in W 1,p
0 (Q) vanish on ∂Q in the trace sense.

Theorem 2.2.2 (Key properties of Sobolev spaces)

(1) Reflexivity and separability: For 1 < p < ∞, W k,p(Q) is reflexive and separable.

(2) Poincaré inequality: For v ∈ W 1,p
0 (Q), there exists CP > 0 such that

∥v∥Lp(Q) ≤ CP∥∇v∥Lp(Q).

(3) Sobolev embeddings: There exist continuous (and sometimes compact) embed-

dings depending on N, k, p. For example:

• If p < N , then W 1,p(Q) ↪→ Lp∗(Q) with p∗ =
Np

N − p
.
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• If p > N , then W 1,p(Q) ↪→ C0,γ(Q) for some γ ∈ (0, 1).

2.2.4 Bochner Spaces

Definition 2.2.6 (Bochner spaces)

Let X be a Banach space with norm ∥ · ∥X .

(1) Lp(0, T ;X) consists of strongly measurable functions v : [0, T ] → X such that

∥v∥Lp(0,T ;X) =

(∫ T

0

∥v(t)∥pX dt

)1/p

< ∞, 1 ≤ p < ∞.

(2) L∞(0, T ;X) consists of essentially bounded functions with norm

∥v∥L∞(0,T ;X) = ess supt∈[0,T ] ∥v(t)∥X .

(3) W 1,p(0, T ;X) = {v ∈ Lp(0, T ;X) : vt ∈ Lp(0, T ;X)}, where vt denotes the weak time

derivative.

Theorem 2.2.3 (Properties of Bochner spaces)

(1) Identification with tensor products: There is an isometric isomorphism Lp(0, T ;Lp(Q)) ∼=
Lp(QT ).

(2) Aubin–Lions lemma: Let X ⊂ Y ⊂ Z be Banach spaces with compact embedding

X ↪→ Y and continuous embedding Y ↪→ Z. If {vn} is bounded in Lp(0, T ;X) and

{∂tvn} is bounded in Lq(0, T ;Z) with 1 < p, q < ∞, then {vn} is relatively compact

in Lp(0, T ;Y ).

2.2.5 Vector-Valued Function Spaces

Definition 2.2.7 (Spaces of vector-valued functions)

C∞
0 (Q;Rm) is the space of smooth vector fields v = (v1, . . . , vm) : Q → Rm with compact

support. Similarly, we define Lp(Q;Rm) and W k,p(Q;Rm) componentwise.
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2.3 Special Notation for Free Boundary Problems

Definition 2.3.1 (Sets and characteristic functions)

For a function v : QT → R, we define

{v > 0} = {(x, t) ∈ QT : v(x, t) > 0},

and χ{v>0} denotes its characteristic function:

χ{v>0}(x, t) =

1 if v(x, t) > 0,

0 otherwise.

2.4 Special Notation for Volume Constraint Problems

Definition 2.4.1 (Volume constraint notation)

In problems with volume constraints, we employ the following notation:

(1) V > 0 denotes the prescribed (constant) volume.

(2) The volume constraint is expressed as:∫
Q

v(x, t) dx = V , for a.e. t ∈ [0, T ].

(3) λ = λ(t) denotes the Lagrange multiplier associated with the volume constraint. This

is a time-dependent scalar function arising from the Euler-Lagrange formulation.

(4) The admissible set with volume constraint is defined as:

KV =

{
v ∈ W 1,p

0 (Q) :

∫
Q

v(x) dx = V
}
.

(5) For test functions ϕ ∈ C∞
0 (Q× [0, T )), we define the spatial average:

Φ(t) =

∫
Q

ϕ(x, t) dx.

This quantity appears in the weak formulation of volume-constrained problems.

(6) The indicator functional for the volume constraint is:

ΨV(v) =


0 if

∫
Q

v(x) dx = V ,

+∞ otherwise.

This is used in the variational formulation via the Discrete Morse Flow method.
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2.5 Variational Framework and the Direct Method

The Discrete Morse Flow method is fundamentally rooted in the calculus of variations. This

section presents the key definitions and theorems that form the theoretical foundation for

constructing minimizers at each time discretization step.

Let X denote a reflexive Banach space (in our context, typically H1
0(Q) or W1,p

0 (Q)), and

let K ⊂ X be a nonempty, weakly closed subset representing admissible functions satisfying

possible constraints.

Definition 2.5.1 (Minimization problem with constraints)

For a given functional F : X → R ∪ {+∞}, we consider the constrained minimization

problem:

Find v∗ ∈ K such that F(v∗) = inf
v∈K

F(v).

Any such v∗ is called a minimizer of F over K. The functional F is extended to +∞
outside K when necessary, effectively encoding the constraint via an indicator functional.

The existence of minimizers is guaranteed under two fundamental properties:

Definition 2.5.2 (Coercivity)

A functional F : X → R ∪ {+∞} is said to be coercive on K if

lim
∥v∥X→∞, v∈K

F(v) = +∞.

Equivalently, for every sequence {vm} ⊂ K with ∥vm∥X → ∞, we have F(vm) → +∞.

Definition 2.5.3 (Weak lower semi-continuity)

A functional F : X → R ∪ {+∞} is weakly lower semi-continuous (w.l.s.c.) on K if

for every sequence {vm} ⊂ K converging weakly to v in X (denoted vm ⇀ v), we have

F(v) ≤ lim inf
n→∞

F(vm).

With these properties, we state the cornerstone existence theorem:

Theorem 2.5.1 (Direct method in the calculus of variations)

Let X be a reflexive Banach space, K ⊂ X a weakly closed nonempty subset, and F :

K → R ∪ {+∞} a functional satisfying:

1. F is coercive on K.

2. F is weakly lower semi-continuous on K.

Then there exists at least one minimizer v∗ ∈ K such that

F(v∗) = min
v∈K

F(v).
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Proof : Since F is not identically +∞ on K, we can consider a minimizing sequence

{vm} ⊂ K such that

lim
n→∞

F(vm) = inf
v∈K

F(v) =: m > −∞.

By coercivity, {vm} is bounded inX. The reflexivity ofX implies the existence of a subsequence

{vnk
} and an element v∗ ∈ X such that vnk

⇀ v∗. Since K is weakly closed, v∗ ∈ K. Finally,

the weak lower semi-continuity yields

F(v∗) ≤ lim inf
k→∞

F(vnk
) = m,

proving that v∗ attains the minimum. ■

Once existence is established, the following first-order optimality condition characterizes

minimizers:

Proposition 2.5.1 (Euler-Lagrange variational inequality)

Let K ⊂ X be convex and F be Gâteaux differentiable at a point v∗ ∈ K. If v∗ is a

minimizer of F over K, then for every admissible direction φ ∈ X such that v∗ + εφ ∈ K

for sufficiently small ε > 0, we have

F ′(v∗)[φ] ≥ 0,

where F ′(v∗)[·] denotes the Gâteaux derivative at v∗. If, in particular, v∗ lies in the interior

of K, this condition reduces to F ′(v∗)[φ] = 0 for all φ ∈ X.

Proof : For any admissible φ and ε > 0 small enough, convexity of K gives v∗ + εφ ∈ K.

By minimality,

F(v∗ + εφ)−F(v∗) ≥ 0.

Dividing by ε and letting ε → 0+ yields F ′(v∗)[φ] ≥ 0. The interior case follows by considering

both φ and −φ. ■

This variational framework not only ensures the well-posedness of each step in the Discrete

Morse Flow but also provides the theoretical underpinning for the convergence analysis pre-

sented in the subsequent sections.

2.6 Conclusion

This chapter has provided the essential mathematical foundations for the study of hyperbolic

Kirchhoff-type problems with constraints. We have systematically introduced the function

spaces—Lebesgue, Sobolev, and Bochner spaces—that serve as the natural settings for weak

formulations. Special notation for free-boundary and volume-constrained problems has been

established, reflecting the specific challenges addressed in this thesis.

The variational framework presented here, centered on the direct method of the calculus of

variations, provides the theoretical machinery necessary for the Discrete Morse Flow approach.
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Key concepts such as coercivity, weak lower semi-continuity, and the Euler-Lagrange varia-

tional inequality will be invoked repeatedly in subsequent chapters to establish the existence of

minimizers at discrete time steps and to pass to the continuous limit.

With these preliminaries in place, we now turn to the main subject of this thesis: the

construction and analysis of weak solutions for hyperbolic Kirchhoff-type problems with free

boundaries and volume constraints using the Discrete Morse Flow method.
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3.1 Introduction

This chapter introduces the Discrete Morse Flow (DMF) method , a variational technique de-

signed to solve constrained optimization problems. Grounded in discrete variational calculus

and Morse theory, the method transforms complex, continuous variational problems—particularly

those involving hyperbolic PDEs—into a sequence of simpler minimization problems at discrete

time steps. This discretization makes the problems computationally tractable while preserving

their essential mathematical structure. A key aspect of DMF is its integration with energy anal-

ysis, which ensures solution stability and consistency with the underlying physical principles.

By providing a rigorous yet practical framework, DMF effectively bridges theoretical analysis

and numerical computation, offering a reliable approach for addressing challenging problems in

science and engineering.

3.2 Mathematical formulation of the DMF approach

3.2.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed

examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of a solution to our problem.

vtt(x, t) = ∆v(x, t), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q,

(3.1)

Then we define the following

Definition 3.2.1

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ; H1
0(Q)) is a weak solution to (2.1) if v(x, 0) = v0, for all

ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) if∫ T

0

∫
Q

[−vt(x, t)ϕt(x, t) +∇v(x, t)∇ϕ(x, t)] dxdt−
∫
Q

v0(x)ϕ(x, 0)dx = 0. (3.2)
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Chapter 3 3.2. Mathematical formulation of the DMF approach

3.2.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. Partitioning the time interval (0, T ) into M equal sub-intervals the

time interval, where i = T /M is the step size. Applying the backward difference method for

initial conditions, we define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ H1
0(Q) with m = 1, ...,M , to minimize the functional

Fm(vj) =

∫
Q

[
|vj − 2vm−1 + vm−2|2

2i2
+ |∇vj|2

]
dx (3.3)

Note that Fm is defined on the space X = H1
0(Q), then, by the Direct Method in the Calculus

of Variations (Theorem 2.5.1), the coercivity and weak lower semi-continuity of Fm guarantee

the existence of a minimizer vm ∈ K at each time step. Additionally, we assume that the

initial data v0 and v0 belong to the space H1
0(Q). These conditions are necessary to ensure the

existence of minimizers for the functional Fm, as will be demonstrated later.

With v−1 and v0 taken from H1
0(Q), we define v1 as the minimizer of F1. Subsequently, vm

is iteratively determined as the minimizer of Fm.

Lemma 3.2.1

Let v be in H1
0(Q), then v is a minimizer of Fm in H1

0(Q).

Proof : The proof demonstrates first, that the functional Fm is weakly lower semi-continuous

in the Sobolev space H1
0(Q) by analyzing each term in the functional separately. First, the term

F1(v), which represents a time discretization contribution, is shown to be weakly lower semi-

continuous using properties of weak convergence and direct calculations related to its quadratic

form. Next, F2(v), involving gradient norms, leverages the weak lower semi-continuity of norms

in Banach spaces to establish its continuity. Since all terms F1, and F2 are weakly lower semi-

continuous, the overall functional Fm inherits this property in H1
0(Q).

Then establishes the coercivity of the functional Fm in the Sobolev space H1
0(Q) by analyz-

ing its behavior along a minimizing sequence. Starting with a minimizing sequence {vj}∞j=1 in

H1
0(Q) that converges weakly to v, it is assumed that Fm(v) = lim inf

j→∞
Fm(vj) and Fm(v1) ̸= ∞.

The functional Fm(vj) is expressed in terms of its individual components, including a quadratic

term involving the time-discrete difference, a term dependent on the gradient norm. By lower-

bounding Fm(vj), it is shown that the gradient norm term dominates the other terms when

the norm ∥vj∥H1(Q) becomes large. Specifically, as ∥vj∥H1(Q) → ∞, the quadratic growth of the

gradient term ensures that Fm(vj) → ∞. This behavior demonstrates the coercivity of Fm,

18
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confirming that the functional grows unboundedly with the norm of the sequence, ensuring

stability and compactness in the space H1
0(Q).

The proof finally, demonstrates the existence of a minimizer for the functional Fm in the

Sobolev space H1
0(Q). Since Fm is both weakly lower semi-continuous and coercive, the direct

method in the calculus of variations ensures that it possesses a minimizer in H1
0(Q). To confirm

this, the proof revisits the coercivity argument, showing that Fm(v
1) can be bounded below by

terms involving the norm ∥vj∥H1(Q). When the norm ∥vj∥H1(Q) becomes large, the functional

grows unboundedly, which guarantees coercivity. This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in H1
0(Q). By the weak lower semi-continuity of Fm,

the limit v minimizes the functional, concluding that v is indeed a minimizer of Fm in H1
0(Q). ■

Next, we define piecewise linear time interpolant solutions vi for (x, t) ∈ Q× ((j − 1)i, ji ] ,

with j = 0, 1, ...,M by

vi(x, t) =
(t− (j − 1)i)

i
vj(x) +

ij − t

i
vj−1(x) (3.4)

and a piecewise constant step function v̄i by

v̄i(x, t) = vj(x). (3.5)

Since vm is a minimizer of Fm, it satisfies the Euler-Lagrange variational inequality (Proposition

2.5.1). Taking admissible test functions ϕ ∈ C∞
0 (Q×[0, T )), we obtained the approximate weak

solution as following:∫ T

0

∫
Q

vit(x, t)− vit(x, t− i)

i
ϕ(x, t)dx dt+

∫ T

0

∫
Q

∇v̄i(x, t)∇ϕ(x, t)dx dt = 0.

3.2.3 Energy Analysis

In this subsection, we present an energy estimate for minimizers, which leads to significant

conclusions about their convergence.

Lemma 3.2.2

The functions vi defined in (3.4) and v̄i defined in (3.5), obey the following estimate∥∥vit(t)∥∥2

L2(Q)
+
∥∥v̄i(t)∥∥2

H1
0(Q)

≤ C. (3.6)

with C is a constant independent of i, such that

C =
1

2
∥u0∥2L2(Q) +

1

2
∥∇v0∥2L2(Q) .
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Proof : The proof begins by considering an arbitrary θ ∈ (0, 1) and a minimizer vj of the

functional Fj. The goal is to show the behavior of the difference between Fj evaluated at a

convex combination of vj and vj−1, and the value of Fj at vj. Starting with the inequality

0 ≤ Fj ((1− θ)vj + θvj−1)−Fj(vj), (3.7)

the proof proceeds by dividing both sides by θ and taking the limit as θ → 0+. This yields

an expression for the derivative of Fj at vj. Each term in the difference is then examined

individually, starting with F1(θ), which involves the discretized term. By applying appro-

priate approximations and calculations, the proof establishes that F1(θ) behaves as expected

according to equation (3.7). Similarly, for F2(θ), the proof uses known results and performs

calculations that lead to the same outcome .

This detailed derivation explores the energy analysis for minimizers of a functional F
through successive approximations and inequalities. By summing contributions from inter-

mediate functionals F1,F2, an initial inequality is established for the sequence vj in terms of

the L2-norm and gradient terms. Using assumptions and simplifications and properties of the

functional, a series of inequalities are derived. Through summation over a range of indices j,

telescoping cancellations simplify the terms, leading to a bound on the energy accumulation.

The discrete Gronwall lemma is applied to conclude that the energy, represented by terms like

∥vm − vm−1∥2L2(Q) and ∥∇vm∥2L2(Q), remains bounded by a constant C. This constant depends

on the initial data v0, ∇v0, and other problem-specific parameters. Finally, the result asserts

the stability and boundedness of the energy for the minimizers, encapsulated in a simplified

form involving ∥vit∥2L2(Q) and ∥∇v̄i∥2L2(Q). This guarantees the well-posedness and energy con-

servation properties of the system under study. ■

The previous lemma leads to the existence of v ∈ L∞(0, T ; H1
0(Q))∩W1,∞(0, T ; L2(Q)), and

a sub-sequence denoted by vi again, such that

v̄i −→ v (strong) in L2 (QT ) , as i −→ 0+

vi −→ v1 (strong) in L2 (QT ) , as i −→ 0+

∇v̄i⇀v2 (weak) in L∞ (
0, T ; L2(Q)

)
, as i −→ 0+

vit⇀v3 (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+.

Where focuses on the convergence properties of a sequence of functions vi and their associated

components. It is shown that v̄i is uniformly bounded in the Sobolev space H1
0(Q), and both

∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from [61], upper bounds for

vi and ∇vi are derived, which establish their convergence properties. Specifically, it is shown

that v̄i converges strongly to a function u in L2(QT ), while vi converges strongly to v1 in

L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively, in L∞(0, T ; L2(Q))
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Chapter 3 3.3. Benefits and expansions of the DMF approach

and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2, ∥vi − v̄i∥2L2(QT ) ≤
i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The analysis further

shows that the difference between the derivatives of v̄i and vi vanishes in the weak sense as

i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere in QT .

3.2.4 Convergence to the Limit Function

Theorem 3.2.1

For v0, v0 belong to H
1
0(Q). Then there exists a weak solution to the problem (3.1), according

to Definition 3.2.1.

Proof : In this proof, we begin by considering a sequence of functions vi(x, t) that are approx-

imations of the solution v(x, t), which we aim to show converges to a weak solution defined in

Definition 3.2.1. To do so, we fix an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q× [0, T )). Next, we

use this fact to derive an equation for the sequence vi(x, t). We start with the weak formulation

for vi(x, t), which includes a time derivative term, a gradient term involving v̄i(x, t), and an

external force term. By taking the limit as i → 0, we evaluate the convergence of each term in

the weak formulation.

We address the time derivative term. Using the fact that vi(x, t) converges uniformly to

v(x, t), we apply the dominated convergence theorem to obtain the limit of the time derivative

term as i → 0. We similarly handle the gradient term, which involves the operator ∇, and

demonstrate that the gradient terms converge in the appropriate sense, ensuring that the weak

formulation holds for the limit function v(x, t).

In the end, we show that the weak solution v(x, t) satisfies the weak formulation of the

problem, including the differential equation, the initial condition. Thus, we have successfully

shown that the sequence vi(x, t) converges to a weak solution in the sense defined in Definition

3.2.1 ■

3.3 Benefits and expansions of the DMF approach

While there are numerous simpler methods available that can achieve comparable outcomes,

the discrete Morse flow approach offers distinct and considerable advantages, particularly when

addressing more complex problems involving non-local terms, free boundaries, and volume con-

straints. Traditional techniques, while sufficient for more straightforward scenarios, often fall

short when faced with the added complexity of nonlinearities, non-local effects, free bound-

aries, and volume constraints. These types of problems require more sophisticated and refined

methods, which is with the discrete Morse flow method excels. This approach extends its
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Chapter 3 3.3. Benefits and expansions of the DMF approach

applicability seamlessly to advanced challenges, such as free-boundary problems, that would

otherwise be difficult to manage with simpler methods. Throughout this work, we will illustrate

how the discrete Morse flow method provides a robust framework to tackle these intricate is-

sues, progressively demonstrating its power and versatility in dealing with the challenges posed

by such problems.

A key reason for adopting the discrete Morse flow method in this study, especially for

volume-constrained problems, is its capacity to semi-discretize time. By discretizing time in

this manner, the method simplifies the dynamics of the system, breaking it down into manage-

able steps that can be analyzed more effectively. This semi-discretization allows the applica-

tion of well-established results from elliptic theory, which are crucial for solving the underlying

equations. These results, when applied within the discrete Morse flow framework, turn a time-

dependent problem that could otherwise be too complex to solve into one that can be tackled

with greater efficiency using the tools of variational calculus and elliptic partial differential

equations (PDEs). This transformation is particularly valuable because it opens the door to

leveraging existing knowledge from elliptic theory, which has been developed to handle bound-

ary conditions, constraints, and other aspects of complex physical systems.

Moreover, the variational framework at the heart of the discrete Morse flow approach pro-

vides a natural and systematic way to incorporate the volume constraint directly into the set of

admissible functions. This ensures that the constraint is maintained throughout the entire so-

lution process, without requiring additional assumptions, adjustments, or modifications to the

method. By embedding the volume constraint within the variational formulation, the method

guarantees that the resulting solution respects the physical limitations imposed by the volume

constraint, offering a more accurate and reliable representation of the system’s behavior. This

is a crucial aspect when solving real-world problems with such constraints are not merely the-

oretical but have tangible implications for the system being modeled. The ability to preserve

these constraints while still solving for the weak solution is one of the central strengths of the

discrete Morse flow method, and it is a feature that makes it especially suitable for complex

applications in material science, fluid dynamics, and wave propagation.

In summary, while traditional methods may suffice for simpler problems, the discrete Morse

flow approach provides a more robust and efficient framework for solving problems with free

boundaries, non-local terms, and volume constraints. Its ability to semi-discretize time, com-

bined with its connection to elliptic theory and its natural incorporation of volume constraints,

makes it an invaluable tool for tackling advanced problems that involve intricate dynamics. As

we will demonstrate in subsequent sections, this method not only addresses the inherent com-

plexities of these problems but also offers a path forward for solving them in a mathematically
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rigorous and physically meaningful way.

Traditional techniques, though considered, fall short in several key areas when applied to

our problem. For example, methods like the Galerkin approximation, though widely used in the

analysis of PDEs, present significant challenges in this context. The Galerkin method, when

applied to problems of this nature, typically leads to a system of nonlinear ordinary differential

equations. However, due to the complexity introduced by the nonlocal multiplier term, it is

difficult to ensure the existence of a solution over the entire time interval. In many cases, such

systems may only provide approximate solutions that lack the precision and rigor needed to

address the problem’s inherent constraints. Moreover, there is often no guarantee that these

methods will yield solutions that satisfy the volume preservation requirement, further compli-

cating the analysis and limiting their effectiveness.

Additionally, fixed-point methods, while powerful in many contexts, are less suitable for

this type of problem. These methods often require stronger assumptions on the data, such

as specific smoothness or boundedness conditions, which may not hold in practical applica-

tions. Furthermore, fixed-point approaches struggle to ensure that the volume is preserved in

approximate solutions. This limitation is crucial because volume preservation is a fundamental

aspect of the physical problem we are addressing, and without it, necessary estimates become

exceedingly difficult to obtain. As a result, fixed-point methods are not only less effective in

yielding a (weak) solution, but they also complicate the overall analysis.

In contrast, the discrete Morse flow method offers a clear advantage in these respects. Its

formulation, which relies on variational principles, provides a robust mechanism for incorporat-

ing volume constraints and ensuring their preservation throughout the solution process. This

is achieved by embedding the volume constraint directly into the minimization problem for the

time-discrete functional. As such, this approach naturally lends itself to problems with volume

conservation is critical, without requiring additional complex adjustments or assumptions.

Another compelling advantage of the discrete Morse flow method is its suitability for nu-

merical computation. Many classical methods, such as Galerkin or fixed-point techniques, can

become computationally expensive or impractical when dealing with the intricacies of nonlocal

terms and constraints like volume preservation. In contrast, the discrete Morse flow method

is inherently structured to accommodate numerical implementations, making it not only the-

oretically sound but also computationally feasible. This makes it a powerful tool for solving

large-scale, real-world problems with both accuracy and efficiency are paramount.

Furthermore, the relationship between the discrete Morse flow and sub-differential meth-
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ods, as mentioned earlier in this chapter, further underscores its versatility. Sub-differential

methods are often employed in optimization problems and the study of variational inequalities,

providing a broader mathematical framework that complements the Morse flow approach. By

integrating these concepts, the discrete Morse flow becomes a highly adaptable and flexible

method, capable of addressing a wide range of problems that would otherwise be difficult to

solve using more traditional techniques.

In conclusion, the discrete Morse flow method offers a unique combination of benefits that

suits it for problems involving nonlinearities, nonlocal terms, free boundary, and volume con-

straints. Its ability to seamlessly integrate volume conservation into the solution process, along

with its compatibility with numerical methods, ensures that it provides rigorous theoretical

solutions and practical computational tools. As we will demonstrate in the following sections,

this method provides a comprehensive framework for solving complex problems with a high

degree of precision and efficiency, making it an indispensable tool in modern mathematical and

computational analysis.

3.4 Conclusion

This chapter details the Discrete Morse Flow (DMF) method as the core variational technique

for constructing solutions to the hyperbolic Kirchhoff-type problems. The DMF approach

transforms each continuous, nonlinear evolutionary problem into a sequence of minimization

problems at discrete time steps. By proving the associated functionals are coercive and weakly

lower semi-continuous, the existence of minimizers at each step is guaranteed. Energy Analysis

is then applied to these discrete solutions to derive uniform estimates, ensuring stability and

adherence to physical constraints. Finally, the Convergence to the Limit Function is rigorously

established, proving that the sequence of approximate minimizers converges to a genuine weak

solution of the original problem. This method provides a robust and adaptable framework that

bridges theoretical analysis with computational implementation.
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Chapter 4 4.1. Introduction

4.1 Introduction

This thesis establishes the existence of weak solutions for hyperbolic Kirchhoff and p-Kirchhoff-

type problems, extended to incorporate free boundaries and volume constraints . By employing

the Discrete Morse Flow method alongside energy analysis and convergence techniques, the con-

tinuous problems are discretized into sequences of minimization problems whose solutions con-

verge to stable weak solutions. The theoretical framework is validated through one-dimensional

numerical simulations, providing a robust and unified approach for modeling complex systems

in continuum mechanics with evolving interfaces and conservation laws.

4.2 Hyperbolic Kirchhoff type problem

4.2.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed

examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of solution our problem.



vtt(x, t) =
(
α + β ∥∇v(t)∥2L2(Q)

)
∆v(x, t)− g(x, t, v(x, t)), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q,

(4.1)

Then we define the following

Definition 4.2.1

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ; H1
0(Q)) is a weak solution to (4.1) if v(x, 0) = v0, for all

ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α + β ∥∇v(t)∥2L2(Q)

)
∇v(x, t)∇ϕ(x, t) + g(x, t, v(x, t))ϕ(x, t)

]
dxdt

−
∫
Q

u0(x)ϕ(x, 0)dx = 0.

(4.2)
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4.2.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. Into M equal sub-intervals the time interval (0, T ) is divided, where

i = T /M is the step size. Applying the backward difference method for initial conditions, we

define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ H1
0(Q) with m = 1, ...,M , to minimize the functional

Fm(v) =

∫
Q

[
|v − 2vm−1 + vm−2|2

2i2
+

(
α

2
+

β

4
∥∇v∥2L2(Q)

)
|∇v|2 +Gm(v)

]
dx. (4.3)

We discretized the term g at time level m = 1, 2, ...,M by means of introducing

Gm(x, v(x)) =

∫ v

0

Gm(x, s(x))ds, with Gm(x, v(x)) =
1

j

∫ mj

(m−1)j

g(x, t, v(x, t))dt. (4.4)

Furthermore

Gm(v) ≤
Cg

2
v2 + γmv, with γm =

1

j

∫ mj

(m−1)j

γ(x, t)dt. (4.5)

Additionally, we assume that the initial data v0 and v0 belong to the space H1
0(Q). These

conditions are necessary to ensure the existence of minimizers for the functional Fm, as will be

demonstrated later.

With v−1 and v0 taken from H1
0(Q), we define v1 as the minimizer of F1. Subsequently, vm

is iteratively determined as the minimizer of Fm, to address the existence of these minimizers.

Lemma 4.2.1

Let v be in H1
0(Q), then v is a minimizer of Fm in H1

0(Q).

Proof : The proof demonstrates first, that the functional Fm is weakly lower semi-continuous

in the Sobolev space H1
0(Q) by analyzing each term in the functional separately. First, the term

F1(v), which represents a time discretization contribution, is shown to be weakly lower semi-

continuous using properties of weak convergence and direct calculations related to its quadratic

form. Next, F2(v), involving gradient norms, leverages the weak lower semi-continuity of norms

in Banach spaces to establish its continuity. For the term F3(v), associated with the nonlinear

function Gm(v), the proof employs the dominated convergence theorem to show that F3(vj)

converges to F3(v) as j → ∞, ensuring weak lower semi-continuity. Since all terms F1, F2, and

F3 are weakly lower semi-continuous, the overall functional Fm inherits this property in H1
0(Q).

Then establishes the coercivity of the functional Fm in the Sobolev space H1
0(Q) by analyz-

ing its behavior along a minimizing sequence. Starting with a minimizing sequence {vj}∞j=1 in

W1,p
0 (Q) that converges weakly to v, it is assumed that Fm(v) = lim inf

j→∞
Fm(vj) and Fm(v1) ̸= ∞.
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The functional Fm(vj) is expressed in terms of its individual components, including a quadratic

term involving the time-discrete difference, a term dependent on the gradient norm weighted

by coefficients α and β, the nonlinear term Gm(vj), and the term Ψ(vj). By lower-bounding

Fm(vj), it is shown that the gradient norm term dominates the other terms when the norm

∥vj∥H1(Q) becomes large. Specifically, as ∥vj∥H1(Q) → ∞, the quadratic growth of the gradi-

ent term ensures that Fm(vj) → ∞, provided certain constants related to Gm, the Poincaré

inequality, and external terms remain finite. This behavior demonstrates the coercivity of Fm,

confirming that the functional grows unboundedly with the norm of the sequence, ensuring

stability and compactness in the space H1
0(Q).

The proof demonstrates finally, the existence of a minimizer for the functional Fm in the

Sobolev space H1
0(Q). Since Fm is both weakly lower semi-continuous and coercive, the direct

method in the calculus of variations ensures that it possesses a minimizer in H1
0(Q). To confirm

this, the proof revisits the coercivity argument, showing that Fm(v
1) can be bounded below

by terms involving the norm ∥vj∥H1(Q), minus terms related to constants from the Poincaré

inequality and the nonlinear term Gm. When the norm ∥vj∥H1(Q) becomes large, the functional

grows unboundedly, which guarantees coercivity. This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in H1
0(Q). By the weak lower semi-continuity of Fm,

the limit v minimizes the functional, concluding that v is indeed a minimizer of Fm in H1
0(Q).

■

We construct piecewise linear time-interpolant solutions vi and piecewise constant step func-

tions v̄i to approximate a minimizer of the functional Fm over a time interval. The interpolant

vi(x, t) is defined for (x, t) ∈ Q × ((j − 1)i, ij], with j = 0, 1, . . . ,M , as a linear combination

of the values vj(x) and vj−1(x) at adjacent time steps. The piecewise constant function v̄i(x, t)

is defined to be equal to vj(x) in the same intervals. Similarly, the piecewise constant function

ḡi(x, t, v) is defined as gj(x, v) in the same time range.Then for all ϕ(x, t) ∈ C∞
0 (Q × [0, T )),

we obtained the approximate weak solution as following∫ T

0

∫
Q

vit(x, t)− vit(x, t− i)

i
ϕ(x, t)dx dt

+

∫ T

0

∫
Q

(
α + β

∥∥∇v̄i(x, t)
∥∥2

L2(Q)

)
∇v̄i(x, t)∇ϕ(x, t)dx dt

+

∫ T

0

∫
Q

ḡi
(
x, t, v̄i

)
ϕ(x, t)dx dt = 0.

4.2.3 Energy Analysis

In this subsection, we present an energy estimate for minimizers, which leads to significant

conclusions about their convergence.
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Lemma 4.2.2

The functions vi defined in (3.4) and v̄i defined in (3.5), obey the following estimate∥∥vit(t)∥∥2

L2(Q)
+
∥∥v̄i(t)∥∥2

H1
0(Q)

≤ C. (4.6)

with C is a constant independent of i, such that

C =

(
1

2
∥w0∥2L2(Q) +

(
α

4
+

β

8
∥∇v0∥2L2(Q)

)
∥∇v0∥2L2(Q) + ∥γ∥2L2(Q)

)
emax{c2p,1}T .

Proof : The proof begins by considering an arbitrary θ ∈ (0, 1) and a minimizer vj of the

functional Fj. The goal is to show the behavior of the difference between Fj evaluated at a

convex combination of vj and vj−1, and the value of Fj at vj. Starting with the inequality

0 ≤ Fj ((1− θ)vj + θvj−1)−Fj(vj), (4.7)

the proof proceeds by dividing both sides by θ and taking the limit as θ → 0+. This yields

an expression for the derivative of Fj at vj. Each term in the difference is then examined

individually, starting with F1(θ), which involves the discretized term. By applying appropriate

approximations and calculations, the proof establishes that F1(θ) behaves as expected according

to equation (4.7). Similarly, for F2(θ), the proof uses known results and performs calculations

that lead to the same outcome to equation (4.7). The same approach is applied to the outer force

term F3(θ), showing that it matches the result from equation (4.7). Finally, for F4, the proof

shows that the convex combination of vj and vj−1 remains non-negative almost everywhere,

leading to the conclusion that

lim
θ→0+

Ψ((1− θ)vj + θvj−1)−Ψ(vj)

2θ
= 0.

This detailed derivation explores the energy analysis for minimizers of a functional F
through successive approximations and inequalities. By summing contributions from interme-

diate functionals F1,F2,F3,F4, an initial inequality is established for the sequence vj in terms

of the L2-norm and gradient terms. Using assumptions and simplifications such as Kirchhoff’s

term and properties of the functional, a series of inequalities are derived. Through summation

over a range of indices j, telescoping cancellations simplify the terms, leading to a bound on

the energy accumulation. The discrete Gronwall lemma is applied to conclude that the energy,

represented by terms like ∥vm − vm−1∥2L2(Q) and ∥∇vm∥2L2(Q), remains bounded by a constant

C. This constant depends on the initial data v0, ∇v0, and other problem-specific parame-

ters. Finally, the result asserts the stability and boundedness of the energy for the minimizers,

encapsulated in a simplified form involving ∥vit∥2L2(Q) and ∥∇v̄i∥2L2(Q). This guarantees the well-

posedness and energy conservation properties of the system under study.
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Which leads to
1

2

∥∥vit∥∥2

L2(Q)
+

α

4

∥∥∇v̄i
∥∥2

L2(Q)
≤ C.

■

The previous lemma leads to the existence of v ∈ L∞(0, T ; H1
0(Q))∩W1,∞(0, T ; L2(Q)), and

a sub-sequence denoted by vi again, such that

vi, v̄i −→ v (strong) in L2 (QT ) , as i −→ 0+

∇v̄i⇀∇v (weak) in L∞ (
0, T ; L2(Q)

)
, as i −→ 0+

vit⇀vt (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+ .

We focuses on the convergence properties of a sequence of functions vi and their associated

components. From equation (3.14), it is shown that v̄i is uniformly bounded in the Sobolev

space H1
0(Q), and both ∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from

[61], upper bounds for vi and ∇vi are derived, which establish their convergence properties.

Specifically, it is shown that v̄i converges strongly to a function u in L2(QT ), while v
i converges

strongly to v1 in L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively,

in L∞(0, T ; L2(Q)) and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2,

∥vi− v̄i∥2L2(QT ) ≤ i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The

analysis further shows that the difference between the derivatives of v̄i and vi vanishes in the

weak sense as i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere

in QT .

4.2.4 Convergence to the Limit Function

Theorem 4.2.1

For v0, u0 belong to H
1
0(Q). Then there exists a weak solution to the problem (4.1), according

to Definition 4.2.1.

Proof : In this proof, we begin by considering a sequence of functions vi(x, t) that are

approximations of the solution v(x, t), which we aim to show converges to a weak solution

defined in Definition 5.2.1. To do so, we fix an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q× [0, T )).

Next, we use this fact to derive an equation for the sequence vi(x, t). We start with the

weak formulation for vi(x, t), which includes a time derivative term, a gradient term involving

v̄i(x, t), and an external force term. By taking the limit as i → 0, we evaluate the convergence

of each term in the weak formulation.

First, we address the time derivative term. Using the fact that vi(x, t) converges uniformly

to v(x, t), we apply the dominated convergence theorem to obtain the limit of the time deriva-

tive term as i → 0. We similarly handle the gradient term, which involves the operator ∇, and
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demonstrate that the gradient terms converge in the appropriate sense, ensuring that the weak

formulation holds for the limit function v(x, t).

For the external force term, we again apply the dominated convergence theorem, which

allows us to exchange the limit and the integral. The limit of the external force term converges

to the corresponding term for v(x, t), establishing the final form of the weak formulation.

Lastly, we examine the terms in the weak formulation involving gi(x, t, v̄i) and use the fact

that v̄i(x, t) converges to v(x, t) to conclude that the limit of the external force term converges

to g(x, t, v), as desired.

In the end, we show that the weak solution v(x, t) satisfies the weak formulation of the

problem, including the differential equation, the initial condition. Thus, we have successfully

shown that the sequence vi(x, t) converges to a weak solution in the sense defined in Definition

4.2.1 ■

4.3 Hyperbolic p-Kirchhoff type problem

4.3.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed

examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of solution our problem.

vtt(x, t) =
(
α + β ∥∇v(x, t)∥pLp(Q)

)
∆pv(x, t)− g(x, t, v), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q,

(4.8)

The symbol ∆p is the p-Laplacian operator that is defined by

∆pv = div
(
|∇v|p−2∇v

)
, (4.9)

with 2 ≤ q ≤ p < ∞, and
1

p
+

1

q
= 1. The function f : QT × R → R satisfies

|g(x, t, v)| ≤ Cg |v(x, t)|
p
2 + γ(x, t), for a.e. (x, t) ∈ QT , and γ ∈ Lq(QT ). (4.10)
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Chapter 4 4.3. Hyperbolic p-Kirchhoff type problem

with Cg is a constant satisfy

0 < Cg <
α

pcp∗

1
2
,

with c∗ is the best Poincaré coefficient (for more details about c∗ see [50]). Then we define the

following

Definition 4.3.1

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ;W1,p
0 (Q)) is a weak solution to (4.8) if v(x, 0) = v0 and for

all ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α + β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p−2∇v(x, t)∇ϕ(x, t)

]
dxdt

+

∫ T

0

∫
Q

g(x, t, v)ϕ(x, t)dxdt−
∫
Q

u0(x)ϕ(x, 0)dx = 0.

(4.11)

4.3.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. M equal sub-intervals the time interval (0, T ) is divided into, where

i = T /M is the step size. Applying the backward difference method for initial conditions, we

define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ H1
0(Q) with m = 1, ...,M , to minimize the functional

Fm(v) =

∫
Q

[
|v − 2vm−1 + vm−2|2

2i2
+

(
α

p
+

β

2p
∥∇v(x, t)∥pLp(Q)

)
|∇v|p +Gm(v)

]
dx. (4.12)

We discretized the term g at time level m = 1, 2, ...,M by means of introducing

Gm(x, v) =

∫ v

0

Gm(x, s)ds, with Gm(x, v) =
1

i

∫ mk

(m−1)k

g(x, t, v)dt. (4.13)

Furthermore

|Gm(v)| ≤
2Cg

p+ 2
|v|

p+2
2 + γm(x) |v| , with γm(x) =

1

i

∫ mk

(m−1)k

γ(x, t)dt. (4.14)

Additionally, we assume that the initial data v0 and v0 belong to the space H1
0(Q). These

conditions are necessary to ensure the existence of minimizers for the functional Fm, as will be

demonstrated later.

With v−1 from H1
0(Q) and v0 taken from W1,p

0 (Q), we define v1 as the minimizer of F1.

Subsequently, vm is iteratively determined as the minimizer of Fm, to address the existence of

these minimizers.
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Lemma 4.3.1

Fm is weakly lower semi continuous functional in W1,p
0 (Q).

Proof : The proof demonstrates first, that the functional Fm is weakly lower semi-continuous

in the Sobolev space W1,p
0 (Q) by analyzing its components F1,F2, and F3 separately. The

convergence of a sequence vj ∈ W1,p
0 (Q) weakly to v is assumed.

1. Through direct calculations it is shown that F1(vj) → F1(v) as j → ∞. Using the

Sobolev inequality, the proof establishes ∥vj −v∥L2(Q) → 0, leading to the conclusion that

F1 is weakly lower semi-continuous in W1,p
0 (Q).

2. The weak lower semi-continuity of norms in Banach spaces is utilized to show that F2 is

also weakly lower semi-continuous in W1,p
0 (Q).

3. By leveraging the continuity of Gm and the weak convergence vj → v, the dominated

convergence theorem is then applied to confirm that F3(vj) → F3(v) in W1,p
0 (Q), ensuring

the weak lower semi-continuity of F3.

Finally, since all components F1,F2, and F3 are weakly lower semi-continuous, the func-

tional Fm, being their sum, is also weakly lower semi-continuous in W1,p
0 (Q).

Then demonstrates that the functional Fm attains a minimum in W1,p
0 (Q) by examining the

behavior of a minimizing sequence {vj}∞j=1. Starting with a sequence vj that converges weakly

to v in W1,p
0 (Q), the analysis ensures that Fm(v) = lim inf

j→∞
Fm(vj) and that Fm(v1) ̸= ∞.

The functional Fm(vj) is expressed as an integral involving terms dependent on vj, its gradi-

ent, and the nonlinear function Gm(vj). Lower bounds are derived for Fm(vj) using properties

of Sobolev spaces, such as the Poincaré inequality and embedding theorems, to relate differ-

ent norms of vj and its gradient. These estimates show that Fm(vj) grows without bound as

∥vj∥W1,p
0 (Q) → ∞, ensuring coercivity of the functional.

Key constants, such as the best Poincaré coefficient C∗ and the embedding constant C, are

used to quantify the bounds, while integrability conditions on γm ensure the well-posedness of

the estimates. The analysis concludes that Fm(vj) → ∞ as ∥vj∥W1,p
0 (Q) → ∞, thereby guaran-

teeing the existence of a minimizing sequence that converges to a minimizer v ∈ W1,p
0 (Q).

The proof finally establishes the existence of a minimizer for the functional Fm in W1,p
0 (Q).

Coercivity of Fm ensures that the functional grows without bound as ∥vj∥W1,p
0 (Q) → ∞, and the

weak lower semi-continuity of Fm in W1,p
0 (Q) guarantees that a minimizing sequence converges

to a minimizer. By analyzing the functional Fm(vj), a lower bound is derived in terms of the

norms of vj and its gradient using Sobolev inequalities, embedding theorems, and the Poincaré
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inequality.

The analysis shows that Fm(vj) → ∞ as ∥vj∥W1,p
0 (Q) → ∞, which implies the bounded-

ness of the minimizing sequence {vj} in W1,p
0 (Q). This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in W1,p
0 (Q). As a result, v is identified as a minimizer

of Fm in W1,p
0 (Q). ■

We construct piecewise linear time-interpolant solutions vi and piecewise constant step func-

tions v̄i to approximate a minimizer of the functional Fm over a time interval. The interpolant

vi(x, t) is defined for (x, t) ∈ Q × ((j − 1)i, ij], with j = 0, 1, . . . ,M , as a linear combination

of the values vj(x) and vj−1(x) at adjacent time steps. The piecewise constant function v̄i(x, t)

is defined to be equal to vj(x) in the same intervals. Similarly, the piecewise constant function

ḡi(x, t, v) is defined as gj(x, v) in the same time range.Then for all ϕ(x, t) ∈ C∞
0 (Q × [0, T )),

we obtained the approximate weak solution as following∫ T

0

∫
Q

vit(x, t)− vit(x, t− i)

i
ϕ(x, t)dx dt

+

∫ T

0

∫
Q

(
α + β

∥∥∇v̄i(x, t)
∥∥p

Lp(Q)

) ∣∣∇v̄i(x, t)
∣∣p−2∇v̄i(x, t)∇ϕ(x, t)dx dt

+

∫ T

0

∫
Q

ḡi
(
x, t, v̄i

)
ϕ(x, t)dx dt = 0.

4.3.3 Energy Analysis

In this part, We offer an Energy Analysis for minimizers that yields important conclusions on

their convergence.

Lemma 4.3.2

The functions vi defined in (3.4) and v̄i defined in (3.5), obey the following estimate∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

W1,p
0 (Q)

≤ C. (4.15)

with C is a constant independent of i, such that

C =

(
1

2
∥w0∥2L2(Q) +

(
α

p
+

β

p
∥∇v0∥pLp(Q)

)
∥∇v0∥pLp(Q) + ∥γ∥2L2(Q)

)
eT .

Proof : The proof presented investigates the behavior of a minimizer vj of a functional Fj

over a discretized space, parameterized by θ ∈ (0, 1). We begin by considering the expression

for the difference between the functional values of a convex combination of vj and vj−1, showing

that it is non-negative. This leads to an analysis of the limiting behavior as θ → 0+, resulting

in the following key inequality:
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0 ≤ lim
θ→0+

Fj ((1− θ)vj + θvj−1)− Fj(vj)

θ
.

The proof proceeds by examining the contributions of different terms in the functional Fj.

Each term is analyzed using direct calculations and inequalities such as the Cauchy-Schwarz

inequality and Young’s inequality. The first key term relates to the difference in values of the

functional for the discretized vj and vj−1, which is expanded and simplified to reveal a connec-

tion to the norm differences of the values vj, vj−1, and vj−2 in the L2-norm. This results in an

expression involving the squared norms of the differences of these functions.

The next terms involve gradient terms, where the gradient of vj and vj−1 are considered.

The difference in the gradients is expanded, and we apply inequalities to bound the terms,

ultimately leading to an estimate that involves the squared gradient norms. These terms are

key in characterizing the smoothness of the functions involved.

An additional force term is handled in a similar manner, where the difference between the

functional values Fj is computed and bounded using the function values and gradients. This

results in a term involving the differences of the vj values, as well as the functions γj and gj.

The final analysis involves considering the boundary terms Ψi, where it is shown that the

differences vanish as θ → 0+, leading to a vanishing contribution for these terms.

Combining all the results, the energy analysis provides an upper bound for the total energy,

resulting in an inequality that sums all the contributions from the different terms in the func-

tional. This energy inequality is crucial for establishing the stability and convergence of the

minimizers. The key result is that the total energy is bounded, and through application of the

discrete Gronwall lemma, it is shown that the sequence of vj’s satisfies the following inequality:

1

2i2
∥vm − vm−1∥2L2(Q) +

α

p
∥∇vm∥pLp(Q) ≤ C,

where C is a constant that depends on the initial conditions and other terms in the func-

tional. This result ensures that the sequence of minimizers vj is stable, with bounded energy,

and provides a foundation for further analysis of their behavior as j → ∞.

This gives us that ∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥p

W1,p
0 (Q)

≤ C.

■

The previous lemma leads to the existence of v ∈ L∞(0, T ;W1,p
0 (Q)) ∩W1,∞(0, T ; L2(Q)), and
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a sub-sequence denoted by vi again, such that

vi −→ v (strong) in L2 (QT ) , as i −→ 0+

v̄i −→ v (strong) in Lp (QT ) , as i −→ 0+

∇v̄i⇀∇v (weak) in L∞ (0, T ; Lp(Q)) , as i −→ 0+

vit⇀vt (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+.

We focuses on the convergence properties of a sequence of functions vi and their associated

components. It is shown that v̄i is uniformly bounded in the Sobolev space W1,p
0 (Q), and

both ∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from [61], upper bounds

for vi and ∇vi are derived, which establish their convergence properties. Specifically, it is

shown that v̄i converges strongly to a function u in Lp(QT ), while v
i converges strongly to v1 in

L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively, in L∞(0, T ; Lp(Q))

and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2, ∥vi − v̄i∥2L2(QT ) ≤
i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The analysis further

shows that the difference between the derivatives of v̄i and vi vanishes in the weak sense as

i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere in QT

4.3.4 Convergence to the Limit Function

Theorem 4.3.1

For u0 belong to H1
0(Q) and v0 belong to W1,p

0 (Q). Then there exists a weak solution to the

problem (4.8), according to Definition 4.3.1.

Proof : The proof establishes the existence of a weak solution v(x, t) for the problem under

consideration by demonstrating that a sequence of discrete approximations {vi(x, t)} converges

to v(x, t) and that this limit satisfies the weak formulation of the problem. The sequence

{vi(x, t)}, constructed via earlier steps, is shown to converge uniformly to v(x, t), and the proof

proceeds to verify the weak formulation for this limit.

The argument begins by fixing an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q × [0, T )) sup-

ported within the region where v(x, t) > 0. Exploiting the uniform convergence of {vi(x, t)} to

v(x, t), it is established that both vi(x, t) and the averaged sequence v̄i(x, t) remain positive on

the support of ϕ(x, t). The weak formulation for vi(x, t) is given, involving terms for the time

derivative, gradient contributions from the p-Kirchhoff operator, and external forces.

Each term is analyzed individually. The time derivative term is shown to converge to the

appropriate weak form using the weak convergence of vit(x, t) in L2 and the strong convergence

of the test function’s time-averaged sequence. For the gradient term, properties of weak lower

semi-continuity in Lp-norms are applied, showing convergence of the energy associated with
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the p-Kirchhoff operator. The term involving external forces is handled using pointwise con-

vergence of the external force functions and the dominated convergence theorem.

By combining these results, the proof concludes that the limit function v(x, t) satisfies the

weak formulation of the problem, as defined in the framework. This verifies the existence of a

weak solution. ■

4.4 Conclusion

This chapter establishes a rigorous framework for constructing solutions to Hyperbolic Kirchhoff

and p-Kirchhoff-type problems, which are characterized by mathematically complex non-local

terms . By employing energy analysis to ensure stability and convergence methods to pass from

approximate to exact weak solutions, the work successfully addresses the challenges posed by

global dependencies in the equations. The developed approach not only advances the theoretical

understanding of problems with variable boundaries and non-local interactions but also provides

a robust foundation for practical applications in fields such as elasticity and fluid dynamics.
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Chapter 5 5.1. Introduction

5.1 Introduction

This research establishes a rigorous framework for solving hyperbolic Kirchhoff and p-Kirchhoff-

type problems extended with two critical real-world features: evolving free boundaries and

global volume constraints . These models describe dynamic systems where the domain’s bound-

ary moves over time and, the solution must preserve a total quantity, such as mass or volume.

The core methodological innovation is the systematic application of the Discrete Morse Flow

(DMF) method—a variational time-discretization approach. This technique transforms each

complex, nonlinear evolutionary problem into a sequence of manageable minimization prob-

lems. By proving the associated functionals are coercive and weakly lower semi-continuous,

the existence of discrete minimizers is guaranteed. Subsequent energy analysis yields uniform

estimates that are independent of the time step, enabling a rigorous limit passage to construct

genuine weak solutions.

This framework is successfully applied to six model variations, covering both classic and

nonlinear p-Kirchhoff cases, each studied in standard, free-boundary, volume-constrained, and

combined free-boundary with volume-constrained settings.

The theoretical results are complemented by numerical simulations in one dimension, which

validate the models by visualizing displacement, free-boundary motion, and constraint satis-

faction, thereby bridging abstract theory and practical application.

5.2 Free boundary Hyperbolic Kirchhoff-type problem

5.2.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed

examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of solution our problem.

χ{v>0}vtt(x, t) =
(
α + β ∥∇v(t)∥2L2(Q)

)
∆v(x, t)− g(x, t, v(x, t)), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q,

(5.1)
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Then we define the following

Definition 5.2.1

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ; H1
0(Q)) is a weak solution to (5.1) if v(x, 0) = v0, and if

v = 0 outside {v > 0} and for all ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) ∩ {v > 0}) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α + β ∥∇v(t)∥2L2(Q)

)
∇v(x, t)∇ϕ(x, t) + g(x, t, v(x, t))ϕ(x, t)

]
dxdt

−
∫
Q

u0(x)ϕ(x, 0)dx = 0.

(5.2)

5.2.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. M equal sub-intervals the time interval (0, T ) is divided into, where

i = T /M is the step size. Applying the backward difference method for initial conditions, we

define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ H1
0(Q) with m = 1, ...,M , to minimize the functional

Fm(v) =

∫
Q

[
|v − 2vm−1 + vm−2|2

2i2
+

(
α

2
+

β

4
∥∇v∥2L2(Q)

)
|∇v|2 +Gm(v)

]
dx+Ψ(v), (5.3)

with

Ψ(v) =

{
Ψ = 0; if v(x, t) ≥ 0,

Ψ = ∞; otherwise .
(5.4)

Additionally, we assume that the initial data v0 and v0 belong to the space H1
0(Q). These

conditions are necessary to ensure the existence of minimizers for the functional Fm, as will be

demonstrated later.

With v−1 and v0 taken from H1
0(Q), we define v1 as the minimizer of F1. Subsequently, vm

is iteratively determined as the minimizer of Fm, to address the existence of these minimizers.

Lemma 5.2.1

Let v be in H1
0(Q), then v is a minimizer of Fm in H1

0(Q).

Proof : The proof demonstrates first, that the functional Fm is weakly lower semi-continuous

in the Sobolev space H1
0(Q) by analyzing each term in the functional separately. First, the term

F1(v), which represents a time discretization contribution, is shown to be weakly lower semi-

continuous using properties of weak convergence and direct calculations related to its quadratic

form. Next, F2(v), involving gradient norms, leverages the weak lower semi-continuity of

40



Chapter 5 5.2. Free boundary Hyperbolic Kirchhoff-type problem

norms in Banach spaces to establish its continuity. For the term F3(v), associated with the

nonlinear function Gm(v), the proof employs the dominated convergence theorem to show that

F3(vj) converges to F3(v) as j → ∞, ensuring weak lower semi-continuity. Finally, for Ψ(v),

which takes only finite or infinite values, a contradiction argument is used to handle the case

where Ψ(v) = ∞ while lim inf
j→∞

Ψ(vj) = 0, concluding that Ψ must also be weakly lower semi-

continuous. Since all terms F1, F2, F3, and Ψ are weakly lower semi-continuous, the overall

functional Fm inherits this property in H1
0(Q).

Then, establishes the coercivity of the functional Fm in the Sobolev space H1
0(Q) by analyz-

ing its behavior along a minimizing sequence. Starting with a minimizing sequence {vj}∞j=1 in

W1,p
0 (Q) that converges weakly to v, it is assumed that Fm(v) = lim inf

j→∞
Fm(vj) and Fm(v1) ̸= ∞.

The functional Fm(vj) is expressed in terms of its individual components, including a quadratic

term involving the time-discrete difference, a term dependent on the gradient norm weighted

by coefficients α and β, the nonlinear term Gm(vj), and the term Ψ(vj). By lower-bounding

Fm(vj), it is shown that the gradient norm term dominates the other terms when the norm

∥vj∥H1(Q) becomes large. Specifically, as ∥vj∥H1(Q) → ∞, the quadratic growth of the gradi-

ent term ensures that Fm(vj) → ∞, provided certain constants related to Gm, the Poincaré

inequality, and external terms remain finite. This behavior demonstrates the coercivity of Fm,

confirming that the functional grows unboundedly with the norm of the sequence, ensuring

stability and compactness in the space H1
0(Q).

The proof demonstrates finally, the existence of a minimizer for the functional Fm in the

Sobolev space H1
0(Q). Since Fm is both weakly lower semi-continuous and coercive, the direct

method in the calculus of variations ensures that it possesses a minimizer in H1
0(Q). To confirm

this, the proof revisits the coercivity argument, showing that Fm(v
1) can be bounded below

by terms involving the norm ∥vj∥H1(Q), minus terms related to constants from the Poincaré

inequality and the nonlinear term Gm. When the norm ∥vj∥H1(Q) becomes large, the functional

grows unboundedly, which guarantees coercivity. This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in H1
0(Q). By the weak lower semi-continuity of Fm,

the limit v minimizes the functional, concluding that v is indeed a minimizer of Fm in H1
0(Q). ■

We construct piecewise linear time-interpolant solutions vi and piecewise constant step

functions v̄i to approximate a minimizer of the functional Fm over a time interval. The in-

terpolant vi(x, t) is defined for (x, t) ∈ Q × ((j − 1)i, ij], with j = 0, 1, . . . ,M , as a linear

combination of the values vj(x) and vj−1(x) at adjacent time steps. The piecewise constant

function v̄i(x, t) is defined to be equal to vj(x) in the same intervals. Similarly, the piece-

wise constant function ḡi(x, t, v) is defined as gj(x, v) in the same time range.Then for all

ϕ(x, t) ∈ C∞
0

(
(Q× [0, T )) ∩

{
v̄i(x, t) > 0

})
, we obtained the approximate weak solution as
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following ∫ T

0

∫
Q

vit(x, t)− vit(x, t− i)

i
ϕ(x, t)dx dt

+

∫ T

0

∫
Q

(
α + β

∥∥∇v̄i(x, t)
∥∥2

L2(Q)

)
∇v̄i(x, t)∇ϕ(x, t)dx dt

+

∫ T

0

∫
Q

ḡi
(
x, t, v̄i

)
ϕ(x, t)dx dt = 0.

5.2.3 Energy Analysis

In this subsection, we present an energy estimate for minimizers, which leads to significant

conclusions about their convergence.

Lemma 5.2.2

The functions vi defined in (3.4) and v̄i defined in (3.5), obey the following estimate∥∥vit(t)∥∥2

L2(Q)
+
∥∥v̄i(t)∥∥2

H1
0(Q)

≤ C. (5.5)

with C is a constant independent of i, such that

C =

(
1

2
∥w0∥2L2(Q) +

(
α

4
+

β

8
∥∇v0∥2L2(Q)

)
∥∇v0∥2L2(Q) + ∥γ∥2L2(Q)

)
emax{c2p,1}T .

Proof : The proof begins by considering an arbitrary θ ∈ (0, 1) and a minimizer vj of the

functional Fj. The goal is to show the behavior of the difference between Fj evaluated at a

convex combination of vj and vj−1, and the value of Fj at vj. Starting with the inequality

0 ≤ Fj ((1− θ)vj + θvj−1)−Fj(vj), (5.6)

the proof proceeds by dividing both sides by θ and taking the limit as θ → 0+. This yields

an expression for the derivative of Fj at vj. Each term in the difference is then examined

individually, starting with F1(θ), which involves the discretized term. By applying appropriate

approximations and calculations, the proof establishes that F1(θ) behaves as expected according

to equation (5.6). Similarly, for F2(θ), the proof uses known results and performs calculations

that lead to the same outcome as equation (5.6). The same approach is applied to the outer force

term F3(θ), showing that it matches the result from equation (5.6). Finally, for F4, the proof

shows that the convex combination of vj and vj−1 remains non-negative almost everywhere,

leading to the conclusion that

lim
θ→0+

Ψ((1− θ)vj + θvj−1)−Ψ(vj)

2θ
= 0.

This detailed derivation explores the energy analysis for minimizers of a functional F
through successive approximations and inequalities. By summing contributions from interme-

diate functionals F1,F2,F3,F4, an initial inequality is established for the sequence vj in terms
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of the L2-norm and gradient terms. Using assumptions and simplifications such as Kirchhoff’s

term and properties of the functional, a series of inequalities are derived. Through summation

over a range of indices j, telescoping cancellations simplify the terms, leading to a bound on

the energy accumulation. The discrete Gronwall lemma is applied to conclude that the energy,

represented by terms like ∥vm − vm−1∥2L2(Q) and ∥∇vm∥2L2(Q), remains bounded by a constant

C. This constant depends on the initial data v0, ∇v0, and other problem-specific parame-

ters. Finally, the result asserts the stability and boundedness of the energy for the minimizers,

encapsulated in a simplified form involving ∥vit∥2L2(Q) and ∥∇v̄i∥2L2(Q). This guarantees the well-

posedness and energy conservation properties of the system under study.

Which leads to ∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

H1
0(Q)

≤ C.

■

The previous lemma leads to the existence of v ∈ L∞(0, T ; H1
0(Q)) ∩W1,∞(0, T ; L2(Q)), and a

sub-sequence denoted by vi again, such that

vi, v̄i −→ v (strong) in L2 (QT ) , as i −→ 0+

∇v̄i⇀∇v (weak) in L∞ (
0, T ; L2(Q)

)
, as i −→ 0+

vit⇀vt (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+ .

We focuses on the convergence properties of a sequence of functions vi and their associated

components. From equation (5.5), it is shown that v̄i is uniformly bounded in the Sobolev

space H1
0(Q), and both ∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from

[61], upper bounds for vi and ∇vi are derived, which establish their convergence properties.

Specifically, it is shown that v̄i converges strongly to a function u in L2(QT ), while v
i converges

strongly to v1 in L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively,

in L∞(0, T ; L2(Q)) and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2,

∥vi− v̄i∥2L2(QT ) ≤ i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The

analysis further shows that the difference between the derivatives of v̄i and vi vanishes in the

weak sense as i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere

in QT .

5.2.4 Convergence to the Limit Function

Theorem 5.2.1

For v0, u0 belong to H
1
0(Q). Then there exists a weak solution to the problem (5.1), according

to Definition 5.2.1.

Proof : In this proof, we begin by considering a sequence of functions vi(x, t) that are

approximations of the solution v(x, t), which we aim to show converges to a weak solution
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defined in Definition 5.2.1. To do so, we fix an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q× [0, T )),

supported in the region where v(x, t) > 0. The sequence vi(x, t) is continuous on QT , and we

know there exists a constant µ > 0 such that v(x, t) ≥ µ on the support of ϕ. Using the previous

lemma, we can establish that vi(x, t) converges uniformly to v(x, t), and for large enough i, we

have the bound

max
(x,t)∈QT

|vi(x, t)− v(x, t)| ≤ µ

2
.

Thus, vi(x, t) remains bounded away from zero on the support of ϕ, ensuring that vi(x, t) ≥ µ

2
for all k ∈ (0, k0), where k0 is a sufficiently large index. This is important as it ensures the

positivity of the function for the entire duration of the proof.

Next, we use this fact to derive an equation for the sequence vi(x, t). We start with the

weak formulation for vi(x, t), which includes a time derivative term, a gradient term involving

v̄i(x, t), and an external force term. By taking the limit as i → 0, we evaluate the convergence

of each term in the weak formulation.

First, we address the time derivative term. Using the fact that vi(x, t) converges uniformly

to v(x, t), we apply the dominated convergence theorem to obtain the limit of the time deriva-

tive term as i → 0. We similarly handle the gradient term, which involves the operator ∇, and

demonstrate that the gradient terms converge in the appropriate sense, ensuring that the weak

formulation holds for the limit function v(x, t).

For the external force term, we again apply the dominated convergence theorem, which

allows us to exchange the limit and the integral. The limit of the external force term converges

to the corresponding term for v(x, t), establishing the final form of the weak formulation.

Lastly, we examine the terms in the weak formulation involving gi(x, t, v̄i) and use the fact

that v̄i(x, t) converges to v(x, t) to conclude that the limit of the external force term converges

to g(x, t, v), as desired.

In the end, we show that the weak solution v(x, t) satisfies the weak formulation of the prob-

lem, including the differential equation, the initial condition, and the condition that v(x, t) = 0

outside the region where v > 0. Thus, we have successfully shown that the sequence vi(x, t)

converges to a weak solution in the sense defined in Definition 5.2.1 ■
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5.3 Free boundary hyperbolic p-Kirchhoff type problem

5.3.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed

examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of solution our problem.

χ{v(x,t)>0}vtt(x, t) =
(
α + β ∥∇v(x, t)∥pLp(Q)

)
∆pv(x, t)− g(x, t, v), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q,

(5.7)

Then we define the following

Definition 5.3.1

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ;W1,p
0 (Q)) is a weak solution to (5.7) if v(x, 0) = v0, and if

v = 0 outside {v(x, t) > 0} and for all ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) ∩ {v(x, t) > 0}) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α + β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p−2∇v(x, t)∇ϕ(x, t)

]
dxdt

+

∫ T

0

∫
Q

g(x, t, v)ϕ(x, t)dxdt−
∫
Q

u0(x)ϕ(x, 0)dx = 0.

(5.8)

5.3.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. M equal sub-intervals the time interval (0, T ) is divided into, where

i = T /M is the step size. Applying the backward difference method for initial conditions, we

define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ W1,p
0 (Q) with m = 1, ...,M , to minimize the functional

Fm(v) =

∫
Q

[
|v − 2vm−1 + vm−2|2

2i2
+

(
α

p
+

β

2p
∥∇v(x, t)∥pLp(Q)

)
|∇v|p +Gm(v)

]
dx+Ψ(v),

(5.9)
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with

Ψ(v) =

{
Ψ = 0; if v(x, t) ≥ 0,

Ψ = ∞; otherwise .
(5.10)

Additionally, we assume that the initial data v0 and v0 belong to the space H1
0(Q). These

conditions are necessary to ensure the existence of minimizers for the functional Fm, as will be

demonstrated later.

With v−1 in H1
0(Q) and v0 taken from W1,p

0 (Q), we define v1 as the minimizer of F1. Subse-

quently, vm is iteratively determined as the minimizer of Fm, to address the existence of these

minimizers.

Lemma 5.3.1

Let v be in W1,p
0 (Q), then v is a minimizer of Fm in W1,p

0 (Q).

Proof : The proof demonstrates first, that the functional Fm is weakly lower semi-continuous

in the Sobolev space W1,p
0 (Q) by analyzing its components F1,F2, and F3 separately. The

convergence of a sequence vj ∈ W1,p
0 (Q) weakly to v is assumed.

1. Through direct calculations it is shown that F1(vj) → F1(v) as j → ∞. Using the

Sobolev inequality, the proof establishes ∥vj −v∥L2(Q) → 0, leading to the conclusion that

F1 is weakly lower semi-continuous in W1,p
0 (Q).

2. The weak lower semi-continuity of norms in Banach spaces is utilized to show that F2 is

also weakly lower semi-continuous in W1,p
0 (Q).

3. By leveraging the continuity of Gm and the weak convergence vj → v, the dominated

convergence theorem is then applied to confirm that F3(vj) → F3(v) in W1,p
0 (Q), ensuring

the weak lower semi-continuity of F3.

Finally, since all components F1,F2, and F3 are weakly lower semi-continuous, the func-

tional Fm, being their sum, is also weakly lower semi-continuous in W1,p
0 (Q).

Then demonstrates that the functional Fm attains a minimum in W1,p
0 (Q) by examining the

behavior of a minimizing sequence {vj}∞j=1. Starting with a sequence vj that converges weakly

to v in W1,p
0 (Q), the analysis ensures that Fm(v) = lim inf

j→∞
Fm(vj) and that Fm(v1) ̸= ∞.

The functional Fm(vj) is expressed as an integral involving terms dependent on vj, its gradi-

ent, and the nonlinear function Gm(vj). Lower bounds are derived for Fm(vj) using properties

of Sobolev spaces, such as the Poincaré inequality and embedding theorems, to relate differ-

ent norms of vj and its gradient. These estimates show that Fm(vj) grows without bound as

∥vj∥W1,p
0 (Q) → ∞, ensuring coercivity of the functional.
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Key constants, such as the best Poincaré coefficient C∗ and the embedding constant C, are

used to quantify the bounds, while integrability conditions on γm ensure the well-posedness

of the estimates. The analysis concludes that Fm(vj) → ∞ as ∥vj∥W1,p
0 (Q) → ∞, thereby

guaranteeing the existence of a minimizing sequence that converges to a minimizer v ∈ W1,p
0 (Q).

The proof finally establishes the existence of a minimizer for the functional Fm in W1,p
0 (Q).

Coercivity of Fm ensures that the functional grows without bound as ∥vj∥W1,p
0 (Q) → ∞, and the

weak lower semi-continuity of Fm in W1,p
0 (Q) guarantees that a minimizing sequence converges

to a minimizer. By analyzing the functional Fm(vj), a lower bound is derived in terms of the

norms of vj and its gradient using Sobolev inequalities, embedding theorems, and the Poincaré

inequality.

The analysis shows that Fm(vj) → ∞ as ∥vj∥W1,p
0 (Q) → ∞, which implies the bounded-

ness of the minimizing sequence {vj} in W1,p
0 (Q). This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in W1,p
0 (Q). As a result, v is identified as a minimizer

of Fm in W1,p
0 (Q). ■

We constructs piecewise linear time-interpolant solutions vi and piecewise constant step

functions v̄i to approximate a minimizer of the functional Fm over a time interval. The in-

terpolant vi(x, t) is defined for (x, t) ∈ Q × ((j − 1)i, ij], with j = 0, 1, . . . ,M , as a linear

combination of the values vj(x) and vj−1(x) at adjacent time steps. The piecewise constant

function v̄i(x, t) is defined to be equal to vj(x) in the same intervals. Similarly, the piece-

wise constant function ḡi(x, t, v) is defined as gj(x, v) in the same time range.Then for all

ϕ(x, t) ∈ C∞
0

(
(Q× [0, T )) ∩

{
v̄i(x, t) > 0

})
, we obtained the approximate weak solution as

following ∫ T

0

∫
Q

vit(x, t)− vit(x, t− i)

i2
ϕ(x, t)dx dt

+

∫ T

0

∫
Q

(
α + β

∥∥∇v̄i(x, t)
∥∥p

Lp(Q)

) ∣∣∇v̄i(x, t)
∣∣p−2

v̄i(x, t)∇ϕ(x, t)dx dt

+

∫ T

0

∫
Q

ḡi
(
x, t, v̄i

)
ϕ(x, t)dxdt = 0.

5.3.3 Energy Analysis

In this part, We offer an Energy Analysis for minimizers that yields important conclusions on

their convergence. We provide the following lemma to demonstrate this.
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Lemma 5.3.2

The functions vi defined in (3.4) and v̄i defined in (3.5), obey the following estimate∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥p

W1,p
0 (Q)

≤ C. (5.11)

with C is a constant independent of i, such that

C =

(
1

2
∥w0∥2L2(Q) +

(
α

p
+

β

p
∥∇v0∥pLp(Q)

)
∥∇v0∥pLp(Q) + ∥γ∥2L2(Q)

)
eT .

Proof : The proof presented investigates the behavior of a minimizer vj of a functional Fj

over a discretized space, parameterized by θ ∈ (0, 1). We begin by considering the expression

for the difference between the functional values of a convex combination of vj and vj−1, showing

that it is non-negative. This leads to an analysis of the limiting behavior as θ → 0+, resulting

in the following key inequality:

0 ≤ lim
θ→0+

Fj ((1− θ)vj + θvj−1)− Fj(vj)

θ
.

The proof proceeds by examining the contributions of different terms in the functional Fj.

Each term is analyzed using direct calculations and inequalities such as the Cauchy-Schwarz

inequality and Young’s inequality. The first key term relates to the difference in values of the

functional for the discretized vj and vj−1, which is expanded and simplified to reveal a connec-

tion to the norm differences of the values vj, vj−1, and vj−2 in the L2-norm. This results in an

expression involving the squared norms of the differences of these functions.

The next terms involve gradient terms, where the gradient of vj and vj−1 are considered.

The difference in the gradients is expanded, and we apply inequalities to bound the terms,

ultimately leading to an estimate that involves the squared gradient norms. These terms are

key in characterizing the smoothness of the functions involved.

An additional force term is handled in a similar manner, where the difference between the

functional values Fj is computed and bounded using the function values and gradients. This

results in a term involving the differences of the vj values, as well as the functions γj and gj.

The final analysis involves considering the boundary term Ψ, where it is shown that the

differences vanish as θ → 0+, leading to a vanishing contribution for this term.

Combining all the results, the energy analysis provides an upper bound for the total energy,

resulting in an inequality that sums all the contributions from the different terms in the func-

tional. This energy inequality is crucial for establishing the stability and convergence of the
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minimizers. The key result is that the total energy is bounded, and through application of the

discrete Gronwall lemma, it is shown that the sequence of vj’s satisfies the following inequality:

1

2i2
∥vm − vm−1∥2L2(Q) +

α

p
∥∇vm∥pLp(Q) ≤ C,

where C is a constant that depends on the initial conditions and other terms in the func-

tional. This result ensures that the sequence of minimizers vj is stable, with bounded energy,

and provides a foundation for further analysis of their behavior as j → ∞.

This gives us that ∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

W1,p
0 (Q)

≤ C.

■

The previous lemma leads to the existence of v ∈ L∞(0, T ;W1,p
0 (Q)) ∩W1,∞(0, T ; L2(Q)), and

a sub-sequence denoted by vi again, such that

vi −→ v (strong) in L2 (QT ) , as i −→ 0+

v̄i −→ v (strong) in Lp (QT ) , as i −→ 0+

∇v̄i⇀∇v (weak) in L∞ (0, T ; Lp(Q)) , as i −→ 0+

vit⇀vt (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+.

We focuses on the convergence properties of a sequence of functions vi and their associated

components. From equation (7.15), it is shown that v̄i is uniformly bounded in the Sobolev

space W1,p
0 (Q), and both ∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from

[61], upper bounds for vi and ∇vi are derived, which establish their convergence properties.

Specifically, it is shown that v̄i converges strongly to a function u in Lp(QT ), while v
i converges

strongly to v1 in L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively,

in L∞(0, T ; Lp(Q)) and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2,

∥vi− v̄i∥2L2(QT ) ≤ i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The

analysis further shows that the difference between the derivatives of v̄i and vi vanishes in the

weak sense as i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere

in QT .

5.3.4 Convergence to the Limit Function

Theorem 5.3.1

For u0 belong to H1
0(Q) and v0 belong to W1,p

0 (Q). Then there exists a weak solution to the

problem (5.7), according to Definition 5.3.1.

Proof : The proof establishes the existence of a weak solution v(x, t) for the problem under

consideration by demonstrating that a sequence of discrete approximations {vi(x, t)} converges

to v(x, t) and that this limit satisfies the weak formulation of the problem. The sequence
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{vi(x, t)}, constructed via earlier steps, is shown to converge uniformly to v(x, t), and the proof

proceeds to verify the weak formulation for this limit.

The argument begins by fixing an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q × [0, T )) sup-

ported within the region where v(x, t) > 0. Exploiting the uniform convergence of {vi(x, t)} to

v(x, t), it is established that both vi(x, t) and the averaged sequence v̄i(x, t) remain positive on

the support of ϕ(x, t). The weak formulation for vi(x, t) is given, involving terms for the time

derivative, gradient contributions from the p-Kirchhoff operator, and external forces.

Each term is analyzed individually. The time derivative term is shown to converge to the

appropriate weak form using the weak convergence of vit(x, t) in L2 and the strong convergence

of the test function’s time-averaged sequence. For the gradient term, properties of weak lower

semi-continuity in Lp-norms are applied, showing convergence of the energy associated with

the p-Kirchhoff operator. The term involving external forces is handled using pointwise con-

vergence of the external force functions and the dominated convergence theorem.

By combining these results, the proof concludes that the limit function v(x, t) satisfies the

weak formulation of the problem, as defined in the framework. This verifies the existence of a

weak solution. ■

5.4 Conclusion

This chapter establishes a rigorous framework for constructing weak solutions to Hyperbolic

Kirchhoff and p-Kirchhoff-type problems featuring free boundaries. Utilizing Energy Analy-

sis and Convergence to the Limit Function , the study overcomes the inherent complexity of

simultaneously determining the solution and the evolving domain boundary. The analysis is

extended to the nonlinear p-Kirchhoff case, governed by the p-Laplacian. The resulting frame-

work provides stable, physically meaningful solutions, advancing the theoretical and practical

treatment of free-boundary phenomena in fields like fluid dynamics and fracture mechanics.
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6.1 Introduction

This chapter rigorously examines the constrained Hyperbolic Kirchhoff-Type Problem and its

generalization to the p-Kirchhoff case, both incorporating a crucial volume constraint inspired

by real-world systems like incompressible flows or elastic deformations. Through Energy Anal-

ysis and approximate solution methods , the chapter constructs stable weak solutions that

respect both the governing equations and the global constraint. The work demonstrates how

such constraints fundamentally alter solution behavior, enhancing the models’ realism and ap-

plicability across fluid dynamics, material science, and elasticity. By integrating advanced

variational techniques, the study provides a robust theoretical and practical framework for

analyzing complex, constrained physical systems.

6.2 Constrained hyperbolic Kirchhoff-type problem

6.2.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed

examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of solution our problem.

vtt(x, t) =
(
α + β ∥∇v(t)∥2L2(Q)

)
∆v(x, t)− g(x, t, v(x, t)) + λV(v), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q.

(6.1)

Then we define the following

Definition 6.2.1

v ∈ H1(0, T ; L2(Q))∩ L∞(0, T ; H1
0(Q)) is a weak solution to (6.1) if v(x, 0) = v0, and for all

ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α + β ∥∇v(x, t)∥2L2(Q)

)
∇v(x, t)∇ϕ(x, t) + g(x, t, v)ϕ(x, t)

]
dxdt

−
∫
Q

u0(x)ϕ(x, 0)dx = −
∫
Q

v0(x)v0(x)Φ(0)dx−
∫ T

0

∫
Q

vt(x, t)(vΦ)t(x, t)dxdt

+

∫ T

0

∫
Q

((
α + β ∥∇v(x, t)∥2L2(Q)

)
|∇v(x, t)|2 + g(x, t, v)v

)
Φ(x, t)dxdt.

(6.2)
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with

Φ(x, t) =

∫
Q

ϕ(x, t)dx.

6.2.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. M equal sub-intervals the time interval (0, T ) is divided into, where

i = T /M is the step size. Applying the backward difference method for initial conditions, we

define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ H1
0(Q) with m = 1, ...,M , to minimize the functional

Fm(v) =

∫
Q

[
|v − 2vm−1 + vm−2|2

2i2
+

(
α

2
+

β

4
∥∇v∥2L2(Q)

)
|∇v|2 +Gm(v)

]
dx+Ψ(v), (6.3)

with

Ψ(v) =


Ψ = 0; if

∫
Q

v(x, t)dx = V ,

Ψ = ∞; otherwise .

(6.4)

Additionally, we assume that the initial data v0 and v0 belong to the space H1
0(Q). These

conditions are necessary to ensure the existence of minimizers for the functional Fm, as will be

demonstrated later.

With v−1 and v0 taken from H1
0(Q), we define v1 as the minimizer of F1. Subsequently, vm

is iteratively determined as the minimizer of Fm, to address the existence of these minimizers.

Lemma 6.2.1

Let v be in H1
0(Q), then v is a minimizer of Fm in H1

0(Q).

Proof : The proof first demonstrates that the functional Fm is weakly lower semi-continuous

in the Sobolev space H1
0(Q) by analyzing each term in the functional separately. First, the term

F1(v), which represents a time discretization contribution, is shown to be weakly lower semi-

continuous using properties of weak convergence and direct calculations related to its quadratic

form. Next, F2(v), involving gradient norms, leverages the weak lower semi-continuity of

norms in Banach spaces to establish its continuity. For the term F3(v), associated with the

nonlinear function Gm(v), the proof employs the dominated convergence theorem to show that

F3(vj) converges to F3(v) as j → ∞, ensuring weak lower semi-continuity. Finally, for Ψ(v),

which takes only finite or infinite values, a contradiction argument is used to handle the case

where Ψ(v) = ∞ while lim inf
j→∞

Ψ(vj) = 0, concluding that Ψ must also be weakly lower semi-

continuous. Since all terms F1, F2, F3, and Ψ are weakly lower semi-continuous, the overall
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functional Fm inherits this property in H1
0(Q).

Then establishes the coercivity of the functional Fm in the Sobolev space H1
0(Q) by analyz-

ing its behavior along a minimizing sequence. Starting with a minimizing sequence {vj}∞j=1 in

W1,p
0 (Q) that converges weakly to v, it is assumed that Fm(v) = lim inf

j→∞
Fm(vj) and Fm(v1) ̸= ∞.

The functional Fm(vj) is expressed in terms of its individual components, including a quadratic

term involving the time-discrete difference, a term dependent on the gradient norm weighted

by coefficients α and β, the nonlinear term Gm(vj), and the term Ψ(vj). By lower-bounding

Fm(vj), it is shown that the gradient norm term dominates the other terms when the norm

∥vj∥H1(Q) becomes large. Specifically, as ∥vj∥H1(Q) → ∞, the quadratic growth of the gradi-

ent term ensures that Fm(vj) → ∞, provided certain constants related to Gm, the Poincaré

inequality, and external terms remain finite. This behavior demonstrates the coercivity of Fm,

confirming that the functional grows unboundedly with the norm of the sequence, ensuring

stability and compactness in the space H1
0(Q).

The proof demonstrates finally the existence of a minimizer for the functional Fm in the

Sobolev space H1
0(Q). Since Fm is both weakly lower semi-continuous and coercive, the direct

method in the calculus of variations ensures that it possesses a minimizer in H1
0(Q). To confirm

this, the proof revisits the coercivity argument, showing that Fm(v
1) can be bounded below

by terms involving the norm ∥vj∥H1(Q), minus terms related to constants from the Poincaré

inequality and the nonlinear term Gm. When the norm ∥vj∥H1(Q) becomes large, the functional

grows unboundedly, which guarantees coercivity. This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in H1
0(Q). By the weak lower semi-continuity of Fm,

the limit v minimizes the functional, concluding that v is indeed a minimizer of Fm in H1
0(Q). ■

We construct piecewise linear time-interpolant solutions vi and piecewise constant step func-

tions v̄i to approximate a minimizer of the functional Fm over a time interval. The interpolant

vi(x, t) is defined for (x, t) ∈ Q × ((j − 1)i, ij], with j = 0, 1, . . . ,M , as a linear combination

of the values vj(x) and vj−1(x) at adjacent time steps. The piecewise constant function v̄i(x, t)

is defined to be equal to vj(x) in the same intervals. Similarly, the piecewise constant function

ḡi(x, t, v) is defined as gj(x, v) in the same time range. Then for all ϕ(x, t) ∈ C∞
0 (Q × [0, T ))

with zero volume (e.i.

∫
Q

ϕ(x, t)dx = 0), we obtained the approximate weak solution as following

∫ T

0

∫
Q

vit(x, t)− vit(x, t− i)

i
ϕ(x, t)dx dt

+

∫ T

0

∫
Q

(
α + β

∥∥∇v̄i(x, t)
∥∥2

L2(Q)

)
∇v̄i(x, t)∇ϕ(x, t)dx dt

+

∫ T

0

∫
Q

ḡi
(
x, t, v̄i

)
ϕ(x, t)dx dt = 0.
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6.2.3 Energy Analysis

In this part, We offer an Energy Analysis for minimizers that yields important conclusions on

their convergence.

Lemma 6.2.2

The functions vi and v̄i obey the estimate∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

H1
0(Q)

≤ C. (6.5)

with C is a constant independent of i, such that

C =

(
1

2
∥w0∥2L2(Q) +

(
α

4
+

β

8
∥∇v0∥2L2(Q)

)
∥∇v0∥2L2(Q) + ∥γ∥2L2(Q)

)
emax{c2p,1}T .

Proof : The proof begins by considering an arbitrary θ ∈ (0, 1) and a minimizer vj of the

functional Fj. The goal is to show the behavior of the difference between Fj evaluated at a

convex combination of vj and vj−1, and the value of Fj at vj. Starting with the inequality

0 ≤ Fj ((1− θ)vj + θvj−1)−Fj(vj), (6.6)

the proof proceeds by dividing both sides by θ and taking the limit as θ → 0+. This yields

an expression for the derivative of Fj at vj. Each term in the difference is then examined

individually, starting with F1(θ), which involves the discretized term. By applying appropriate

approximations and calculations, the proof establishes that F1(θ) behaves as expected according

to equation (6.6). Similarly, for F2(θ), the proof uses known results and performs calculations

that lead to the same outcome as equation (6.6). The same approach is applied to the outer force

term F3(θ), showing that it matches the result from equation (6.6). Finally, for F4, the proof

shows that the convex combination of vj and vj−1 remains non-negative almost everywhere,

leading to the conclusion that

lim
θ→0+

Ψ((1− θ)vj + θvj−1)−Ψ(vj)

2θ
= 0.

This detailed derivation explores the energy analysis for minimizers of a functional F
through successive approximations and inequalities. By summing contributions from interme-

diate functionals F1,F2,F3,F4, an initial inequality is established for the sequence vj in terms

of the L2-norm and gradient terms. Using assumptions and simplifications such as Kirchhoff’s

term and properties of the functional, a series of inequalities are derived. Through summation

over a range of indices j, telescoping cancellations simplify the terms, leading to a bound on

the energy accumulation. The discrete Gronwall lemma is applied to conclude that the energy,

represented by terms like ∥vm − vm−1∥2L2(Q) and ∥∇vm∥2L2(Q), remains bounded by a constant

C. This constant depends on the initial data v0, ∇v0, and other problem-specific parame-

ters. Finally, the result asserts the stability and boundedness of the energy for the minimizers,
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encapsulated in a simplified form involving ∥vit∥2L2(Q) and ∥∇v̄i∥2L2(Q). This guarantees the well-

posedness and energy conservation properties of the system under study.

Which leads to ∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

H1
0(Q)

≤ C.

■

The above estimate leads immediately to the following lemma. The previous lemma leads to

the existence of v ∈ L∞(0, T ; H1
0(Q)) ∩ W1,∞(0, T ; L2(Q)), and a sub-sequence denoted by vi

again, such that

vi, v̄i −→ v (strong) in L2 (QT ) , as i −→ 0+

∇v̄i⇀∇v (weak) in L∞ (
0, T ; L2(Q)

)
, as i −→ 0+

vit⇀vt (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+ .

We focuses on the convergence properties of a sequence of functions vi and their associated

components. From equation (6.5), it is shown that v̄i is uniformly bounded in the Sobolev

space H1
0(Q), and both ∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from

[61], upper bounds for vi and ∇vi are derived, which establish their convergence properties.

Specifically, it is shown that v̄i converges strongly to a function u in L2(QT ), while v
i converges

strongly to v1 in L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively,

in L∞(0, T ; L2(Q)) and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2,

∥vi− v̄i∥2L2(QT ) ≤ i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The

analysis further shows that the difference between the derivatives of v̄i and vi vanishes in the

weak sense as i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere

in QT .
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6.2.4 Convergence to the Limit Function

Theorem 6.2.1

For v0, u0 belong to H1
0(Q). Then there exists a weak solution to the problem (6.1)

Proof : In this proof, we begin by considering a sequence of functions vi(x, t) that are ap-

proximations of the solution v(x, t), which we aim to show converges to a weak solution defined

in Definition 6.2.1. To do so, we fix an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q× [0, T )).

Next, we use this fact to derive an equation for the sequence vi(x, t). We start with the

weak formulation for vi(x, t), which includes a time derivative term, a gradient term involving

v̄i(x, t), and an external force term. By taking the limit as i → 0, we evaluate the convergence

of each term in the weak formulation.

First, we address the time derivative term. Using the fact that vi(x, t) converges uniformly

to v(x, t), we apply the dominated convergence theorem to obtain the limit of the time deriva-

tive term as i → 0. We similarly handle the gradient term, which involves the operator ∇, and

demonstrate that the gradient terms converge in the appropriate sense, ensuring that the weak

formulation holds for the limit function v(x, t).

For the external force term, we again apply the dominated convergence theorem, which

allows us to exchange the limit and the integral. The limit of the external force term converges

to the corresponding term for v(x, t), establishing the final form of the weak formulation.

Lastly, we examine the terms in the weak formulation involving gi(x, t, v̄i) and use the fact

that v̄i(x, t) converges to v(x, t) to conclude that the limit of the external force term converges

to g(x, t, v), as desired.

In the end, we show that the weak solution v(x, t) satisfies the weak formulation of the prob-

lem, including the differential equation, the initial condition, and the condition that v(x, t) = 0

outside the region where v > 0. Thus, we have successfully shown that the sequence vi(x, t)

converges to a weak solution in the sense defined in Definition 6.2.1 ■

6.3 Constrained hyperbolic p-Kirchhoff type problem

6.3.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed
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examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of solution our problem.

vtt(x, t) =
(
α + β ∥∇v(x, t)∥pLp(Q)

)
∆pv(x, t)− g(x, t, v) + λV(v), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q.

(6.7)

Then we define the following

Definition 6.3.1

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ;W1,p
0 (Q)) is a weak solution to (6.7) if v(x, 0) = v0, and if

v = 0 for all ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α+ β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p−2∇v(x, t)∇ϕ(x, t) + g(x, t, v)ϕ(x, t)

]
dxdt

−
∫
Q
u0(x)ϕ(x, 0)dx = − 1

V

∫
Q
v0(x)v0(x)Φ(0)dx− 1

V

∫ T

0

∫
Q
vt(x, t)(vΦ)t(x, t)dxdt

+
1

V

∫ T

0

∫
Q

((
α+ β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p + g(x, t, v)v(x, t)

)
Φ(x, t)dxdt,

(6.8)

with

Φ(x, t) =

∫
Q

ϕ(x, t)dx.

6.3.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. M equal sub-intervals the time interval (0, T ) is divided into, where

i = T /M is the step size. Applying the backward difference method for initial conditions, we

define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ H1
0(Q) with m = 1, ...,M , to minimize the functional

Fm(v) =

∫
Q

[
|v − 2vm−1 + vm−2|2

2i2
+

(
α

p
+

β

2p
∥∇v∥pL2(Q)

)
|∇v|p +Gm(v)

]
dx+Ψ(v), (6.9)

with

Ψ(v) =


Ψ = 0; if

∫
Q

v(x, t)dx = V ,

Ψ = ∞; otherwise .

(6.10)
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Additionally, we assume that the initial data v0 and v0 belong to the space H1
0(Q). These

conditions are necessary to ensure the existence of minimizers for the functional Fm, as will be

demonstrated later.

With v−1 and v0 taken from H1
0(Q), we define v1 as the minimizer of F1. Subsequently, vm

is iteratively determined as the minimizer of Fm, to address the existence of these minimizers.

Lemma 6.3.1

Let v be in W1,p
0 (Q), then v is a minimizer of Fm in W1,p

0 (Q).

Proof : The proof demonstrates first, that the functional Fm is weakly lower semi-continuous

in the Sobolev space W1,p
0 (Q) by analyzing its components F1,F2, and F3 separately. The

convergence of a sequence vj ∈ W1,p
0 (Q) weakly to v is assumed.

1. Through direct calculations it is shown that F1(vj) → F1(v) as j → ∞. Using the

Sobolev inequality, the proof establishes ∥vj −v∥L2(Q) → 0, leading to the conclusion that

F1 is weakly lower semi-continuous in W1,p
0 (Q).

2. The weak lower semi-continuity of norms in Banach spaces is utilized to show that F2 is

also weakly lower semi-continuous in W1,p
0 (Q).

3. By leveraging the continuity of Gm and the weak convergence vj → v, the dominated

convergence theorem is then applied to confirm that F3(vj) → F3(v) in W1,p
0 (Q), ensuring

the weak lower semi-continuity of F3.

Finally, since all components F1,F2, and F3 are weakly lower semi-continuous, the func-

tional Fm, being their sum, is also weakly lower semi-continuous in W1,p
0 (Q).

Then demonstrates that the functional Fm attains a minimum in W1,p
0 (Q) by examining the

behavior of a minimizing sequence {vj}∞j=1. Starting with a sequence vj that converges weakly

to v in W1,p
0 (Q), the analysis ensures that Fm(v) = lim inf

j→∞
Fm(vj) and that Fm(v1) ̸= ∞.

The functional Fm(vj) is expressed as an integral involving terms dependent on vj, its gradi-

ent, and the nonlinear function Gm(vj). Lower bounds are derived for Fm(vj) using properties

of Sobolev spaces, such as the Poincaré inequality and embedding theorems, to relate differ-

ent norms of vj and its gradient. These estimates show that Fm(vj) grows without bound as

∥vj∥W1,p
0 (Q) → ∞, ensuring coercivity of the functional.

Key constants, such as the best Poincaré coefficient C∗ and the embedding constant C, are

used to quantify the bounds, while integrability conditions on γm ensure the well-posedness of
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the estimates. The analysis concludes that Fm(vj) → ∞ as ∥vj∥W1,p
0 (Q) → ∞, thereby guaran-

teeing the existence of a minimizing sequence that converges to a minimizer v ∈ W1,p
0 (Q).

The proof finally establishes the existence of a minimizer for the functional Fm in W1,p
0 (Q).

Coercivity of Fm ensures that the functional grows without bound as ∥vj∥W1,p
0 (Q) → ∞, and the

weak lower semi-continuity of Fm in W1,p
0 (Q) guarantees that a minimizing sequence converges

to a minimizer. By analyzing the functional Fm(vj), a lower bound is derived in terms of the

norms of vj and its gradient using Sobolev inequalities, embedding theorems, and the Poincaré

inequality.

The analysis shows that Fm(vj) → ∞ as ∥vj∥W1,p
0 (Q) → ∞, which implies the bounded-

ness of the minimizing sequence {vj} in W1,p
0 (Q). This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in W1,p
0 (Q). As a result, v is identified as a minimizer

of Fm in W1,p
0 (Q). ■

We constructs piecewise linear time-interpolant solutions vi and piecewise constant step

functions v̄i to approximate a minimizer of the functional Fm over a time interval. The in-

terpolant vi(x, t) is defined for (x, t) ∈ Q × ((j − 1)i, ij], with j = 0, 1, . . . ,M , as a linear

combination of the values vj(x) and vj−1(x) at adjacent time steps. The piecewise constant

function v̄i(x, t) is defined to be equal to vj(x) in the same intervals. Similarly, the piece-

wise constant function ḡi(x, t, v) is defined as gj(x, v) in the same time range. Then for all

ϕ(x, t) ∈ C∞
0 (Q× [0, T )), we obtained the approximate weak solution as following

∫ T

0

∫
Q

vit(x, t)− vit(x, t− i)

i
ϕ(x, t)dx dt

+

∫ T

0

∫
Q

(
α + β

∥∥∇v̄i(x, t)
∥∥p

Lp(Q)

) ∣∣∇v̄i(x, t)
∣∣p−2∇v̄i(x, t)∇ϕ(x, t) dx dt

+

∫ T

0

∫
Q

ḡi
(
x, t, v̄i

)
ϕ(x, t)dx dt = 0.

6.3.3 Energy Analysis

In this part, We offer an Energy Analysis for minimizers that yields important conclusions on

their convergence.

60



Chapter 6 6.3. Constrained hyperbolic p-Kirchhoff type problem

Lemma 6.3.2

The functions vi defined in (3.4) and v̄i defined in (3.5), obey the following estimate∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

W1,p
0 (Q)

≤ C. (6.11)

with C is a constant independent of i, such that

C =

(
1

2
∥w0∥2L2(Q) +

(
α

p
+

β

p
∥∇v0∥pLp(Q)

)
∥∇v0∥pLp(Q) + ∥γ∥2L2(Q)

)
eT .

Proof : The proof presented investigates the behavior of a minimizer vj of a functional Fj

over a discretized space, parameterized by θ ∈ (0, 1). We begin by considering the expression

for the difference between the functional values of a convex combination of vj and vj−1, showing

that it is non-negative. This leads to an analysis of the limiting behavior as θ → 0+, resulting

in the following key inequality:

0 ≤ lim
θ→0+

Fj ((1− θ)vj + θvj−1)− Fj(vj)

θ
.

The proof proceeds by examining the contributions of different terms in the functional Fj.

Each term is analyzed using direct calculations and inequalities such as the Cauchy-Schwarz

inequality and Young’s inequality. The first key term relates to the difference in values of the

functional for the discretized vj and vj−1, which is expanded and simplified to reveal a connec-

tion to the norm differences of the values vj, vj−1, and vj−2 in the L2-norm. This results in an

expression involving the squared norms of the differences of these functions.

The next terms involve gradient terms, where the gradient of vj and vj−1 are considered.

The difference in the gradients is expanded, and we apply inequalities to bound the terms,

ultimately leading to an estimate that involves the squared gradient norms. These terms are

key in characterizing the smoothness of the functions involved.

An additional force term is handled in a similar manner, where the difference between the

functional values Fj is computed and bounded using the function values and gradients. This

results in a term involving the differences of the vj values, as well as the functions γj and gj.

The final analysis involves considering the boundary term Ψ, where it is shown that the

differences vanish as θ → 0+, leading to a vanishing contribution for this term.

Combining all the results, the energy analysis provides an upper bound for the total energy,

resulting in an inequality that sums all the contributions from the different terms in the func-

tional. This energy inequality is crucial for establishing the stability and convergence of the

minimizers. The key result is that the total energy is bounded, and through application of the

discrete Gronwall lemma, it is shown that the sequence of vj’s satisfies the following inequality:
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1

2i2
∥vm − vm−1∥2L2(Q) +

α

p
∥∇vm∥pLp(Q) ≤ C,

where C is a constant that depends on the initial conditions and other terms in the func-

tional. This result ensures that the sequence of minimizers vj is stable, with bounded energy,

and provides a foundation for further analysis of their behavior as j → ∞.

This gives us that ∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

W1,p
0 (Q)

≤ C.

■

The previous lemma leads to the existence of v ∈ L∞(0, T ;W1,p
0 (Q)) ∩W1,∞(0, T ; L2(Q)), and

a sub-sequence denoted by vi again, such that

vi −→ v (strong) in L2 (QT ) , as i −→ 0+

v̄i −→ v (strong) in Lp (QT ) , as i −→ 0+

∇v̄i⇀∇v (weak) in L∞ (0, T ; Lp(Q)) , as i −→ 0+

vit⇀vt (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+ .

We focuses on the convergence properties of a sequence of functions vi and their associated

components. From equation (7.15), it is shown that v̄i is uniformly bounded in the Sobolev

space W1,p
0 (Q), and both ∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from

[61], upper bounds for vi and ∇vi are derived, which establish their convergence properties.

Specifically, it is shown that v̄i converges strongly to a function u in Lp(QT ), while v
i converges

strongly to v1 in L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively,

in L∞(0, T ; Lp(Q)) and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2,

∥vi− v̄i∥2L2(QT ) ≤ i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The

analysis further shows that the difference between the derivatives of v̄i and vi vanishes in the

weak sense as i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere

in QT .

6.3.4 Convergence to the Limit Function

Theorem 6.3.1

For u0 belong to H1
0(Q) and v0 belong to W1,p

0 (Q). Then there exists a weak solution to the

problem (6.7), according to Definition 6.3.1.

Proof : The proof establishes the existence of a weak solution v(x, t) for the problem under

consideration by demonstrating that a sequence of discrete approximations {vi(x, t)} converges

to v(x, t) and that this limit satisfies the weak formulation of the problem. The sequence

{vi(x, t)}, constructed via earlier steps, is shown to converge uniformly to v(x, t), and the proof
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proceeds to verify the weak formulation for this limit.

The argument begins by fixing an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q × [0, T )) sup-

ported within the region where v(x, t) > 0. Exploiting the uniform convergence of {vi(x, t)} to

v(x, t), it is established that both vi(x, t) and the averaged sequence v̄i(x, t) remain positive on

the support of ϕ(x, t). The weak formulation for vi(x, t) is given, involving terms for the time

derivative, gradient contributions from the p-Kirchhoff operator, and external forces.

Each term is analyzed individually. The time derivative term is shown to converge to the

appropriate weak form using the weak convergence of vit(x, t) in L2 and the strong convergence

of the test function’s time-averaged sequence. For the gradient term, properties of weak lower

semi-continuity in Lp-norms are applied, showing convergence of the energy associated with

the p-Kirchhoff operator. The term involving external forces is handled using pointwise con-

vergence of the external force functions and the dominated convergence theorem.

By combining these results, the proof concludes that the limit function v(x, t) satisfies the

weak formulation of the problem, as defined in the framework. This verifies the existence of a

weak solution. ■

6.4 Conclusion

This chapter successfully constructs stable weak solutions for constrained Hyperbolic Kirchhoff

and p-Kirchhoff-type problems, incorporating volume constraints and free boundaries. Using

Energy Analysis and convergence methods, the solutions are shown to be stable and converge

appropriately in relevant function spaces. The work extends Kirchhoff-type models to realistic

scenarios in fluid dynamics, elasticity, and materials science, where volume preservation and

moving boundaries are critical. These results validate the applied variational framework and

open avenues for modeling more complex constrained systems in physics and engineering.
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Chapter 7 7.1. Introduction

7.1 Introduction

This chapter extends the classical Kirchhoff problem to incorporate both a volume constraint

and an evolving free boundary—features that reflect realistic systems in fluid mechanics and

material science. To address the resulting mathematical complexities, the framework employs

approximate weak solutions and energy methods , ensuring stability and convergence. The anal-

ysis is further generalized to the nonlinear p-Kirchhoff case, which introduces a p-Laplacian and

nonlocal interactions. Through a careful blend of variational techniques and energy estimates,

the chapter constructs a rigorous solution framework capable of handling dynamic boundaries

and global constraints, offering a versatile tool for modeling real-world systems with moving

interfaces and internal restrictions.

7.2 Constrained hyperbolic Kirchhoff-type problem in-

volving free boundary

7.2.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed

examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of solution our problem.

χ{v>0}vtt(x, t) =
(
α + β ∥∇v(t)∥2L2(Q)

)
∆v(x, t)− g(x, t, v(x, t)) + χ{v>0}λV(v), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q.

(7.1)

Then we define the following
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Chapter 7 7.2. Constrained hyperbolic Kirchhoff-type problem involving free boundary

Definition 7.2.1

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ; H1
0(Q)) is a weak solution to (7.1) if v(x, 0) = v0, and if

v = 0 outside {v > 0} and for all ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) ∩ {v(x, t) > 0}) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α + β ∥∇v(x, t)∥2L2(Q)

)
∇v(x, t)∇ϕ(x, t) + g(x, t, v)ϕ(x, t)

]
dxdt

−
∫
Q

u0(x)ϕ(x, 0)dx = −
∫
Q

v0(x)v0(x)Φ(x, 0)dx−
∫ T

0

∫
Q

vt(x, t)(vΦ)t(x, t)dxdt

+

∫ T

0

∫
Q

((
α + β ∥∇v(x, t)∥2L2(Q)

)
|∇v(x, t)|2 + g(x, t, v)v

)
Φ(x, t)dxdt.

(7.2)

with

Φ(x, t) =

∫
Q

ϕ(x, t)dx.

We can obtain an other definition of a weak solution, to avoid the problem generated by the

free boundary, coincides with Definition 7.2.1.

Definition 7.2.2

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ;W1,p
0 (Q)) is a weak solution to (7.1) if v(x, 0) = v0, and if

v = 0 outside {v > 0} and for all ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) ∩ {v > 0}), if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α + β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p−2∇v(x, t)∇ϕ(x, t)

]
dxdt

+

∫ T

0

∫
Q

g(x, t, v)ϕ(x, t)dxdt−
∫
Q

u0(x)ϕ(x, 0)dx = − 1

V

∫
Q

ṽ(x, 0)v0(x)Φ(0)dx

− 1

V

∫ T

0

∫
Q

vt(x, t)(ṽΦ)t(x, t)dxdt+
1

V

∫ T

0

∫
Q

g(x, t, v)ṽ(x, t)Φ(x, t)dxdt

+
1

V

∫ T

0

∫
Q

(
α + β ∥∇v(x, t)∥pL2p(Q)

)
|∇v(x, t)|p−2∇v(x, t)∇ṽ(x, t)Φ(x, t)dxdt,

(7.3)

for ṽ ∈ C∞
0 (([0, T ]×Q) ∩ {v > 0}) is an arbitrary function satisfying

∫
Q

ṽ dx = V , with

Φ(x, t) =

∫
Q

ϕ(x, t)dx.

7.2.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. M equal sub-intervals the time interval (0, T ) is divided into, where

i = T /M is the step size. Applying the backward difference method for initial conditions, we
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Chapter 7 7.2. Constrained hyperbolic Kirchhoff-type problem involving free boundary

define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ H1
0(Q) with m = 1, ...,M , to minimize the functional

Fm(v) =

∫
Q

[
|v − 2vm−1 + vm−2|2

2i2
+

(
α

2
+

β

4
∥∇v∥2L2(Q)

)
|∇v|2 +Gm(v)

]
dx+Ψ1(v) + Ψ2(v),

(7.4)

with

Ψ1(v) =

 Ψ1 = 0; if v(x, t) ≥ 0,

Ψ1 = ∞; otherwise .
and Ψ2(v) =


Ψ2 = 0; if

∫
Q

v(x, t)dx = V ,

Ψ2 = ∞; otherwise .

(7.5)

Additionally, we assume that the initial data v0 and v0 belong to the space H1
0(Q). These

conditions are necessary to ensure the existence of minimizers for the functional Fm, as will be

demonstrated later.

With v−1 and v0 taken from H1
0(Q), we define v1 as the minimizer of F1. Subsequently, vm

is iteratively determined as the minimizer of Fm, to address the existence of these minimizers.

Lemma 7.2.1

Let v be in H1
0(Q), then v is a minimizer of Fm in H1

0(Q).

Proof : The proof first demonstrates that the functional Fm is weakly lower semi-continuous

in the Sobolev space H1
0(Q) by analyzing each term in the functional separately. First, the term

F1(v), which represents a time discretization contribution, is shown to be weakly lower semi-

continuous using properties of weak convergence and direct calculations related to its quadratic

form. Next, F2(v), involving gradient norms, leverages the weak lower semi-continuity of norms

in Banach spaces to establish its continuity. For the term F3(v), associated with the nonlinear

function Gm(v), the proof employs the dominated convergence theorem to show that F3(vj)

converges to F3(v) as j → ∞, ensuring weak lower semi-continuity. Finally, for Ψi(v), which

takes only finite or infinite values, a contradiction argument is used to handle the case where

Ψi(v) = ∞ while lim inf
j→∞

Ψi(vj) = 0, concluding that Ψi must also be weakly lower semi-

continuous. Since all terms F1, F2, F3, and Ψi are weakly lower semi-continuous, the overall

functional Fm inherits this property in H1
0(Q).

Then establishes the coercivity of the functional Fm in the Sobolev space H1
0(Q) by analyz-

ing its behavior along a minimizing sequence. Starting with a minimizing sequence {vj}∞j=1 in

W1,p
0 (Q) that converges weakly to v, it is assumed that Fm(v) = lim inf

j→∞
Fm(vj) and Fm(v1) ̸= ∞.

The functional Fm(vj) is expressed in terms of its individual components, including a quadratic

term involving the time-discrete difference, a term dependent on the gradient norm weighted
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by coefficients α and β, the nonlinear term Gm(vj), and the term Ψ(vj). By lower-bounding

Fm(vj), it is shown that the gradient norm term dominates the other terms when the norm

∥vj∥H1(Q) becomes large. Specifically, as ∥vj∥H1(Q) → ∞, the quadratic growth of the gradi-

ent term ensures that Fm(vj) → ∞, provided certain constants related to Gm, the Poincaré

inequality, and external terms remain finite. This behavior demonstrates the coercivity of Fm,

confirming that the functional grows unboundedly with the norm of the sequence, ensuring

stability and compactness in the space H1
0(Q).

The proof finally demonstrates the existence of a minimizer for the functional Fm in the

Sobolev space H1
0(Q). Since Fm is both weakly lower semi-continuous and coercive, the direct

method in the calculus of variations ensures that it possesses a minimizer in H1
0(Q). To confirm

this, the proof revisits the coercivity argument, showing that Fm(v
1) can be bounded below

by terms involving the norm ∥vj∥H1(Q), minus terms related to constants from the Poincaré

inequality and the nonlinear term Gm. When the norm ∥vj∥H1(Q) becomes large, the functional

grows unboundedly, which guarantees coercivity. This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in H1
0(Q). By the weak lower semi-continuity of Fm,

the limit v minimizes the functional, concluding that v is indeed a minimizer of Fm in H1
0(Q). ■

We construct piecewise linear time-interpolant solutions vi and piecewise constant step

functions v̄i to approximate a minimizer of the functional Fm over a time interval. The in-

terpolant vi(x, t) is defined for (x, t) ∈ Q × ((j − 1)i, ij], with j = 0, 1, . . . ,M , as a linear

combination of the values vj(x) and vj−1(x) at adjacent time steps. The piecewise constant

function v̄i(x, t) is defined to be equal to vj(x) in the same intervals. Similarly, the piece-

wise constant function ḡi(x, t, v) is defined as gj(x, v) in the same time range.Then for all

ϕ(x, t) ∈ C∞
0

(
(Q× [0, T )) ∩

{
v̄i(x, t) > 0

})
with zero volume (e.i.

∫
Q

ϕ(x, t)dx = 0), we ob-

tained the approximate weak solution as following∫ T

0

∫
Q

(
vit(x, t)− vit(x, t− i)

i
ϕ(x, t) +

(
α + β

∥∥∇v̄i(x, t)
∥∥2

L2(Q)

)
∇v̄i(x, t)∇ϕ(x, t)

)
dx dt

+

∫ T

0

∫
Q

ḡi
(
x, t, v̄i

)
ϕ(x, t)dx dt = 0.

(7.6)

7.2.3 Energy Analysis

In this part, We offer an Energy Analysis for minimizers that yields important conclusions on

their convergence.
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Lemma 7.2.2

The functions vi and v̄i obey the estimate∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

H1
0(Q)

≤ C. (7.7)

with C is a constant independent of i, such that

C =

(
1

2
∥w0∥2L2(Q) +

(
α

4
+

β

8
∥∇v0∥2L2(Q)

)
∥∇v0∥2L2(Q) + ∥γ∥2L2(Q)

)
emax{c2p,1}T .

Proof : The proof begins by considering an arbitrary θ ∈ (0, 1) and a minimizer vj of the

functional Fj. The goal is to show the behavior of the difference between Fj evaluated at a

convex combination of vj and vj−1, and the value of Fj at vj. Starting with the inequality

0 ≤ Fj ((1− θ)vj + θvj−1)−Fj(vj), (7.8)

the proof proceeds by dividing both sides by θ and taking the limit as θ → 0+. This yields

an expression for the derivative of Fj at vj. Each term in the difference is then examined

individually, starting with F1(θ), which involves the discretized term. By applying appropriate

approximations and calculations, the proof establishes that F1(θ) behaves as expected according

to equation (7.8). Similarly, for F2(θ), the proof uses known results and performs calculations

that lead to the same outcome as equation (7.8). The same approach is applied to the outer force

term F3(θ), showing that it matches the result from equation (7.8). Finally, for F4, the proof

shows that the convex combination of vj and vj−1 remains non-negative almost everywhere,

leading to the conclusion that

lim
θ→0+

Ψ((1− θ)vj + θvj−1)−Ψ(vj)

2θ
= 0.

This detailed derivation explores the energy analysis for minimizers of a functional F
through successive approximations and inequalities. By summing contributions from interme-

diate functionals F1,F2,F3,F4, an initial inequality is established for the sequence vj in terms

of the L2-norm and gradient terms. Using assumptions and simplifications such as Kirchhoff’s

term and properties of the functional, a series of inequalities are derived. Through summation

over a range of indices j, telescoping cancellations simplify the terms, leading to a bound on

the energy accumulation. The discrete Gronwall lemma is applied to conclude that the energy,

represented by terms like ∥vm − vm−1∥2L2(Q) and ∥∇vm∥2L2(Q), remains bounded by a constant

C. This constant depends on the initial data v0, ∇v0, and other problem-specific parame-

ters. Finally, the result asserts the stability and boundedness of the energy for the minimizers,

encapsulated in a simplified form involving ∥vit∥2L2(Q) and ∥∇v̄i∥2L2(Q). This guarantees the well-

posedness and energy conservation properties of the system under study.
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Which leads to ∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

H1
0(Q)

≤ C.

■

The previous lemma leads to the existence of v ∈ L∞(0, T ; H1
0(Q)) ∩W1,∞(0, T ; L2(Q)), and a

sub-sequence denoted by vi again, such that

vi, v̄i −→ v (strong) in L2 (QT ) , as i −→ 0+

∇v̄i⇀∇v (weak) in L∞ (
0, T ; L2(Q)

)
, as i −→ 0+

vit⇀vt (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+ .

We focuses on the convergence properties of a sequence of functions vi and their associated

components. It is shown that v̄i is uniformly bounded in the Sobolev space H1
0(Q), and both

∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from [61], upper bounds for

vi and ∇vi are derived, which establish their convergence properties. Specifically, it is shown

that v̄i converges strongly to a function u in L2(QT ), while vi converges strongly to v1 in

L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively, in L∞(0, T ; L2(Q))

and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2, ∥vi − v̄i∥2L2(QT ) ≤
i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The analysis further

shows that the difference between the derivatives of v̄i and vi vanishes in the weak sense as

i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere in QT .

7.2.4 Convergence to the Limit Function

In this subsection, for N = 1, we will prove that the approximate solutions converge to a weak

solution, To archive this we need first the following Lemma.

Lemma 7.2.3

There exists a subsequence vi converges uniformly in QT .

Proof : This proof demonstrates the uniform boundedness and convergence properties of a

sequence of functions vi in the domain QT . It begins with the integral representation of the

difference vi(t)− vi(t1), given by

vi(t)− vi(t1) =

∫ T

t1

vit(δ) dδ,

which, combined with the uniform boundedness of ∥vit∥L∞(0,T ;L2(Q)), leads to the inequality

∥vi(t)− vi(t1)∥L2(Q) ≤ C|t− t1|,

where C is independent of i. This establishes a Lipschitz-like property in time.

Next, the proof addresses the spatial derivatives, showing that

∥vix(t)− vix(t1)∥L2(Q)
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is uniformly bounded. Using these bounds, a boundary analysis reveals a bound on ∥vi(t) −
vi(t1)∥L∞(Q), which scales as |t − t1|1/2. A similar argument, considering variations in both

spatial and temporal coordinates, establishes that

|vi(t, β)− vi(δ, α)|

is bounded by terms involving |β − α|1/2 and |t− δ|1/2, confirming Hölder continuity.

Finally, these bounds imply uniform boundedness of vi in QT . By applying the Arzelà-Ascoli

theorem, the proof concludes that there exists a subsequence of vi that converges uniformly in

QT . ■

Theorem 7.2.1

For v0, u0 belong to H1
0(Q). Then there exists a weak solution to the problem (7.1)

Proof : In this proof, we begin by considering a sequence of functions vi(x, t) that are

approximations of the solution v(x, t), which we aim to show converges to a weak solution

defined in Definition 7.2.1. To do so, we fix an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q× [0, T )),

supported in the region where v(x, t) > 0. The sequence vi(x, t) is continuous on QT , and we

know there exists a constant µ > 0 such that v(x, t) ≥ µ on the support of ϕ. Using using

the previous lemma, we can establish that vi(x, t) converges uniformly to v(x, t), and for large

enough i, we have the bound

max
(x,t)∈QT

|vi(x, t)− v(x, t)| ≤ µ

2
.

Thus, vi(x, t) remains bounded away from zero on the support of ϕ, ensuring that vi(x, t) ≥ µ

2
for all k ∈ (0, k0), where k0 is a sufficiently large index. This is important as it ensures the

positivity of the function for the entire duration of the proof.

Next, we use this fact to derive an equation for the sequence vi(x, t). We start with the

weak formulation for vi(x, t), which includes a time derivative term, a gradient term involving

v̄i(x, t), and an external force term. By taking the limit as i → 0, we evaluate the convergence

of each term in the weak formulation.

First, we address the time derivative term. Using the fact that vi(x, t) converges uniformly

to v(x, t), we apply the dominated convergence theorem to obtain the limit of the time deriva-

tive term as i → 0. We similarly handle the gradient term, which involves the operator ∇, and

demonstrate that the gradient terms converge in the appropriate sense, ensuring that the weak

formulation holds for the limit function v(x, t).

For the external force term, we again apply the dominated convergence theorem, which

allows us to exchange the limit and the integral. The limit of the external force term converges
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to the corresponding term for v(x, t), establishing the final form of the weak formulation.

Lastly, we examine the terms in the weak formulation involving gi(x, t, v̄i) and use the fact

that v̄i(x, t) converges to v(x, t) to conclude that the limit of the external force term converges

to g(x, t, v), as desired.

In the end, we show that the weak solution v(x, t) satisfies the weak formulation of the prob-

lem, including the differential equation, the initial condition, and the condition that v(x, t) = 0

outside the region where v > 0. Thus, we have successfully shown that the sequence vi(x, t)

converges to a weak solution in the sense defined in Definition 7.2.1 ■

7.3 Constrained hyperbolic p-Kirchhoff type problem in-

volving free boundary

7.3.1 Problem Introduction

In this subsection, we will thoroughly investigate the existence of weak solutions for a hyperbolic-

type problem by carefully analyzing the following model. Our approach will involve a detailed

examination of the underlying mathematical framework, focusing on the key elements that in-

fluence the solution’s existence and behavior. We will highlight the challenges posed by the

non-linearities, boundary conditions, and other critical factors, which will guide our formulation

of solution our problem.

χ{v(x,t)>0}vtt(x, t) =
(
α + β ∥∇v(x, t)∥pLp(Q)

)
∆pv(x, t)− g(x, t, v) + χ{v(x,t)>0}λV(v), in QT ,

v(x, t) = 0, on (0, T )× ∂Q,

v(x, 0) = v0(x), in Q,

vt(x, 0) = u0(x), in Q.

(7.9)

Then we define the following

Definition 7.3.1

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ;W1,p
0 (Q)) is a weak solution to (7.9) if v(x, 0) = v0, and if

v = 0 outside {v > 0} and for all ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) ∩ {v > 0}) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α+ β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p−2∇v(x, t)∇ϕ(x, t) + g(x, t, v)ϕ(x, t)

]
dxdt

−
∫
Q
u0(x)ϕ(x, 0)dx = − 1

V

∫
Q
v0(x)v0(x)Φ(x, 0)dx− 1

V

∫ T

0

∫
Q
vt(x, t)(vΦ)t(x, t)dxdt

+
1

V

∫ T

0

∫
Q

((
α+ β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p + g(x, t, v)v(x, t)

)
Φ(x, t)dxdt,

(7.10)
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with

Φ(x, t) =

∫
Q

ϕ(x, t)dx.

We can obtain an other definition of a weak solution, to avoid the problem generated by the

free boundary, coincides with Definition 7.10.

Definition 7.3.2

v ∈ H1(0, T ; L2(Q)) ∩ L∞(0, T ;W1,p
0 (Q)) is a weak solution to (7.9) if v(x, 0) = v0, and if

v = 0 outgoing {v > 0} and for all ϕ(x, t) ∈ C∞
0 ((Q× [0, T )) ∩ {v > 0}) if∫ T

0

∫
Q

[
−vt(x, t)ϕt(x, t) +

(
α+ β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p−2∇v(x, t)∇ϕ(x, t) + g(x, t, v)ϕ(x, t)

]
dxdt

−
∫
Q
u0(x)ϕ(x, 0)dx = − 1

V

∫
Q
v0(x)ṽ(x, 0)Φ(x, 0)dx− 1

V

∫ T

0

∫
Q
vt(x, t)(ṽΦ)t(x, t)dxdt

+
1

V

∫ T

0

∫
Q

((
α+ β ∥∇v(x, t)∥pLp(Q)

)
|∇v(x, t)|p−2∇v(x, t)∇ṽ(x, t) + g(x, t, v)ṽ(x, t)

)
Φ(x, t)dxdt,

(7.11)

for ṽ ∈ C∞
0 (([0, T ]×Q) ∩ {v > 0}) is an arbitrary function satisfying

∫
Q

ṽ dx = V , with

Φ(x, t) =

∫
Q

ϕ(x, t)dx.

7.3.2 Approximation of the Weak Solutions

To address our problem, we employ the minimizing movement method, commonly referred to

as the discrete Morse flow. M equal sub-intervals the time interval (0, T ) is divided into, where

i = T /M is the step size. Applying the backward difference method for initial conditions, we

define v−1 as follows:

v−1 = v0 − iu0.

Then we define vm ∈ H1
0(Q) with m = 1, ...,M , to minimize the functional

Fm(v) =

∫
Q

[
|v − 2vm−1 + vm−2|2

2i2
+

(
α

p
+

β

2p
∥∇v∥pL2(Q)

)
|∇v|p +Gm(v)

]
dx+Ψ1(v)+Ψ2(v),

(7.12)

with

Ψ1(v) =

 Ψ1 = 0; if v(x, t) ≥ 0,

Ψ1 = ∞; otherwise ,
and Ψ2(v) =


Ψ2 = 0; if

∫
Q

v(x, t)dx = V ,

Ψ2 = ∞; otherwise .

(7.13)

Additionally, we assume that the initial data v0 and v0 belong to the space H1
0(Q). These

conditions are necessary to ensure the existence of minimizers for the functional Fm, as will be
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demonstrated later.

With v−1 taken from H1
0(Q) and v0 in W1,p

0 (Q), we define v1 as the minimizer of F1. Subse-

quently, vm is iteratively determined as the minimizer of Fm, to address the existence of these

minimizers.

Lemma 7.3.1

Let v be in W1,p
0 (Q), then v is a minimizer of Fm in W1,p

0 (Q).

Proof : The proof demonstrates first, that the functional Fm is weakly lower semi-continuous

in the Sobolev space W1,p
0 (Q) by analyzing its components F1,F2, and F3 separately. The

convergence of a sequence vj ∈ W1,p
0 (Q) weakly to v is assumed.

1. Through direct calculations it is shown that F1(vj) → F1(v) as j → ∞. Using the

Sobolev inequality, the proof establishes ∥vj −v∥L2(Q) → 0, leading to the conclusion that

F1 is weakly lower semi-continuous in W1,p
0 (Q).

2. The weak lower semi-continuity of norms in Banach spaces is utilized to show that F2 is

also weakly lower semi-continuous in W1,p
0 (Q).

3. By leveraging the continuity of Gm and the weak convergence vj → v, the dominated

convergence theorem is then applied to confirm that F3(vj) → F3(v) in W1,p
0 (Q), ensuring

the weak lower semi-continuity of F3.

Finally, since all components F1,F2, and F3 are weakly lower semi-continuous, the func-

tional Fm, being their sum, is also weakly lower semi-continuous in W1,p
0 (Q).

Then demonstrates that the functional Fm attains a minimum in W1,p
0 (Q) by examining the

behavior of a minimizing sequence {vj}∞j=1. Starting with a sequence vj that converges weakly

to v in W1,p
0 (Q), the analysis ensures that Fm(v) = lim inf

j→∞
Fm(vj) and that Fm(v1) ̸= ∞.

The functional Fm(vj) is expressed as an integral involving terms dependent on vj, its gradi-

ent, and the nonlinear function Gm(vj). Lower bounds are derived for Fm(vj) using properties

of Sobolev spaces, such as the Poincaré inequality and embedding theorems, to relate differ-

ent norms of vj and its gradient. These estimates show that Fm(vj) grows without bound as

∥vj∥W1,p
0 (Q) → ∞, ensuring coercivity of the functional.

Key constants, such as the best Poincaré coefficient C∗ and the embedding constant C, are

used to quantify the bounds, while integrability conditions on γm ensure the well-posedness of

the estimates. The analysis concludes that Fm(vj) → ∞ as ∥vj∥W1,p
0 (Q) → ∞, thereby guaran-

teeing the existence of a minimizing sequence that converges to a minimizer v ∈ W1,p
0 (Q).
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The proof finally establishes the existence of a minimizer for the functional Fm in W1,p
0 (Q).

Coercivity of Fm ensures that the functional grows without bound as ∥vj∥W1,p
0 (Q) → ∞, and the

weak lower semi-continuity of Fm in W1,p
0 (Q) guarantees that a minimizing sequence converges

to a minimizer. By analyzing the functional Fm(vj), a lower bound is derived in terms of the

norms of vj and its gradient using Sobolev inequalities, embedding theorems, and the Poincaré

inequality.

The analysis shows that Fm(vj) → ∞ as ∥vj∥W1,p
0 (Q) → ∞, which implies the bounded-

ness of the minimizing sequence {vj} in W1,p
0 (Q). This boundedness allows the extraction of a

weakly convergent subsequence vj ⇀ v in W1,p
0 (Q). As a result, v is identified as a minimizer

of Fm in W1,p
0 (Q). ■

We constructs piecewise linear time-interpolant solutions vi and piecewise constant step

functions v̄i to approximate a minimizer of the functional Fm over a time interval. The in-

terpolant vi(x, t) is defined for (x, t) ∈ Q × ((j − 1)i, ij], with j = 0, 1, . . . ,M , as a linear

combination of the values vj(x) and vj−1(x) at adjacent time steps. The piecewise constant

function v̄i(x, t) is defined to be equal to vj(x) in the same intervals. Similarly, the piece-

wise constant function ḡi(x, t, v) is defined as gj(x, v) in the same time range.Then for all

ϕ(x, t) ∈ C∞
0

(
(Q× [0, T )) ∩

{
v̄i(x, t) > 0

})
, we obtained the approximate weak solution as

following∫ T

0

∫
Q

vit(x, t)− vit(x, t− i)

i
ϕ(x, t)dx dt

+

∫ T

0

∫
Q

(
α + β

∥∥∇v̄i(x, t)
∥∥p

Lp(Q)

) ∣∣∇v̄i(x, t)
∣∣p−2∇v̄i(x, t)∇ϕ(x, t)dx dt

+

∫ T

0

∫
Q

ḡi
(
x, t, v̄i

)
ϕ(x, t)dx dt = 0.

(7.14)

7.3.3 Energy Analysis

In this part, We offer an Energy Analysis for minimizers that yields important conclusions on

their convergence.

Lemma 7.3.2

The functions vi defined in (3.4) and v̄i defined in (3.5), obey the following estimate∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

W1,p
0 (Q)

≤ C. (7.15)

with C is a constant independent of i, such that

C =

(
1

2
∥w0∥2L2(Q) +

(
α

p
+

β

p
∥∇v0∥pLp(Q)

)
∥∇v0∥pLp(Q) + ∥γ∥2L2(Q)

)
eT .
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Proof : The proof presented investigates the behavior of a minimizer vj of a functional Fj

over a discretized space, parameterized by θ ∈ (0, 1). We begin by considering the expression

for the difference between the functional values of a convex combination of vj and vj−1, showing

that it is non-negative. This leads to an analysis of the limiting behavior as θ → 0+, resulting

in the following key inequality:

0 ≤ lim
θ→0+

Fj ((1− θ)vj + θvj−1)− Fj(vj)

θ
.

The proof proceeds by examining the contributions of different terms in the functional Fj.

Each term is analyzed using direct calculations and inequalities such as the Cauchy-Schwarz

inequality and Young’s inequality. The first key term relates to the difference in values of the

functional for the discretized vj and vj−1, which is expanded and simplified to reveal a connec-

tion to the norm differences of the values vj, vj−1, and vj−2 in the L2-norm. This results in an

expression involving the squared norms of the differences of these functions.

The next terms involve gradient terms, where the gradient of vj and vj−1 are considered.

The difference in the gradients is expanded, and we apply inequalities to bound the terms,

ultimately leading to an estimate that involves the squared gradient norms. These terms are

key in characterizing the smoothness of the functions involved.

An additional force term is handled in a similar manner, where the difference between the

functional values Fj is computed and bounded using the function values and gradients. This

results in a term involving the differences of the vj values, as well as the functions γj and gj.

The final analysis involves considering the boundary terms Ψi, where it is shown that the

differences vanish as θ → 0+, leading to a vanishing contribution for these terms.

Combining all the results, the energy analysis provides an upper bound for the total energy,

resulting in an inequality that sums all the contributions from the different terms in the func-

tional. This energy inequality is crucial for establishing the stability and convergence of the

minimizers. The key result is that the total energy is bounded, and through application of the

discrete Gronwall lemma, it is shown that the sequence of vj’s satisfies the following inequality:

1

2i2
∥vm − vm−1∥2L2(Q) +

α

p
∥∇vm∥pLp(Q) ≤ C,

where C is a constant that depends on the initial conditions and other terms in the func-

tional. This result ensures that the sequence of minimizers vj is stable, with bounded energy,

and provides a foundation for further analysis of their behavior as j → ∞.

This gives us that ∥∥vit(x, t)∥∥2

L2(Q)
+
∥∥v̄i(x, t)∥∥2

W1,p
0 (Q)

≤ C.
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■

The previous lemma leads to the existence of v ∈ L∞(0, T ;W1,p
0 (Q)) ∩W1,∞(0, T ; L2(Q)), and

a sub-sequence denoted by vi again, such that

vi −→ v (strong) in L2 (QT ) , as i −→ 0+

v̄i −→ v (strong) in Lp (QT ) , as i −→ 0+

∇v̄i⇀∇v (weak) in L∞ (0, T ; Lp(Q)) , as i −→ 0+

vit⇀vt (weak) in L∞ (
0, T ; L2(Q)

)
as i −→ 0+ .

We focuses on the convergence properties of a sequence of functions vi and their associated

components. From equation (7.15), it is shown that v̄i is uniformly bounded in the Sobolev

space W1,p
0 (Q), and both ∇v̄i and vit are uniformly bounded in L2(Q). Using Lemma 3.2 from

[61], upper bounds for vi and ∇vi are derived, which establish their convergence properties.

Specifically, it is shown that v̄i converges strongly to a function u in Lp(QT ), while v
i converges

strongly to v1 in L2(QT ). Furthermore, ∇v̄i and vit converge weakly to v2 and v3, respectively,

in L∞(0, T ; Lp(Q)) and L∞(0, T ; L2(Q)). The proof then uses the inequality from Lemma 3.2,

∥vi− v̄i∥2L2(QT ) ≤ i∥vit∥2L2(QT ), to establish that vi and v̄i converge to the same limit v = v1. The

analysis further shows that the difference between the derivatives of v̄i and vi vanishes in the

weak sense as i → 0+, leading to the conclusion that v2 = ∇v and v3 = vt almost everywhere

in QT .

7.3.4 Convergence to the Limit Function

In this subsection, we will prove that the approximate solutions converge to a weak solution.

To archive this we need first the following Lemma.

Lemma 7.3.3

There exists a subsequence vi converges uniformly in QT .

Proof : This proof demonstrates the uniform boundedness and convergence properties of a

sequence of functions vi in the domain QT . It begins with the integral representation of the

difference vi(t)− vi(t1), given by

vi(t)− vi(t1) =

∫ T

t1

vit(δ) dδ,

which, combined with the uniform boundedness of ∥vit∥L∞(0,T ;L2(Q)), leads to the inequality

∥vi(t)− vi(t1)∥L2(Q) ≤ C|t− t1|,

where C is independent of i. This establishes a Lipschitz-like property in time.

Next, the proof addresses the spatial derivatives, showing that

∥vix(t)− vix(t1)∥L2(Q)
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is uniformly bounded. Using these bounds, a boundary analysis reveals a bound on ∥vi(t) −
vi(t1)∥L∞(Q), which scales as |t − t1|1/2. A similar argument, considering variations in both

spatial and temporal coordinates, establishes that

|vi(t, β)− vi(δ, α)|

is bounded by terms involving |β − α|1/2 and |t− δ|1/2, confirming Hölder continuity.

Finally, these bounds imply uniform boundedness of vi in QT . By applying the Arzelà-Ascoli

theorem, the proof concludes that there exists a subsequence of vi that converges uniformly in

QT . ■

Theorem 7.3.1

For u0 belong to H1
0(Q) and v0 belong to W1,p

0 (Q). Then there exists a weak solution to the

problem (7.9), according to Definition 7.2.1.

Proof : The proof establishes the existence of a weak solution v(x, t) for the problem under

consideration by demonstrating that a sequence of discrete approximations {vi(x, t)} converges

to v(x, t) and that this limit satisfies the weak formulation of the problem. The sequence

{vi(x, t)}, constructed via earlier steps, is shown to converge uniformly to v(x, t), and the proof

proceeds to verify the weak formulation for this limit.

The argument begins by fixing an arbitrary test function ϕ(x, t) ∈ C∞
0 (Q × [0, T )) sup-

ported within the region where v(x, t) > 0. Exploiting the uniform convergence of {vi(x, t)} to

v(x, t), it is established that both vi(x, t) and the averaged sequence v̄i(x, t) remain positive on

the support of ϕ(x, t). The weak formulation for vi(x, t) is given, involving terms for the time

derivative, gradient contributions from the p-Kirchhoff operator, and external forces.

Each term is analyzed individually. The time derivative term is shown to converge to the

appropriate weak form using the weak convergence of vit(x, t) in L2 and the strong convergence

of the test function’s time-averaged sequence. For the gradient term, properties of weak lower

semi-continuity in Lp-norms are applied, showing convergence of the energy associated with

the p-Kirchhoff operator. The term involving external forces is handled using pointwise con-

vergence of the external force functions and the dominated convergence theorem.

By combining these results, the proof concludes that the limit function v(x, t) satisfies the

weak formulation of the problem, as defined in the framework. This verifies the existence of a

weak solution. ■
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7.4 Conclusion

This chapter successfully constructs weak solutions for constrained Hyperbolic Kirchhoff and

p-Kirchhoff-type problems with free boundaries and volume constraints. Using Energy Analysis

and careful treatment of the evolving boundary and global constraint, the solutions are shown to

be stable over time. The results highlight the complex interplay between a moving interface and

a volume restriction, reflecting realistic scenarios in fluid dynamics and material science. The

applied variational methods prove robust, extending the classical framework and providing a

foundation for both theoretical advances and practical numerical applications in fields involving

dynamic, constrained systems.
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8.1 Introduction

This chapter presents a numerical investigation designed to validate and extend the theoretical

findings on hyperbolic Kirchhoff-type problems. By implementing tailored numerical schemes,

the study bridges abstract theory and practical application, offering visual and quantitative

insight into solution behaviors under various constraints, including free boundaries and volume

preservation.

The core of the chapter details the careful translation of the theoretical models—particularly

the discrete Morse flow framework—into stable and accurate computational algorithms. This

involves a deliberate choice of discretization methods, time-stepping schemes, and specialized

techniques to handle the nonlocal Kirchhoff term, the evolving free boundary, and the global

volume constraint.

A critical discussion on parameter selection underscores the need for choices that ensure nu-

merical stability and convergence, linking these decisions back to the energy estimates founda-

tional to the theory. The simulations explore a spectrum of cases, from standard configurations

to those combining free boundaries with volume constraints, effectively visualizing complex

dynamics like interface motion and constraint-driven evolution.

These numerical experiments serve a dual purpose: they robustly confirm the theoretical

predictions of solution existence and behavior, and they provide a practical tool for probing

system sensitivity and stability beyond analytical reach. Ultimately, the chapter demonstrates

that the developed variational methods are not only mathematically sound but also computa-

tionally effective, highlighting their potential for addressing real-world problems in continuum

mechanics and related engineering fields.

8.2 Hyperbolic Kirchhoff-type problem

We offer In this subsection, numerical results for the one-dimensional problem because a nu-

merical examination of the one-dimensional problem can help us to obtain a better grasp of our

problem. Furthermore, the numerical outcomes are proven to be qualitatively right. This assists

in validating the problem (4.1) at the model level, we start the physical description of problem .

The Hyperbolic Kirchhoff-type problem with fixed endpoints models the dynamic behavior

of a vibrating string, rod, or beam that is secured at two stationary and immovable endpoints.

Physically, this setup represents a system with wave-like motion that propagates along the

structure, influenced by material properties, geometry, and external forces. Unlike the clas-
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sical wave equation, the Kirchhoff formulation incorporates a significant nonlinearity, which

within the tension or stiffness of the system depends not just on local deformation but on a

global measure, such as the total elongation or strain energy. This dependency accounts for

phenomena observed in real-world systems, such as the increasing tension in a stretched string

or the non-uniform resistance experienced by a deformed beam. The fixed endpoints impose

boundary conditions that prevent displacement at the ends, leading to complex wave patterns

within the structure as energy reflects and interacts. These models are essential in applications

ranging from musical instruments, with the vibrating strings producing sound, to structural

engineering, with beams under oscillatory loads that must be analyzed for stability and perfor-

mance. They also find relevance in fluid mechanics, with similar principles governing certain

elastic membrane behaviors. The interplay of wave propagation, boundary constraints, and

nonlinear elastic behavior makes these problems a rich area of study in both theoretical and

applied physics.

Furthermore, in our numerical example, there is no explicit outer force term being applied

to the string, but, the motion of the string is influenced by the internal forces due to the string’s

stiffness and damping.

Thus, to get our simulation we need first to define the following data:

Parameter Value Unit

Q [-1.5; 1.5] m

T 60 S

Density 100 kg/m³

Stiffness 400 N/m

Damping Coefficient 20 Ns/m

Mass 100 kg

Initial Displacement 1 meters

Initial Velocity 1 m/s

Table 8.1: Data included in the simulation
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Then we obtained the following simulation

Figure 8.1: The stability of Hyperbolic Kirchhoff-type problem

The figure (8.1) contains two plots showing the free vibration of an elastic string for different

masses. Both plots demonstrate how the mass of the elastic string affects the damping behavior

of its free vibrations. The heavier ball (mass = 100) exhibits slower damping, while the lighter

ball (mass = 30) experiences faster damping. This suggests that the mass plays a significant

role in the vibrational characteristics of the system.
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Figure 8.2: The dynamic motion of an Hyperbolic Kirchhoff-type problem

The figure (8.2) represents the dynamic motion of an elastic string over time showing the

position of the string at different time intervals. The figure illustrates the oscillatory movement

of the elastic string, showing how its position changes over time. The string’s motion seems

to exhibit periodic behavior, with the amplitude of the oscillations decreasing slightly as time

progresses, which might suggest damping in the system.

8.3 Free boundary hyperbolic Kirchhoff-type problem

We offer In this subsection, numerical results for the one-dimensional problem because a nu-

merical examination of the one-dimensional problem can help us to obtain a better grasp of
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our problem. Furthermore, the numerical outcomes are proven to be qualitatively right. This

assists in validating the problem (5.1) at the model level, we start the physical description of

problem (5.1).

The free boundary hyperbolic Kirchhoff-type problems models the dynamic behavior of a

string, rod, or beam with the endpoints are not fixed but free to move or deform under the

forces acting on the system. Physically, this setup represents a scenario with wave-like mo-

tion propagates along the structure while the boundaries can respond to the internal dynamics

and external forces. Unlike classical wave equations, the Kirchhoff formulation introduces a

nonlinear dependency of the system’s tension or stiffness on a global property, such as the to-

tal deformation or strain energy, reflecting real-world effects like the increasing resistance of a

stretched material. Free boundaries allow for more complex interactions as energy is not strictly

confined within the system but can influence and be influenced by the motion of the endpoints.

This setup often arises in applications like vibrating membranes or strings in fluid environ-

ments, with boundary motion is coupled with internal dynamics, or in structural systems with

flexible supports that can shift under load. The absence of fixed constraints at the boundaries

leads to intricate wave patterns, energy transfer mechanisms, and potential instabilities, mak-

ing such problems central to studies in material science, structural mechanics, and acoustics.

The combination of free boundaries, nonlinear elasticity, and wave propagation highlights the

intricate balance between internal forces and external interactions, providing insight into both

theoretical and practical systems across various fields.

Furthermore, in our numerical example, there is no explicit outer force term being applied

to the string, but, the motion of the string is influenced by the internal forces due to the string’s

stiffness and damping.

Thus, to get our simulation we need first to define the following data:

Parameter Value Unit

Q [-1.5; 1.5] m

T 60 S

Density 100 kg/m³

Stiffness 400 N/m

Damping Coefficient 20 Ns/m

Mass 100 kg

Initial Displacement 1 meters

Initial Velocity 1 m/s

Table 8.2: Data included in the simulation
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Then we obtained the following simulation

Figure 8.3: The stability of Free boundary hyperbolic Kirchhoff-type problem

The figure (8.3) contains two plots showing the free vibration of an elastic string on a flat

surface for different masses. Both plots demonstrate how the mass of the elastic ball affects

the damping behavior of its free vibrations. The heavier ball (mass = 100) exhibits slower

damping, while the lighter ball (mass = 30) experiences faster damping. This suggests that the

mass plays a significant role in the vibrational characteristics of the system.

86



Chapter 8 8.4. Constrained hyperbolic Kirchhoff-type problem

Figure 8.4: The dynamic motion of Free boundary hyperbolic Kirchhoff-type problem

The figure (8.4) represents the dynamic motion of an elastic string over time showing the

position of the string at different time intervals. The figure illustrates the oscillatory movement

of the elastic string on a flat surface, showing how its position changes over time. The string’s

motion seems to exhibit periodic behavior, with the amplitude of the oscillations decreasing

slightly as time progresses, which might suggest damping in the system.

8.4 Constrained hyperbolic Kirchhoff-type problem

We offer In this subsection, numerical results for the one-dimensional problem because a nu-

merical examination of the one-dimensional problem can help us to obtain a better grasp of

our problem. Furthermore, the numerical outcomes are proven to be qualitatively right. This
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assists in validating the problem (6.1) at the model level, we start the physical description of

problem (6.1).

The constrained hyperbolic Kirchhoff-type problem models the dynamic behavior of a sys-

tem, such as a string, rod, membrane, or beam, with the total volume (or an analogous con-

served quantity) is maintained constant throughout its motion. Physically, this setup repre-

sents scenarios with wave-like motion propagates through the structure while the material is

subject to global constraints that influence its dynamics. The Kirchhoff formulation incorpo-

rates nonlinearity by linking the tension or stiffness to a global measure, such as the integral of

the deformation or strain energy, reflecting the material’s nonlinear response to stretching or

compression. The volume constraint adds an additional layer of complexity, enforcing that the

deformation must occur in such a way that the total enclosed or occupied volume remains fixed.

This constraint is particularly relevant in applications like the oscillation of elastic mem-

branes in incompressible fluids, biological systems with cells or tissues maintain constant vol-

ume, or in systems with conserved mass or density. The interplay between the volume constraint

and the nonlinear tension introduces intricate feedback mechanisms, with local deformations

are tightly coupled to the global behavior of the system. This leads to unique wave propa-

gation patterns and energy redistribution dynamics. The volume constraint also significantly

influences stability and resonance properties, making these problems central to the study of

constrained dynamics in physics, engineering, and biological systems. The combination of

hyperbolic wave behavior, nonlinear elasticity, and global conservation laws makes this a chal-

lenging and insightful model for understanding complex physical phenomena.

Furthermore, in our numerical example, we chose the membrane as a ball fixed in endpoint

with string, furthermore, there is no explicit outer force term being applied to the string, but,

the motion of the string and the ball is influenced by the internal forces due to the string’s and

the ball’s stiffness and damping.

Thus, to get our simulation we need first to define the following data:
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Parameter Value Unit

Q [-1.5; 1.5] m

T 60 S

Radius 0.3 meters

Density 1000 kg/m³

Stiffness 3000 N/m

Damping Coefficient 10 Ns/m

Volume
4

3
π0.33 m³

Mass 113.0973 kg

Initial Displacement 1 meters

Initial Velocity 0 m/s

Initial Tension 3000 N

Table 8.3: Data included in the simulation

Then we obtained the following simulation

Figure 8.5: The stability of Constrained hyperbolic Kirchhoff-type problem
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The figure (8.5) contains two plots showing the free vibration of an elastic ball on a flat

surface for different masses. Both plots demonstrate how the mass of the elastic ball affects

the damping behavior of its free vibrations. The heavier ball (mass = 113.0973) exhibits slower

damping, while the lighter ball (mass = 20) experiences faster damping. This suggests that the

mass plays a significant role in the vibrational characteristics of the system.

Figure 8.6: The dynamic motion of Constrained hyperbolic Kirchhoff-type problem

The figure (8.6) represents the dynamic motion of an elastic ball over time showing the

position of the ball at different time intervals. The figure illustrates the oscillatory movement

of the elastic ball on a flat surface, showing how its position changes over time. The red lines
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connected to the ball provide insight into the constraints or forces acting on the ball during

its motion. The ball’s motion seems to exhibit periodic behavior, with the amplitude of the

oscillations decreasing slightly as time progresses, which might suggest damping in the system.

8.5 Constrained hyperbolic Kirchhoff-type problem in-

volving free boundary

We offer In this subsection, numerical results for the one-dimensional problem because a nu-

merical examination of the one-dimensional problem can help us to obtain a better grasp of

our problem. Furthermore, the numerical outcomes are proven to be qualitatively right. This

assists in validating the problem (7.1) at the model level, we start the physical description of

problem (7.1).

The constrained hyperbolic Kirchhoff-type problem involving free boundary models the dy-

namic behavior of a system, such as a string, rod, membrane, or beam, with both the total

volume (or an analogous conserved quantity) is maintained constant, and the boundaries are

free to move or deform under the forces acting on the system. Physically, this setup represents

systems in which wave-like motion propagates through the structure while being subject to

global constraints and dynamic boundary conditions. The Kirchhoff formulation introduces

nonlinearity by linking the tension or stiffness to a global measure, such as the integral of the

deformation or strain energy, capturing the material’s nonlinear response to stretching or com-

pression.

The volume constraint ensures that the deformation occurs in a way that conserves the

total enclosed or occupied volume, while the free boundaries allow the system to interact dy-

namically with its surroundings. This combination leads to intricate feedback mechanisms,

with the local and global behaviors are tightly coupled. Such scenarios are encountered in

applications like elastic membranes in incompressible fluids, with the system must preserve its

volume while interacting with the fluid at its boundaries, or in biological systems with cells or

tissues maintain constant volume while deforming freely. The interplay between nonlinear wave

propagation, volume conservation, and freely moving boundaries results in complex patterns of

energy redistribution, stability, and resonance. This type of problem is highly relevant in fields

such as material science, biomechanics, fluid-structure interactions, and structural engineering,

with understanding constrained and dynamic systems is critical for both theoretical insights

and practical applications.

Furthermore, in our numerical example, we chose the membrane as a ball fixed in endpoint
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with string, furthermore, there is no explicit outer force term being applied to the string, but,

the motion of the string and the ball is influenced by the internal forces due to the string’s and

the ball’s stiffness and damping.

Thus, to get our simulation we need first to define the following data:

Parameter Value Unit

Q [-1.5; 1.5] m

T 60 S

Radius 0.3 meters

Density 1000 kg/m³

Stiffness 3000 N/m

Damping Coefficient 10 Ns/m

Volume
4

3
π0.33 m³

Mass 113.0973 kg

Initial Displacement 1 meters

Initial Velocity 0 m/s

Initial Tension 3000 N

Table 8.4: Data included in the simulation
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Then we obtained the following simulation

Figure 8.7: The stability of Constrained hyperbolic Kirchhoff-type problem involving free

boundary

The figure (8.7) contains two plots showing the free vibration of an elastic ball on a flat surface

for different masses. Both plots demonstrate how the mass of the elastic ball affects the damping

behavior of its free vibrations. The heavier ball (mass = 113.0973) exhibits slower damping,

while the lighter ball (mass = 20) experiences faster damping. This suggests that the mass

plays a significant role in the vibrational characteristics of the system.

The figure (8.8) represents the dynamic motion of an elastic ball over time showing the position

of the ball at different time intervals. The figure illustrates the oscillatory movement of the

elastic ball on a flat surface, showing how its position changes over time. The red lines connected

to the ball provide insight into the constraints or forces acting on the ball during its motion.

The ball’s motion seems to exhibit periodic behavior, with the amplitude of the oscillations

decreasing slightly as time progresses, which might suggest damping in the system.
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Figure 8.8: The dynamic motion of Constrained hyperbolic Kirchhoff-type problem involving

free boundary

8.6 Conclusion

This chapter’s numerical simulations validate the theoretical framework developed in the thesis.

The results confirm that the approximate weak solutions obtained via the discrete Morse flow

behave as predicted, even when accounting for complex features such as free boundaries and

volume constraints. The methods demonstrate robustness across a range of parameters and

boundary conditions, and the visualizations clearly capture dynamic behaviors—such as free-

boundary evolution—offering insights beyond pure theory. By bridging rigorous analysis with

practical computation, this chapter affirms both the reliability of the proposed models and their

applicability to real-world problems in fields such as mechanics and materials science.
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In this thesis, we explored a series of hyperbolic Kirchhoff-type problems, both with and

without volume constraints and free boundaries, through the application of a variational ap-

proach known as the Discrete Morse Flow (DMF). Our primary objective was to establish the

existence of weak solutions to these problems, particularly in cases where traditional methods

are complicated by the presence of non-local terms and evolving boundaries. The DMF method

allowed us to replace the original problems with a sequence of minimization problems at discrete

time intervals, providing a practical and effective way to handle complex hyperbolic equations.

In the first part of the thesis, we applied the DMF method to the classical hyperbolic

Kirchhoff-type problem without constraints, demonstrating the existence of weak solutions.

Through energy estimates, we were able to show that the variational approach guarantees the

convergence of approximate solutions, even when the problem involves non-local terms and

dynamic boundary conditions.

In the second part of the thesis, we applied the DMF method to the hyperbolic Kirchhoff-

type problem with a free boundary. This model is more challenging due to the free boundary,

which introduces new complexities in terms of both the mathematical formulation and the

solution process. However, by using the DMF method, we were able to provide approximate

weak solutions that respect the free boundary demonstrating the existence of weak solutions

through energy estimates.

The third part of the thesis dealt with the constrained hyperbolic Kirchhoff-type prob-

lem with a volume-preserving condition. This required additional modifications to the DMF

method to account for the constraint, and we successfully demonstrated that the existence of

weak solutions still holds. Our results showed that the inclusion of the volume constraint sig-

nificantly impacts the nature of the solutions, ensuring physical consistency in models where
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volume preservation is crucial, such as fluid-filled membranes and elastic structures.

In the fourth part of the thesis, we extended the analysis to the constrained hyperbolic

Kirchhoff-type problem with free boundaries. This model is more challenging due to the mov-

ing boundary, which introduces new complexities in terms of both the mathematical formulation

and the solution process. However, by using the DMF method, we were able to provide ap-

proximate weak solutions that respect both the free boundary and volume constraints. These

results offer valuable insights into the behavior of systems with evolving boundaries and pre-

served volumes, which are relevant in various physical applications.

For the final part of the thesis, the numerical simulations highlight the physical behavior

of the solutions under various scenarios, providing insights into how the system evolves over

time. The simulations demonstrate how the volume constraints and free boundaries affect the

movement and shape of the structure, aligning with real-world physical phenomena. These

findings show that, in the presence of external forces, the system responds in a stable manner,

preserving key physical properties such as volume and energy. The simulations also reveal the

formation of specific patterns and behaviors, such as oscillations and wave propagation, which

are consistent with the underlying physical laws governing the system. Overall, the numerical

results offer a clear and detailed view of the physical dynamics, confirming that the mathemat-

ical models accurately capture the real-world behavior of constrained hyperbolic systems.

As a natural progression of this work, future research could focus on fractional hyperbolic

problems with free boundaries and volume constraints. Fractional-order equations are known

to capture more intricate dynamics, particularly in systems with memory effects, hereditary

properties, or anomalous diffusion. By introducing fractional derivatives into the Kirchhoff-type

framework, we aim to extend the applicability of our methods to a broader class of physical

phenomena, including viscoelastic materials, complex fluids, and nonlocal wave propagation in

heterogeneous media. Fractional derivatives allow for a more accurate representation of mate-

rials and systems with nonlocal interactions or long-range correlations, making this extension

a powerful tool for modeling real-world problems.

In this context, the governing equation could take the form:

Dα
t v(x, t)−

(
a+ b

∫
Ω

|∇v|2 dx
)
∆v = f(x, t), x ∈ Ω, t > 0,

where Dα
t v(x, t) represents the Caputo fractional derivative of order α (vith 0 < α ≤ 1) to

model time-dependent memory effects. The integral term

∫
Ω

|∇v|2 dx reflects the nonlinear de-

pendence of tension or stiffness on the deformation, and ∆u denotes the Laplacian accounting

for spatial diffusion or curvature. The presence of fractional operators introduces long-term
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memory effects into the system, enhancing the model’s capability to describe complex oscilla-

tory behaviors and damping phenomena.

Additionally, the volume constraint can be expressed as:∫
Ω

v(x, t) dx = V0, ∀t > 0,

where V0 is the conserved total volume. The free boundary conditions allow for dynamic

boundary evolution, potentially described by:

(Dα
t v)

∣∣
∂Ω

= g(t),
∂v

∂n

∣∣
∂Ω

= h(t),

where g(t) and h(t) capture external interactions or forces at the boundaries.

Extending the Discrete Minimal Fractional (DMF) method to handle fractional operators

involves developing numerical schemes that preserve critical properties of the system, such

as energy conservation and stability. For example, the fractional energy functional could be

defined as:

E(t) =
1

2

∫
Ω

(
|Dα/2

t v|2 +
(
a+ b

∫
Ω

|∇v|2 dx
)
|∇v|2

)
dx,

with conservation ensuring
dE(t)

dt
≤ 0,

under appropriate conditions.

Future studies would focus on deriving these methods’ analytical properties, implementing

efficient algorithms for fractional operators, and validating them against experimental or real-

world data. Such advancements could uncover new insights in material science, fluid-structure

interactions, and wave mechanics, particularly in systems where classical models fall short of

capturing the observed dynamics.

In conclusion, this thesis provides a robust mathematical framework for solving a wide range

of hyperbolic Kirchhoff variational problems, demonstrating the versatility of the Discrete Morse

Flow method. Our results open the door to further exploration of more advanced topics, such

as fractional equations, and provide a solid foundation for future developments in the field of

constrained hyperbolic problems with dynamic boundaries.
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