People’s Democratic Republic i};é;,i@

Ministry of Higher Education and e
Scientific Research N ;‘m ~”
Sl Larbi Tebessi University- Tebessa ot
Faculty of the Exactes Sciences and Sciences of
Nature and life
Departement: Mathematics

Final dissertation
For the graduation of MASTER,
Domaine: Mathematics and Computer Science

Field: Mathematics
Option: Partial Differential Equations and Applications
Theme

4 N

Control methods for inverse
problems
\_

Presented by:

ALI LINDA
Before the jury :

Dr, BERRAH KHALED MCA Larbi Tebessi University President

DOr, HAFDALLAH Abdelhak, MCA Larbi Tebessi University Supervisor
Dr, AMIROUCHE LAADIEL MAA  Larbi Tebessi University — Examiner

Date of Dissertation : 03/06/2025







@‘\A&W\

" Calladl G b deadl O aalgen AT 5"

gﬁ@@\)ﬂ\@\wgﬁjﬁ\a& M@Mjgﬂ\aﬁw\
At aliady ~lail) g 2gall 3 540 oda
GELEAYL dhule 4L gla CuilS 2813 jual Ada ) K5 A1 Al ) gl
S5y ad Sl Ly 8 aladl Sy ol g Al (S al 5 Cilalaall
12 ala gl las K dkalll by edlal Giadl

A&l ) Laila 368 3 jara ilS Laga (A oY) 8 ghadll b il e b
S o i Gl 5 s Gl ) 8 Cras A5 0
JUEL el gy sad il elilal g

L;A‘ |
suallgeleall ) Gl gz gedall o QB8 8 G 2 (e S

Ew\@émjéy;é\émﬂ@mj@)ﬂcﬁ@\swé\
| SN T E | N R P S | I PR

= S

Jeal (saly (20 U1 A Flaadl A JaT e wilS5 Sl e S
o N ee (Jcuh 5 el a by jeall ey Gl LAl IS 4l




Ol 3B 1Ll sl e e O ) e ga ol Ul Al Al AllS
ol galls Al ad Sl s chaal g Lgaks
Ssal
Y ol el Gl oSa e Caaai g (SilSaia G &S Gl
Lo 2l acall 5 dua) 3l Jlaadl 5 el 8 Aluaall o sl o) iy
VI G Y asall alad a3 Le ol 1,88 (5 g Lo alad Cauay
e Y Al Al g ol 5 gla¥) S Y ) S oS
) S

A1) Gl gell IS e )36l Jinta (Al aSoga g 2 ) skl (e ) daa
e oS 1SS ganil) cillaad 8 juall g ddialall sy 8 digilaall

.LSMY‘.—‘;&JU"')’:’YJJ%JQ‘:JW?‘

Al ible L)

G5 Cary ¥ Al acall Laila i€ La gy 3lad) S Lo (e
Jal dndy miad Al 7 5 05 J&y o)) o el

A8l e ) S5 o et e G 2 G i ol e
¥l € Cag ya Canad) 13 cloal A @llaia ilay agag

A ol Y
GBS Hsialy Gisan Yl 8 8l LSl Jaaii bl e )

O ) g ey dlacy e g elasay o cll | S Leia dalad
e sidl Jaall 138 el & oo Al 5 cllaiag

aadl Jal g 3beadl &l ) atil lrall SUSH g Jafiisal) ac ) )
Jal Jss_jaliadly Dlal dash aiud i) ol <0 U jlgaal )5 Jueall




o 5al Ul aiay Jaal) 138 2o ) Alilall Cli€) oS5 o jiaY) g dunally
LAl i g )




Contents

ADSLIact . . . . . . . e e e e e e e e e ii
Acknowledgments . . . . . . . e e e e e iii
Notations abbreviations . . . . . . . . . . . .. e iv
List of scientific activities . . . . . . . . . . . L L e e e vi
Introduction . . . . . . . . L L e e vi

1 Inverse problems and control problems 1
1.1 Inverse problems . . . . . . . . . . i i e e e e e e e e 1
1.1.1 Inverse Problems Examples . . . . ... ... ... ... .. ......... 3

1.1.2 Well-posed and ill-posed problems . . .. ... .. .............. 6

1.1.3 Ill-posed Problems Examples . . . ... ... ... ... ........... 6

1.2 Control Problems . . . . . . . . . . .. 7
1.2.1 Control Problem Examples . . . . . . .. .. ... ... ... . .. ..., 9

2 Observability inverse problem 11
2.1 Observability problem . . . . . . . . . . ... 11
2.2 Exact observability for the plateequation. . . . . . . . ... ... ... ....... 14
2.2.1 Exact observability for the plate equation . . . .. ... ... ... ..... 15

3 Inverse problem of an SIS epidemic, reaction-diffusion model by optimal control

method 18
3.1 Statementoftheproblem . . ... ... ... ... ... ... ... . ... . ..., 19
3.2 Revaluation of SIS inverse problem into an optimal control problem . . . . . . . .. 20
3.3 Existence and Necessary Conditions for a Minimizer’s Optimality . . ... ... .. 21

1



Contents

AppendiCes . . . . . .. e e e e e e e e e e e 34
Bibliography . . . . . . . . . e e e 35

Contents



Abstract

In this memory, we have made a detailed study of the inverse problem and in particular the
observation problem and analyzed an epidemiological model of the type SIS using optimal con-
trol methods with the aim of identifying unknown coefficients such as transition and recovery
coefficients .

The inverse problem is transformed into an optimal control problem in which a cost function is
defined that minimizes the difference between the model results and the observed data at the
final time and is often represented by differential or integral equations, where the results of the
theory such as existence and necessary conditions for optimality are proved .

Key-words : inverse problem; control problem; observability; optimal control .
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Notations & abbreviations

A space composed of all vectors with n real numbers .
Set of positive real numbers .

A norm in Hilbert space H .

A scalar product in Hilbert space H .

Divergence .

The class of functions with continuous first and second derivative .

The conormal derivative .

The laplacien operator .

The gradient operator .

The space of square matrices of order inR .

The adjoint operator of A .

Self-adjoint operator.

The space of linear bounded operators from X toY.

The domain of definition of the operator A .

The space of measurable functions of summable squares in €2 .
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The kernel of the operator A .

If and only if .

Susceptible-Infectious-Susceptible .

Inverse problem Parameter .
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Introduction

Inverse problems arise when the objective is to ascertain specific parameter values that govern a
phenomenon, and this determination is made by observing the effects produced by that phenom-
enon. The realm of inverse problems is broad and encompasses numerous scientific disciplines,
including but not limited to medical imaging techniques, radar technology, quantum mechanics,
and various methods of image processing . Furthermore, the study of inverse problems extends
to issues encountered in remote sensing applications, where the goal is to estimate the properties
of a surface or object based on measurements taken at a distance .

A significant challenge associated with inverse problems is their inherent difficulty in finding
solutions . This difficulty often stems from the fact that these problems are frequently not posed
correctly from a mathematical or computational standpoint . This incorrect formulation can lead
to instability and inaccuracies in the solutions obtained .

In the context of inverse problems, we will delve into the definitions of well-posed and ill-posed
problems . These definitions will be based on the criteria established by Hadamard, which are
centered on three fundamental aspects of a solution : its existence, its uniqueness, and its stability
. A problem is considered well-posed if a solution exists, that solution is unique, and the solution is
stable with respect to small changes in the input data . Conversely, if any of these three conditions
are not met, the problem is classified as ill-posed, presenting additional complexities in finding
reliable solutions .

Mathematical control theory stands as a subject of immense importance and profound influence,
impacting numerous fields and shaping various scientific endeavors . Its significance stems from
its capacity to provide a framework for understanding and manipulating the behavior of dynamic
systems, making it an indispensable tool across a spectrum of disciplines . This widespread ap-
plicability renders it a valuable asset not only in economics, where it informs models of market
behavior and policy interventions, but also in many other scientific disciplines that grapple with
the control and optimization of complex processes .

At its core, the general control problem addresses the fundamental ability to exert influence over
the state of a system, guiding its trajectory through a series of actions and inputs . More specifi-
cally, this field of study delves into the question of whether it is indeed possible, given the inherent
constraints and underlying dynamics that govern a particular system, to navigate from a defined
starting point, commonly referred to as the initial state, to a meticulously predetermined and
highly desirable goal, which we formally define as a specific objective . The pursuit of control
therefore centers on the feasibility of steering a system towards a target state . Furthermore,

the concept of control inherently introduces the crucial element of time, thereby adding another

vi



layer of complexity to the problem. This temporal dimension directly concerns whether the afore-
mentioned transition from the initial state to the desired objective can be successfully achieved
within a predetermined time frame, a period which is typically characterized by a fixed initial
time and a defined duration . Therefore, mathematical control theory essentially investigates the
possibilities and limitations of guiding a given system from any arbitrary initial configuration to a
very specific and pre-defined target state, all while adhering to a specified and constrained period
of time . This investigation seeks to provide a rigorous understanding of how systems can be
effectively manipulated to achieve desired outcomes within practical temporal constraints .
Relation : how to applying control methods to solve inverse problem

every inverse problem can be transformed into on optimal control

This memoir is consists into three chapters :

In the first chapter, we will first provide a reminder of some of the concepts and definitions that
are necessary for the inverse problem, as well as examples . Second, we will cover some concepts
and definitions that are necessary for the control problem, as well as examples .

In Chapter two, we will discuss the concepts and definitions of observability, as well as some of
the theories we will use, and we will take an application to the observability of a plate equation
with a potential .

The last chapter will be devoted to how to apply optimal control methods to solving inverse prob-
lem where we will restructure the model SIS as an inverse problem to determine the transition

and recovery coefficients .




Chapter 1
Inverse problems and control problems

The aim of this chapter is to carefully define some basic concepts related to the inverse problem
furthermore, we will carefully introduce a series of necessary definitions, and proceed to illustrate
the concepts through a selection of examples, we will then shift our focus towards defining the
control problem and illustrating it through examples, which contributes to the completeness of

this memory .

1.1 Inverse problems
Inverse Problem is a vibrant and expanding branch of mathematics that has found numerous
applications . In this section, we will define some basic notions of the inverse problem .

Definition 1.1 ( Direct problem ) : Direct Problem relates to the equation :

y=A()

Such that A : E — F' an application and E , F' be two linear spaces
where :
y : is the unknown term.

x : is given data.

Definition 1.2 ( Linear inverse problem ) : Let ', F be two linear spaces and A : E — F'is a

operator linear, so the linear inverse problems can be represent such that an equation of the form :

y = A(z)

1



Chapter 1. Inverse problems and control problems

where :
y : is the measured quantities or given data .

x : is the unknown term or unknown parameters or inputs .

Direct problem

Results

Invarse problem

FIGURE 1.1 — Direct Problem and Inverse Problem .

Definition 1.3 ( Nonlinear inverse problem ) : For nonlinear inverse problems, the link between
observations and model parameters is more intricate . So that G : E — F , F, F' is two linear

spaces this relationship can then be expressed as :

y=G(z)

where :

G : is operator non-linear .

General Definition :

In another words inverse problem it is the process of making inferences about the causes from
knowing of the results .

An inverse problem in mathematics can be stated in the following manner :

y=A(r)

where :

y : is the data that got measure .

x : is unknown parameters .

A : is operator linear or non-linear .

Inverse problems are ill-posed problems in general .

1.1. Inverse problems



Chapter 1. Inverse problems and control problems

Direct problem

e (lurputs

nputs

=

Inverse problem

FIGURE 1.2 — Direct Problem and Inverse Problem .

1.1.1 Inverse Problems Examples

Example 1.1 : Find a polynomial p of degree n with zeros xi, ..., x,, . This is the inverse problem to
the direct problem : Given a polynomial p find its zeros 1, ..., x,,. In this example the inverse problem

is easier to solve . The solution is p(x) = ¢(z — x1)...(x — x,,) with an arbitrary constant c .

Example 1.2 ( Backwards heat equation ) :

Consider the one-dimensional heat equation :

Bl PO (0 € (0,7) xR > 0.
2(2,0) = zo() 0<z<m.

The separation of variables leads to the ( formal ) solution :

z(x,t) = Z b, exp(—n?t) sin(nx) with b, = z/0 up (y) sin (ny) dy
n=1

m
The direct problem is to solve for z(.,7") given initial temperature 2, and final time 7". In the
inverse problem, we use z(.,7) to find earlier temperatures like z(.,0), requiring us to derive z

from the integral equation :

1.1. Inverse problems



Chapter 1. Inverse problems and control problems

where :

k(x,y) := Zexp (—=n°T) sin (nx) sin (ny) .

Forward problem

Backward problem

FIGURE 1.3 — Forwards and Backwards Heat Equation .

Example 1.3 ( Diffusion in an inhomogeneous medium ) :

The equation of diffusion in an inhomogeneous medium ( now in two dimensions )

is described by the equation :

Oy(z,1)
ot
where c is a constant and v = ~y(z) is a parameter describing the medium .

1
:Ediv(v(x)Vy(x,t)) , r€e€Q, t>0.

In the stationary case, this reduces to :
div(yVy) = 01in Q , Q C R? such that R? is Bounded linear space .
The direct problem is find a solution y on 0f2 with given values and a function = .

The inverse problem is take a value of y and flux v0y/0v on 0f2 to find the unknown ~ in €2 .

Direct problem

Y(X) o)\
Y(X) ¢ Y,y 0Y/0V

Inverse problem

1.1. Inverse problems
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FIGURE 1.4 — Inverse Problem Modeling .

Example 1.4 ( Inverse Stefan problem ) :

The physicist Stefan modeled summer melting of arctic ice using a one-dimensional approach .
At time ¢ = 0, a block of ice occupies the region x > ¢ . Heating the left end causes melting ,
resulting in water between x = 0 and x = s(¢) for s(¢) > 0, while x > s(¢) remains ice .

Let u(z,t) be the temperature for 0 < x < s(t) at time ¢ , satisfying the one-dimensional heat

equation .

ou(x,t)  *u(x,t)
ot Ox?
Subject to boundary conditions 2 u(0,t) = f(t) and u(s(t),t) = 0 for t € [0, T

and initial condition u(z,0) = ug(x) for 0 < x < 7.

n D:={(xt)€R*:0<z<s(t),t>0}.

uo represents the initial temperature and f(¢) the heat flux at z = 0 . The interface’s movement
between water and ice is proportional to the heat flux, as described by the Stefan condition :
ds(t) Ju(s(t),t)

T fort e (0,77 .

The direct problem computes the curve s from boundary data f and u, , while the inverse problem

reconstructs v and f from a curve s . We express the direct problem as evaluating an operator K
on a known model z in space X , and the inverse problem as solving K (x) = y . Direct problem :
evaluate K (z) given z . Inverse problem : solve K (z) =y given y .

To define an inverse problem, we must specify the operator K , including its domain and range
which helps identify linear and nonlinear issues . Evaluating K () usually involves solving a

boundary value problem or an integral .

Water ice
b : e K
i} e | L
Tt}

Tir} B

0 alt) |

1.1. Inverse problems
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FIGURE 1.5 — Inverse Stefan Problem For Ice Heating .

1.1.2 Well-posed and ill-posed problems

The mathematical concept of a well-posed problem comes from a definition by Jacques Salomon
Hadamard [1865 — 1963| (French mathematician) who formulated that mathematical models of
physical phenomena should, have Dynamic properties .

1. A solution exists .

2. The solution is unique .

3. Continuous dependence on imposed boundary conditions (stability) .

Definition 1.4 ( Well-posedness ) : Let X and Y be normed spaces, and T : X — Y a linear
operator . The equation T'x = y is called properly posed or well-posed if the following holds :

1. Existence : For all y € Y, there is (at least one) x € X such that Tx =y .
2. Uniqueness : For all y € Y, there is at mostone x € X with Tx =y .
3. Stability : The solution = depends continuously on y , that is, for every

sequence (z,) in X with Tx,, — Tx(n — oo) , it follows that z,, — = (n — o0) .
Definition 1.5 ( Ill-posed problem ) : If at least one of the properties ( Existence , Uniqueness and

Stability ) is not verified, the problem is said to be ill-posed .

1.1.3 Ill-posed Problems Examples

Example 1.5 Let A € M, , (R) an invertible matrix and b € R™ a column vector defined as follows :

BN
[
o |
—_
ot N
ot W
\.@‘
I
o |
(=2}

The system Az = b has no solution det (A) = 0 then the first condition is not satisfied, so the

problem is ill-posed .

Example 1.6 ( Polynomial problem ) :

The number of real roots of the polynomial p(z) = —2? + 22 — m varies discontinuously when m
varies continuously on R, A = 4 — 4m In fact, there are two real roots if m < 1 (A > 0)

a double root if m = 1(A = 0) , and no root if m > 1(A < 0) so the problem is ill-posed .

1.1. Inverse problems [
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1.2 Control Problems

Control theory is primarily concerned with ensuring the stability of systems against disturbances,
but also includes optimizing these systems according to standards and establishing finite relation-
ships .

In this section, we will provide a precise definition of control and then illustrate this definition

with examples .

Definition 1.6 ( control problem ): A control problem is a dynamic problem whose behavior can
be modified over time we act on such a problem by means of a control, a general nonlinear problem

can be defined by the equation :

{%(t):f(aa(tm(t),t), te0.7)
2(0) =z € D (f)

where :

x (t) : is system state belongs to R" .

u (t) : is control input to R? .

X © is a given initial state .

D (f) : The domain of definition of the function f . W

In the infinite dimensional setting a control problem by a problem of a partial differential equa-

tions .

Comntrol {uft))

State {x{t])

FIGURE 1.6 — A Control Problem

Definition 1.7 (Controllability problem) :

1.2. Control Problems
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Consider the following system with infinite dimensional :

{ % (1) = Ax(t) + Bul(1) , t € [0,T] 1.1

z(0) = x9 € D(A)
where :
(A, D(A)) is the infinitesimal generator of Cj semi-group {S(¢)};>o in a Hilbert space X .
X : is the Hilbert space .
U : is the control space .
B : is an operator in L(U, X) .
T : is the initial data .
The function x(t) € X , we assume that v € L?*(0, T, U) is the control function .

we know that the solution of (1.1) is :
t
z (t) :S(t)xg—l—/ S(t—s)Bu(s)ds , te(0,7T).
0

then :

the following operator is introduced :
T
Lr:L*(0,T;U) — X with Lru :/ S(T —t)Bu(t)dt.
0
Definition 1.8 ( Exact controllability ) :
The system (1.1)is said to be Exactly controllable in H on [0, 77 if :
Vay € H,3u(.) € L*(0,T;U) such that the solution of (1.1) satisfies : z(T) = x4

Definition 1.9 ( Weak controllability ) :

The system (1.1)is said to be weakly controllable or ( approximately controllable ) in A on [0, 7]
if
Ve > 0,Vzo € H , Ju(.) € L*(0,T;U) such that the solution of (1.1) satisfies :

I 2(T) = a [[u< e

Definition 1.10 ( Optimal control problem ) :

1.2. Control Problems B}



Chapter 1. Inverse problems and control problems

Let’'sY and U be Hilbert space and let’s consider the following optimal control problem infinite

dimension written in the abstract :

inf J (u,y)

where the constant :
Ay = Bu

where :

u € U,q C U, U, is the set of admissible controls is closed convex non empty set of the control
space U .

Y : is the state space .

A : is a partial differential operator on y .

B e L (U,Y) : is the control operator .

J : is the cost function strictly convex function from U x Y to R, U {400} .

1.2.1 Control Problem Examples
Example 1.7 ( Cruise control ) :

The goal cruise control is to regulate the throttle to maintain a desired despite external distur-
bances like inclines declines, and wind resistance .

input (control variable) : engine power .

output (controlled variable) : vehicle speed .

disturbance : road slope,wind resistance and load changes .

Example 1.8 ( Optimal control of blood glucose levels ) :

consider a model for blood glucose level, x(t) (mg) at time ¢ (s) . Without intervention, z(t)

decreases proportionally to its current value :

(t) = —ax(t)

where :
« : is a given strictly positive constant .
glucose level z(0) = a (mg) , target z(t;) = ¢ # a . Transfusion rate u(t) mg/s (control variable)

subject to constraint :

0<u(t)<m , tel0,ty.

1.2. Control Problems [
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where :

m > 0 : is the maximum penetration speed , the evolution of the state z(¢) therefore follows the
differential equation :

T(t)=—ax(t)+u(t) , te|0,ts] .

minimize total glucose transfused :

J(:U(.),u(.),tf)—/Ofu(s)ds.

Given unknown t; > 0, so the problem can be formalized as follows :

mimg, J(x(.),u(.) ),

() =—ax(t)+u(t) ,te0,t],
u(t) e 0,m] , tel0,ty],
z(0)=a,x(ty)=c .

1.2. Control Problems



Chapter 2

Observability inverse problem

Observation is a fundamental property of control system analysis that describes whether the in-

ternal state of the system can be fully characterized based solely on outputs over time .

2.1 Observability problem

Definition 2.1 ( Observability problem ) : Let H and Z be two Hilbert spaces and consider the

following observed system :

%—f = Ax
z(0) = xg 2.1
y=Cz

where :
Z : is the observability space .
A : is operator linear .
C € L(H,Z) : is the observation operator .
xg : is value not given .
The solution of (2.1) is :
y(t) =CS(t) xg = kxo

Observability is an inverse source problem .

Definition 2.2 ( Exact observability ) : The pair (A ,C) is said to be exactly observability on
(0,7) if yo can be uniquely and continuously determined knowledge of the output y € L?(0,T;2)
i.e. the operator K : H — L*(0,T;Z) with Ky = CS(T)y .

11



Chapter 2. Observability inverse problem

Definition 2.3 (Weak observability ) : The pair (A, C)is weakly observable on [0,T] if vy, can

be uniquely and continuously determined and continuous form knowledge of the output of Y €

L?(0,T;Z)ie kery=0=y=00n(0,T).

Proposition 2.1 (A observability inequality ) : the pair (A, B) is exactly controllable on [0, T if

EIc>OV:EEZ:/T | B*S* )z |2 dt >c| z|?.
0
Proposition 2.2 : The system (2.1) is said to be exactly observable on Z if and only
if : there exists ¢ > 0 such that :
ver;/T | B*S* Bz [Zdt>c|z|?.
0
Theorem 2.1 :

(A, C) is Exact observability on (0, T") iff (A*, C*) is Exact controllability on (0,7) .
Proof. A generates a ¢, semi grope a H called {5 ()}, then A*generates a {5 (t)},, -

(Kz, Z)L?(O,T,Z) = (CS@)z, 2)

L2(0,T,Z)

- /OT (CS (), 2 (1), dt

= /OT (x, 8" (t) C*2(t)) dt
= (v,K"2(t)y ,VreH

T
— K*z:/ S*(t)C*z(t)dt = K*=Lr and L} =K"
0
The controllability of (A*, C*) is related to :
T
Lru = / S*(t) C*u(t)dt

0
n
Theorem 2.2 :
(A, C) is Weak observability on (0, 7)) iff (A*, C*) is Weak controllability on (0 ,7) .
Corollary 2.1 : for the system (2.1) we have the following conditions let’s define :

N = Ekk*

2.1. Observability problem



Chapter 2. Observability inverse problem

1) (A, C) is Exact observability if one of following conditions holds :

i)3Iy>0,Vee H, (Nz,x),; >v|z|3 .

i)Iy>0,ve e H ||K:UHL2(OTZ) = fOT |CS (t) x||% dt > ~||x||% (A observability inequality ) .
ii)3y>0,Ve e H, fo |CS (t) || dt > ~|z||7 .

iv) ker K = {0} onIm K is closed .

2) (A, () is Weak observability if one of following conditions holds :

i) N is positive operator .

ii ) ker K = {0} .

i) CS(t)e=0=2=0

Example 2.1 ( Approximate observability of a one-dimensional heat equation ) :

consider the observability problem of the following one-dimensional heat equation on :

 _ &y in 10,1[ x ]0, 7]
(HO) y(0,t) =y (1,t) =0 in |0, 7
y (2,0) = yo (x) n 0, 1]

0(t) = folb(x)y(x t)dx

where :
b,yo € L?(0,1) and T >0 .

the observation space Z = L? (0,7 and the state space Y = L?(0,1), i.e. the operator :
1
C:L*(0,1) — L*(0,T) with Cy= / b(z)y(z,t)dx € L*(0,T) .
0

Find an adjoint C' :

cr . L 0T)—>L2(()TL2(O 1))

(C?J:Z)LZ(o,T) = / Cy (t

_ / / + (1) dadt
= / / (z,t)b(x) z (t) dzdt

= ) 2)
= (y, C*Z)

L2(0,1,L2(0,1))

L2(0,7,L2(0,1))

2.1. Observability problem
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SoC* =b(z).

Operator definition A :

9% f

A:D(A) c L*(0,1) — L?(0,1) with Af = T
T

Find an adjoint A :

2
‘0 J;gdx
x

. 0
= [ gt

= (£, A 9)L2 (0,1)

(Af, 9>L2(0,1)

So A= A"
According to the theory (2.2) :
o (HO) is equivalent to (HC)

9 — 2z 4 p(x)u(t)  in]0,1[x]0,T]
2(0,t) =2z(1,t) =0 in |0, 7
2 (z,0) = zo (x) in ]0, 1]

2.2 Exact observability for the plate equation

The Plate Equation with a potential is a partial differential equation that describes the deforma-
tion of an elastic plate under the action of external forces, such as pressure or stress.

It is mathematically described as follows :
yu + A%y +p(r)y =0

y (x,t) : is the displacement of a point on the plate at point = and time ¢ .
+ : The second derivative of displacement ( acceleration ) .

A%y : is laplacien square .

p (x) : is potential is a function describing the effect of an external force .

We will study this equation based on [1] .

2.2. Exact observability for the plate equation
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2.2.1 Exact observability for the plate equation

consider the exact observability of the problem with potential :

%:(_Aﬂ_p)y 5 in (O7T)XQ7
y=Ay=0, on (0,7) x99,
y(0,2) =yo(z) , Z(0,2) =y1(x) z€Q,

we observe % on ' C 9N i.e.

A
z:Cy:%on I'con

where 7 > 0.
This equation has a solution in C°([0,7] ; H3(Q2)) N C*([0, 7] ; H(Q)) .
Let’s consider once again the operator : Aq : D (A4y) C Hy () — H ()

H:HS(Q) ,D(AO):{yGH3(Q)|y:Ay:A2y:O on 89} , with Agy = A%y

Direct prolem

Inverse problem

FIGURE 2.1 — Observed Inverse Problem .

According to the corollary (2.1) (1) (ii) :

3y > 0,Vr € H,|Kz|?

2
L2(O,T,Z) Z Fny“H

T 0Ay
LI Wiy = (130 ey + 1 3 o)

Equivalent to observability inequality :

T
EIc>0Va:€Z:/ | B*S* )z [P dt>c| z |2
0

(2.2)

2.2. Exact observability for the plate equation



Chapter 2. Observability inverse problem

And then we have :

D<A§>:{yeH3(Q)|y:Ay:0 on 90} ,
and if set :

X =L*() x L*(T'y)

X:D(Aé) x H , D(A)=D(A) ><D<A§> ,
Now we write equation (2.2) in the standard form 2~ = (
From the system on suppose :

and from it :

0 I)(y) (o 0><y>
dy + Oy
-Ap 0 ot -p 0 ot

So standard form :
with A = 0 1 and P = 00 .

We also define the following operators :

pEE(D(Aé),H) ,pE€ L(x),
On suppose :

A,=A+P with D(A,)=D(A) .
From which we write a system :

& =AY

Y (0) = ()

z=CY = (afy)

Q

Q|
<

2.2. Exact observability for the plate equation
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According to the corollary (2.1) (1) (ii) :

T 0Ay oy
(052 By 41 5% e ) 2k (1 B + 1131 W)

Now to find &, we calculate the eigenvalues, specifically by taking the minimum eigenvalues and

then doing some calculations, we find & .

2.2. Exact observability for the plate equation
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Inverse problem of an SIS epidemic,
reaction-diffusion model by optimal control
method

In mathematical modeling, especially in models of the spread of infectious diseases, (S15) refers
to a model "Susceptible-Infectious -Susceptible" . It is considered one of the basic models in
mathematical epidemiology and is usually used for diseases that do not gain permanent immunity,
such as some types of colds or some viruses that can come back after recovery .

Its basic formula is expressed by two differential equations that represent the change in the num-

ber of individuals in the cohort S and I over time based on transition and recovery rates S and ~

SIS N
N
S B :is rate of disease transmission. I
Susceptible Infectious
Y : is disease recovery.

N—

FIGURE 3.1 — Diagram of The SIS Model

We will study this model based on [15] .

18
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3.1 Statement of the problem

Based on the diffusion equation system, the inverse problem in the epidemic reaction-diffusion
model SIS is studied through the Inverse Problem Parameter (IPP) and solved using optimal
control methods .

The SIS model is governed by the following nonlinear coupled reaction-diffusion equations with

homogeneous Neumann boundary conditions :

WP = f(r) By (2)yy,  (0,t) €Q=(0,1)x (0,T),
G- %= 0 (x)y?f;—v()yz, (2,) €Q=(0,1) x (0,7), 1)
20 (0,1) = %2 (0,1) = te(0,T),
G (1,) = %2 (1,0) = te(0,T).

where :

y; : is susceptible individuals .

ys : is infected individuals .

3 : is rate of disease transmission .

~ : is disease recovery .

We take the control space U = L>°(0,1) .

Here we have an isolated spatial environment to comply with the no-flow conditions, which
means that there is no entry and exit of exposed or infected individuals from the spatial envi-
ronment (area isolation), i.e. no population flow across borders . This allows the exclusion of
external influences .

yl(x O) 901< )—O ) y2(5’370)2902($>207 (32)

with :
1
¢; (z) € C**[0,1] ,i=1,2,/<p2(x)d$>0 and ¢, (z) + ¢y (z) > ¢y >0,
0

where :

0o >0, a € (0,1) are all constants .

Suppose we are given additional measurements about the system, the number of susceptible
individuals ¥, (x,t) at final moment ¢t = 7" and the number of infected individuals y»(z,t) at final

moment ¢t = T, known for all = in (0, 1) as shown below :

yl(xv T) - f(:L‘) ) y2<x’T) = g([E) Vo € (0’ 1) P (33)

3.1. Statement of the problem
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given functions f(z) and g(z) satisfying homogeneous Neumann boundary conditions (3.1)

As stated by IPP, a valuable and challenging problem involves identifying the unknown coeffi-
cients #(x) and y(x) in equation (3.1) . This identification is achieved using system (3.1) , and
(3.2) supplemented by data from equation (3.3) .

The objective of this study is to investigate the existence, uniqueness, and stability of the coeffi-

cients 5 and v in the system of equations (3.1) using optimal control methods .

Unkown Final

Parameter Observation
Direct problem

Inverse problem

FIGURE 3.2 — Inverse Problem for The Model .

3.2 Revaluation of SIS inverse problem into an optimal control

problem

This section explains how we can turn the inverse problem into an optimal control problem given
system (3.1) and (3.2) has a classical positive and unique solution .
Then , we can derive the results below , including the established Schauder’s theory for parabolic

equations .

Theorem 3.1 [15]: Assume 0 < o < 1 .Then for any given coefficients 3(x) and y(z) € C* (I) ,

¢i(x) € C** (I) ,i = 1,2 and p,(z) + @y(z) > , system (3.1) — (3.2) admits a unique
positive classical solution, says (y;(z,t),y2(z,t)) . Further for any given constant 7" € (0, 400) ,
(y1(z, 1), ya(z, 1)) € C?T*1T2 (Q) x C***1T2 (Q) , and yi(z,t) and yo(z, t) are all bounded on
[0,T] x I where I = (0,1) .

In order to establish the corresponding control problem, we first define the admissible set by :

3.2. Revaluation of SIS inverse problem into an optimal control problem
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Z/[ad:{ (B(z),y(2):0<bp<B(z) <bp<1,0<my<y(r)<FH<l, }

Vo € [0,1] , VB (x),Vy(z) € L* (1)
Also for the additional conditions (3.3) , we assume that f(z) and ¢(z) satisfy the following
conditions :

f(x) € H'(0,1) , g(z) € H(0,1).

Hence , we can transform the inverse problem (IPP) into the following optimal control problem :

Finding (8(x),¥(x)) € Uaq such that

T3 A@) = inf J(B@) (). (3.4

where :

I6.2) = 5 [ @ Ts8@) (@) = £ (@) P+ | 0. T35(e) (@) = g o) P do 35)

3 [ 198 o+ 1 9y @) P e

Here (y,y9) is the solution to system (3.1) — (3.2) with (3,v) € U,q given .

We choose the lower bound (3(z),¥(x)) in (3.4) is chosen to be the optimal definition of the
coefficients (4(x),v(x)) in (3.1) .

3.3 Existence and Necessary Conditions for a Minimizer’s Op-
timality

This section focuses on proving the existence of a cost functional minimizer and deriving its
optimality condition . First, we formally state the existence result as a foundation for our analysis

. We begin by presenting this existence result .

Theorem 3.2 [15]: Assume that (y;,y9) is the solution to system (3.1) — (3.2) .Then there exists a
minimizer (f,7) € Uaq such that :

J(B,7) = inf J(5.7). (3.6)

(Bv’Y) EUad

Proof. J coercive =—>Exetance of minimizer

J(8,7) — +00 when | VB [lpe(— +00 and || V||, — +o0

Loo(1)

3.3. Existence and Necessary Conditions for a Minimizer's Optimality
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J is coercive so the existence of a minimizer of .J :
J(B,7%) = inf J(B,7).
(8:7) L (8,7)
n
We now establish the necessary optimality condition of the minimizer to the cost functional (3.5)

as follows :

Theorem 3.3 [15]: Let ([3,7) be the solution of the optimal control problem (3.4) , (71,%2) be the
solution to system (3.1)with (3,) replaced by (3,7) and (p1, p2) be the solution to the adjoint system
(3.7) . Then for any <B, ﬁ) € Uyq , it follows that :

B—B) L (45— 3) | (pr—pr)dadt + N | [VBY (3= B) + V4V (3 —7)] dz > 0.
Q Y1+ Y2 7 57)

Proof. For any ([3, ’3/) and ¢ € [0,1], set

ﬁs = (1_€)B+€B GZ/{ad
Ve = (1—6)’7—1-8’3/ Guad
further let :

G2 = 5 [0 @ T38090 = £ @) P+ e o T3B7) =g ) P do

N
+§/U VB P+ | V. [P] do
I

1

JBove) = s [ [lvi—f@) P+]ys—g@) ] de
2

N
5 (198, P+ V3. Pz,
I
1, . 1, . N
= 3 | yi — f(z) ||%2(1) 5 | v5 —g(z) ||%2(1) T | V8. ||%2(1)

N
+5 I V7. H%m)
where (y5, y5) is the solution to system (3.1) , (3.2) with (3, ~) replaced by (5.,.) -

We take the derivative of J. to achieve that :

Je oy§ oy5
Tl o= [{ui- 7@ ot - g @] B Lo p o

N /I VBV B) + VAV( —7)] do

3.3. Existence and Necessary Conditions for a Minimizer's Optimality
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Since ([, 7) is the optimal solution of the optimal control problem (3.4) one concludes that :

Je
5 le= > 0
de le=02

0J(8..7) (B~ B) = lim

—

JB+e(5-8).7 = 5 hm(eTiB+e(B-5).7) - @) Iy
+% [ (zTB+€<Z‘3—5>77> 9(2) Iz2n)
-+g [ (5+a@ Bbumf o 197 I

2
= 5||?J1(..'L‘,T,B,’7)+€y1 'raTaB_B

1 0 oy -~ A —
+§ H y2($7T3577)+8y2 (‘T,T,B—ﬁ,”}/)

N e N
+5 I VB +e(B-B)) By +5 I V7 I

_ . 1 _ 1, .
J(ﬂ+a(6—ﬁ>fy) = 5l (@.T58,7) = f @) 20 +5° v (H?Tﬁ—ﬁﬂ) IZ201)
TBaf_}/) _f(x)ayl (:C?TaB_Bai/ )Lz(l)
3) — 0 &) gy +52° oo (2,738 = 3.7) Py
+€<yz(x,T;B,7)—g( ) s Yo (w T:B - B, 7))
N
5 3)

12y

. N
I VB 72y +5€* I V(B ~

N
+§ [ HL2 o T+ 2

4 Ne (vg, v(

=
|
!

) L2(1)

if

~ —

- %Hm(mﬂﬁ—ﬁﬁ)mm+N(V@V@—50Hm
oz | (2 T8 =5.3) oy +ael VB IP
+@d%Tﬂﬁ)—f@%y( T3 - B.3))ew
(@ T8 ~ @) (0 T8 -57)) .,

3.3. Existence and Necessary Conditions for a Minimizer's Optimality
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Applying definition 2 : (See Appendices definition 2)

= 0J(B.,%) B—B) = (1 (z,T:8.,7) — f (), (%T;B —Bﬁ))LZ(I)
+ <y2 (LT;Bﬂ) —g(x),y2 (:E,T;B — B,’?)) , + N <VB7V(B - 5)>L2(1)

L2(I)
In the same way , we find

0J(B,7v:) (Y =7) = (n (2, T;58.9)

_f(‘r)vyl (x>T Bafs/_:y))g(]) +N(V:)/>V(’A)/_FY))L2(I)
+ (y2 (2, T38,7) — g (x) 2 (2, T}

—> 0J(8..9) (B = B) +0J(8.7) (3~ ) =

8J(557%) = /C; |:(B - B) % - (ﬁ/ - 5’) 172] (p2 —pl) dzdt

+N/I[VBV(B—B)+VWW—7>] dz > 0

We now define necessary condition for optimality . Let (3, 7) is the solution to the optimal

control problem (3.4) , (41 , ) be the equivalent solution to system (3.1) — (3.2) when (3,7) =

(3,%) , and (p1, po) is the solution to the adjoint system associated with system (3.1) — (3.2) .
Let’s define an adjoint state :
( &L — —Ap + glf§2)2p1 (yli;)zpz ) (z,1) €Q,
B2 — —Apy+ | L — | pr - %—"V]pz, (z,1) €@,
%1 (0,t) = 22 (0,1) =0, te(0,7), 3.8)
a1°1(1 t)_3p2(1 t)=0, te(0,7),
m (@, T)=uy (2,T,5,7) — f(z), z€(0,1),
kpg(alr,T):yz(ac,T,B,’_y)—g(ac) : xz € (0,1) .

3.3. Existence and Necessary Conditions for a Minimizer's Optimality
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Denote (2§, 25) = <y1€y1, y2€y2> . Then taking (3,v) = (5°,7°) in (3.1) , one has

(= Ay =8 (0) B+ (1) g5 (a,1) € (0,1) x (0,77,
G Ays =B (0) B — 7 ()5 () € (0,1) x (0,7,
yi($0)_¢1<):y§(7) ¢2() 376(071)7 (3.9)
Wi(0,t) = %2 (0,t) =0 te(0,7),
\ %Wlﬂ %2 (1,t) =0 te(0,7),
Taking (8,7) = (B,7) in (3.1) we can obtain :
(%A =—B(2) PE +5(2) 5 (z,1) € (0,1) x (0,11,
8” — Agp = B (x) ;jf; 7 @)y (z,1) €(0,1) x (0,717,
y1@70) ¢y (@) 5 92 (2,0) = ¢y () €(0,1), (3.10)
9 (0,t) = 92 (0,1) =0 te (0,7),
| (L) =%(1L,t)=0

€ (0,7),
Subtracting (3.9) in (3.10) and dividing both sides by ¢ , we can acquire that

%_% _ 04
ot ot ot

E(Ayf—ﬁﬂl) = Azf

as well :

- YiYs = 1Yo
_6 : 192 - + — -
Y1+ Ys h+ Y2

—Byiys (U1 + §2) + By (v + ¥5)
(91 +82) (¥ + v3)
_ =By — Bivae + B11gs (vi + 45)
(91 +52) (¥ +v3) i
—Byith [e25 + o] — By592 [e2f + 1] + Binye (vi + v3)
(01 + 72) (45 + 43)
—ef°(yitn 25 + v5i225) | (B —5°) 31 (yi + v5)
(U1 + %2) (¥ +5) (71 + 2) (y5 + 15)
et i+ vgmsn) | (0B (BB)) mim i+ )
LA L + —
(U1 + 72) (v +5) (71 + 2) (¥5 + 13)
—B (7 + i) (5 5) mae (v +v3)
(71 + 2) (5 + 13) (U1 +72) (Y5 +v3)

3.3. Existence and Necessary Conditions for a Minimizer's Optimality &}
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Vs =2 = 7 ez + ] — 02
= e+ 0" -7k
= eYn+(y+e(¥—7) =) %
= e(Vu+ @ —7) %)

In the same way , we find :

2 _ B\ € €
5 Y1Ys = 2| BT(Withes + ystez) (5 5) Y192 (Y5 + v5)

€ € — — = = = € € = = € €
Yvi+ys it (71 + U2) (y5 + 15) (U1 + 72) (y5 +3)

=Y+ = —e (5 + (5 =) %)
from this , we get :

( P - B ~ . N R B
T = A2 = ey [92052E + iz — (ﬁ - B) e G e E
Bz e _ _ 2 - o R _
5 A = e sz + vias] + (B B) BB — v - (G-
25 (x,0) = 25 (2,0) =0 , z€(0,1), (3.11)
%i(0,t) =22 (0,t) =0, te(0,7),
\azl(”):%i(u) 0, te(0,7),
Let z; = 2§ |.—o . means that lim.__,o 2f = z;.
in the same way :
lim 3 =3 and lim yf = lim ez + 4 = ¥
e—0 e—0 e—0
Then z; satisfies :
( 0 B3 By? _ (B-B)nz2 | . -
S Az = (?314—52)2 1 [(@14-52)2 N ’Y] 22 _<A 121)4—??2 + (=) %
az By5 By} - B—B)y152 A\ -
5~ An=gagrat [(ﬂwézﬁ - 7} = il G )
Z1 (l‘ 0) = Z9 (:E 0) =0 T € (07 1) ’ (312)
921 (0,t) = 922 (0,t) =0 te (0,7),
8z 82
| o (L) =72(1,6)=0 te(0,7)),
On the other hand :

3.3. Existence and Necessary Conditions for a Minimizer's Optimality
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2
0z; Op; 0% Ip1 0z Ops
; (ng‘i‘zzg) = D1, ta Tt

i=1

(B - B) Y1y2p1

= pAz — b3 1P1 — [ Gl —’7} Zop1 —
(7 + 72)? (71 + 2)? Y1+ Y2
Bys 3y;
+ — 2 Ap] + ——TF— 12 — ——E— oz + P Az
(¥ =) Yopr — 218p1 @+ y2)2p1 1 @+ y_2)2p2 1T P2RA%
+ﬂ21p2 + {ﬂ — 7} Zap2 + <B _ 5) i — (¥ = 7) v2p2
(71 + 72)? (71 + 72)? Y1+ Yo

By; _ B3 _

2
8zl- 0 i ~ = ]

Z <pza_ + Zz_p> = 1Az + peAzy — 21Apy — 23Apy + (ﬁ — 5) _y1y2 (p2 — p1)

- ¢ ot L+ T

~

— (5 =7) (p2 — p1) B2

Then :

0z op;
Z (Pza—z + 2 aljf ) = p1Az + paAzy — 21Apy — 22Aps (3.13)

1=

{(6 B) A~ (3-9) zb] (b2 — 1)

Also note that :

o apl 0z 21 apQ 822
a(plzl + pozo) = or +Dp1—= BN + 20— o1 + Do—— BN (3.14)
2
0z; op;

We have :

p(x,T)=y(x,T;3,7) — f(x) =0 and py(z,T) = y(=,T;3,79) — g(x) =0

3.3. Existence and Necessary Conditions for a Minimizer's Optimality
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Consequently, from (3.12) and (3.13) and integrating on () , one obtains that :

// T (p121 + p222) (x, 1) dtdﬁ—// [ B-B ylnyyz—W—W)m (p2 — p1) dtdx  (3.15)

Thereupon, it follows from (3.8) and (3.15) that :

/I{[yl (,7:8,9) = f(@)] 21 (&, T) + |2 (2,T;8,7) — 9 (x)] 2 (2,T)} dz

/z/oT [(B A ylyf; —(=) ﬂz} (p2 — p1) dtda

By changing the time direction s = 7' — ¢ and the change of functions p;(z,7 — s) = w;(x, s) and
(s,z) € Q,i=1,2,system (3.8) can be rewritten as :

yz(maT - 5) = yz*(xa S) b

t=T—s= 0t=—0s So%i"(a:,T—s) —i(z, )
([ owy _ _ Bw) Blus)”
Os - Awl y1+y§)2 (y{-‘r 5()2102 5 (l’, 8) 6 Q?
dws _ B B(y§)2 e B(y§)2 .
ds AwQ (y{er;)Q 7:| w1 + |:(y{+y;)2 v w2, ('xa 8) € Q7
{ 22(0,s)=22(0,5) =0 e (0,7), (3.16)
o1 (1,s) =222 (1,5) =0 € (0,T),
U)1<I',0)— 1(‘/L‘7T76a7)_f(x) ] I’G(O,]_),
w2(37>0):y2 ([L’,T,B,’_y)—g(fﬁ) > VS (0,1)

Lemma 3.1 [15]: Let (p1, p2) be the solution to system (3.8) . Then || p; ||y, ¢ = 1,2, is bounded

on [0,77].

Proof. Let F'(uy,up) = 2“2 . We derive F'(uq,uy) to get :

u1tu2

uy (ug + ug) — ugug

! (u1 + U2)2 ? ’ (Ul + UQ)Z
o __u
(u1 -+ U2)2 (U1 + u2)2
- Fu1 (yfay;) = Fm ‘u1=yf:u2=y§-
Then (3.16) can be written as :
B — Awy + BFu, (45, y3) wi — B, (5, y3) wa =0, (3.17)
sz — Awsy + [BF., (Y 93) — 7) w1 — [BFu, (i y3) — 7] we =0

3.3. Existence and Necessary Conditions for a Minimizer's Optimality
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Multiplying the first equation of (3.17) by w;and integrating on , one obtains that :

aw 0 * * 0 * *
/—lwld:v — /wlAwldm + /ﬁFul (y7,ys) | wy |2 — /ﬁFu1 (Y7, ys) wawrde =0
I I

using the Green’s formula and the Cauchy inequality, we can demonstrate that :
We know that 12 (w)? = w2 .
Applying the Green’s formula : (See Appendices Theorem 2)

10 2 ow, 2 / * ok 2
295 |, (w1)” dx /le 5 dF—i—/ | Vuw; |* de+ IﬁFul (yi,v5) | wy | dx
Q

_/BFUI (yikay;)waldx =0
I

1 8 Yo * * Vo * *
3o [ de = [ 3P ) wwwnds — [ B i) | P ds
SJrI I I
We have F,, (u1,us) = (mii)g and since uy,uy > 0, it’s clear that 0 < F,, <1
10

3o Jwnrar< [15 1w llwdos [ 15w e
Applying The Cauchy—Schwarz inequality : (See Appendices Theorem 1)

[0 Bllwe o fdos [ 1511w de <
I 1

([15¢w |2dx)5(/1|w1 |2dx)5+(/1|5|2<|w1 |2>2da:)%

Bo lls ol 50l w12,
Applying (ab§§ >on bollws |, Nl
S < g (P, g Il 2, ol 12,
10 b2 1 )
s lwlen < (Z+h)lwl, 451w, (3.18)

Similarly, multiplying the second equation of (3.17) byw, and integrating on / , one acquires :

8w2

szdx - /IUQAU)QdI + / [BFu (y1,y5) — 7] wiwadz
I I

- / (B, (t,43) — 7] wk = 0
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Applying the Green’s formula : (See Appendices Theorem 2)

10 ow -
5@/[(w2)2dx—/w26—;d1“+/ | Vw, |2 dm+/}[,BFU2 (i, v5) — 7] wiwqdz

Q
—/I[ﬁFm (i 95) =) ws = 0

10 _ )
29s / (w2)" do = / [BFs (v, 93) — 7] w; — / [BFu, (v1,93) — 7] wiwadz

We have F,, (u1,us) =

(mfﬁmf and since uy,us > 0, it’s clear that 0 < F,,, <1

10

35 e < [15 3w un dos 1547 |l wa P da

Applying Cauchy-Schwarz inequality :(See Appendices Theorem 1)

/ | B+ww2uw1ym/mwuwmg
I I

([13+7 M P par) + ([15+3F Qupra)
1 I

< (bo + 7o) || wy o lnll ., + (o + 7o) [ wa [IZ2(r)
Applying (ab < % + 5 ) on (b + 7o) | wa |, Jwill ,
10 (bo + 70)? 1 -
20 | wy 172 (= Y | w2 ||%2(1) +§ | w1 ||i2(1) + (bo +70) || ws ||i2(1)
T 2
10 (bg +’f()) 1
275 | ws (|72 < (T +bo+ 70 | [ wa 17201y +35 | wr 1727y (3.19)

Then it is easy to see from (3.18) and (3.19) that :

0

(w0 a0y + 1w W) < (148 +Bo) [ wr [

(B +70)" + 20 +70) + 1) | ws |32

2
8 (N g + 1 Wy ) < (ot 1) o s
2
(bo + 7o + 1) H Wwa ”%2([)
_ 2 = _ 2
< max{(bo + 1) , (bo + 7o + 1) } (H w1 H%z([) + || we H%z(l))
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< o+ 70+ 1) (I wn oy + s [Bagr))
which implies that :

<|| w1 ||L2(1 + || we ||?;2 )

lwy 72y + 11 w2 72

S ([_)04—7704‘ 1)288

T _ 2
= I [l [Fa + w2 (ol < (Bo 70 +1)" s

T _ 2
= [lwr [ + 1wz [ < exp ((Bo+ 70 + 1) s)

- _ 2
= [Bary + 1 w2 [y —exp (o +70+1)7s) <0

We have :

95 [aexp (—ks)] = Oaexp(—ks) — kaexp (—ks)
= (0a — ka)exp (—ks)
On suppose :
| wi H%m) + || we ”%2(1): «
(bo+70+1)° =k
= (Oa —ka)exp(—ks) <0
= exp(—ks) >0s0 da—ka<0 = Jda < ka
— % l[aexp (—ks)] <0 so
O (0w gy + 11 By ) exp (= (Bo+ 70+ 1)75)] <0 (3.20)

0s
Integrating from 0 to s on both sides of (3.20) , we get :

| g [ ey + e [y exp (= (o 70+ 2)75)] e < 0

(1ws (,8) Pagn + 1w () gy ) exp (= (Bo+ 7o+ 1) s)
= (@ 0) gy + [ wa (2,0) [2 < 0

We know :

wy (2,0) =y1 (2, T58,9) — f (z) and wy (2,0) =y (2, T3 8,7) — g ()
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— B 2 = _
— (H wy H%Q(D + || we ||2LQ(I)) exp (— (bo + T + 1) s) <|| w1 (%T;ﬁﬁ)—f(f) ||2L2(1)

We now multiply both sides by exp ((1_90 + 7o + 1)2 3) :

o (& 73B,3) = £ ) oy +

)

7 _ 2
(1w gy + 1l ws [22r) < exp (B + o+ 1)°s)

2 2
= max ([l [ + | wa ) <
H hn (]J,T;B,’?) - f(l‘) ||%2(I) +

max] (exp ((l_)g + 79 + 1)2 s)

s€[0,T

2 2
mas (101 By + w2 W) <

lv1 (2, T;8,7) = f (x) H%Q(I) +

T 2
exp( bo + 7o+ 1 T) _
( ’ ’ ) + || Y2 ($,T,B,’7> - g(l’) ||%2([)

which implies that || p; (¢) ||z2(=| wi |lz2(1), @ = 1,2 is bounded on [0, 7] . Next we further give
the H'estimate of w(z,t) = (wy(z,t), ws(z,t)) to achieve our result by the standard embedding

theorem . Multiplying the first equation of (3.17) by Aw;and integrating on I , we have :

aw o, * * e * *
/—lAwldx - /(Awl)zdx = /BFu1 (7, y3) waAwydr — /ﬁFu1 (y7, ys) w1 Awydx
I I I

Then we have :

Noting that 0 < 5(z) < 1and 0 < F,, (y;,y*) < 1, we can conclude that :
1 8
L ey + I Awr 72 | wy || Awy | dz + | wy || Awy | dx

Applying the Cauchy-Schwarz inequality : (See Appendices Theorem 1)

/ | w2||Aw1]da:+/|w1||Aw1]da:§(/|w2|2> (/|Aw1,2)
I I I I
—I—(/|w1|2) (/|Aw1|2)
I I

< Nlwallzzy | Aws [[z2ry +Hwellzey | Awy ||z2r
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Applylng (ab < % + %) on ||’(U2||L2([) || Aw1 ||L2(I)ar1d ||w2||L2(1) || Aw1 ||L2(I)

10 el | 18w gy | o By | | A s
So s B + 1 Awy < 5 (1w ey + s gy ) + 1 Aws [

0
- s | w ||12q(}(1)§|| w2 ||i2(1) + || wy ||%2(1)

Integrating from 0 to ¢ in the above inequality , we obtain :

t t
0
| 3 o By de < [ (1w By + o )

— ) wn (@0) Iy =l n (@,0) IS (1 ws Pagry + wn By 8

= w1 (2,4) [ )< (|| wa |32y + I wy u‘zzm) t+ | yi (2. 758,7) = f (@) I,
= || wy (x,t) H%’S(US
7 e (Il wa Wy + v o) + 1o (. 738.9) = £ @) g

So, || wy |2 i (nyis bounded on [0, 7] . Similarly , we can prove that || w, H , is bounded on [0, 7]

. Therefore , the standard embedding theorem yields the desired result. l
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Appendices

Definition 1: Let J : U C X — Y be an operator with Banach spaces X,Y and U # () open. J is
called directionally differentiable at x € U if the limit :

o) — tim 2 =T @)

t—0t t

ey

exists for all h € X . J is called Gateaux differentiable at x € U if J is directionally differentiable at
x and the directional derivative J'(x) : h € X — dJ(z,h) € Y is bounded and linear, i.e. , J(z) €
L(X,Y).

Theorem 1 : (Cauchy-Schwarz inequality)

Consider v and v € L? (2) , then , Cauchy inequality given by :

|/qudx|§ (/Q|u\2dx>é(/ﬂ|v|2da:)é

Theorem 2 : (Green Formula) Let €2 C R™ be a bounded spatial domain with smouth
boundary 02 = I' , where v denote the external unit normal vector .

Let v and v be any two real functions of class C*(2) , we have

/(Au)vda: = /U@df—/VuVde
Q T v
Q
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