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 رب العالمٌن " الحمد لله" و آخر دعواهم أن 

 الختام  البدء و عندعند  الحمد لله

 الدراسٌة بمذكرتًالذي وفمنً لتثمٌن هذه الخطوة فً مسٌراتً  الحمد لله

 النجاح بفضله تعالى هذه ثمرة الجهد و

 بالإخفالاتانتهت الرحلة. لم تكن الرحلة لصٌرة لمد كانت طوٌلة ملٌئة 

ً بكفاح ةفخور ًلكنو لم ٌكن الحلم لرٌبا والنجاحات ولم تكن سهلة و

 فً اللحظة أكثر فخرا اهدي  نجاحً هذا ولتحمٌك احلامً 

ٌا من صبرتً رغم العثرات ٌا من وصلتً رغم التعب  الطموحة " لنفسً

ٌا من آمنتً بأن الخطوة الأولى مهما كانت صغٌرة تمود دائما الى التمدم 

صبرن نت تلمسٌن ثمار ها أٌا من بكٌتً بصمت ثم ابتسمتً  للناس 

 واٌمانن بذاتن فخورة بن ٌا انا ".

 الى امً                                      

 الصبر الى من غرست فً للبً حب الطموح وسمت روحً بالدعاء و

الى حبٌبتً و ملاكً فً الحٌاة الى من كانت تفرح لفرحً و تدمع لدمعتً 

 الله . ٌا من كنتً النور فً عتمتً .....امً الغالٌة حفظها

 الى ابً 

كافح من أجلً الى المصباح الذي انار دربً  ولمن احمل الى من ربانً و

الى من مر ٌا سٌد الرجال و طبت لً عمرا اسمه بكل افتخار طاب بن الع



من الله ان ٌمد فً عمرن لترى ثمارا لد حان  والولار أرجكلله الله بالهٌبة و

  .والدي العزٌز ..اهدٌن هذا الإنجاز فخرا لن و لطفها 

 الى اخواتً 

الغالٌات كبرت بٌن ضحكاتكن ونضجت على حبكن انتن امانً الذي لا 

ً و الجدال الذي احبه و الدعم الذي ما الفوضى الجمٌلة فً اٌام ٌتغٌر انتن

نجاحً الٌوم لا ٌكتمل الا لو ما انتم اخواتً  اكثٌر صف  نجاحً ما ٌسوىٌ

 كنتن الأمان و السند والضحكة التً لا تنتهً . بكن شكرا لانكن

 الى اخوانً 

ضلع الثابت الذي لا الى من جمعنا معهم بٌت واحد و كانوا خٌر سند الى 

وجودكم الذي منحنً الموة رغم  كل الهوشات انتم ٌمٌل الى من امنوا بً 

الطمأنٌنة فً وسط العاصفة والصبر فً لحظات التحدي شكرا لكم من 

 . ىحب لا ٌشتر ىعلى وجود لا ٌعوض وعل الأعماق

 الى عائلتً الثانٌة 

ذي الوالذي لا ٌغٌب الى من سٌشاركنً الحٌاة ٌوما كنت دائما الدعم 

  الروح التً تمنحنً دفعة أمل ولبل ان ٌمال  ه استشعر

على الثمة شكرا لن الى من ٌؤمن بً رفٌك درب ى من أراه سندا وال

بالإصرار حروف كتبت اهدٌن هذا البحث الله  نحفظوجودن بجانبً و

 . صفحات من نور الاملو

  الى امً الثانٌة 

احتوتنً كاننً و ولدت فً للبً حبا لا ٌموت  لكنهاالى من لم تنجبنً و

وتشجٌعن ادع الله ان على دعمن ولطعة منها شكرا لن على وجودن 

 ٌبارن فً عمرن اهدٌن هذا العمل المتواضع .ٌحفظن و

امل الغد انتم زهرات الحٌاة ووالكتاكٌت الصغار  المستمبل  براعمالى 

الكرام انتم لستم فمط اهلا بالمصاهرة بل اهل  أصهارناالجمٌل والى 



العمل  دمتم لنا اخوة فً اهدٌكم هذا ة بالمحبة والاحترام بكم اكتملت العائل

  سندا فً الحٌاة .الملب و

    

              

 



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Notations abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of scientific activities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

1 Inverse problems and control problems 1

1.1 Inverse problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Inverse Problems Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.2 Well-posed and ill-posed problems . . . . . . . . . . . . . . . . . . . . . . . 6

1.1.3 Ill-posed Problems Examples . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Control Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Control Problem Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Observability inverse problem 11

2.1 Observability problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Exact observability for the plate equation . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 Exact observability for the plate equation . . . . . . . . . . . . . . . . . . . 15

3 Inverse problem of an SIS epidemic, reaction-diffusion model by optimal control

method 18

3.1 Statement of the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Revaluation of SIS inverse problem into an optimal control problem . . . . . . . . . 20

3.3 Existence and Necessary Conditions for a Minimizer’s Optimality . . . . . . . . . . 21

1



Contents

Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

Contents i



Abstract

In this memory, we have made a detailed study of the inverse problem and in particular the

observation problem and analyzed an epidemiological model of the type SIS using optimal con-

trol methods with the aim of identifying unknown coefficients such as transition and recovery

coefficients .

The inverse problem is transformed into an optimal control problem in which a cost function is

defined that minimizes the difference between the model results and the observed data at the

final time and is often represented by differential or integral equations, where the results of the

theory such as existence and necessary conditions for optimality are proved .

Key-words : inverse problem; control problem; observability; optimal control .
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 ملخص 

 بشكل خاص  كسية وبدراسة مفصلة للمشكلة الع في هذه المذكرة،  لمنالمد  

باستخدام طرق التحكم  SIS نموذج وبائي من نوعتحليل مشكلة الملاحظة و

شفاء .  مثل معاملات الانتمال وال الأمثل بهدف تحديد المعاملات المجهولة

يتم فيها و  التحكم الأمثل مشكلة  يتم تحويل المشكلة العكسية إلىحيث 

والبيانات الملاحظة في  نموذج تملل الفرق بين النتائج ال دالة تكلفة فيعرت

الولت النهائي وغالباً ما يتم تمثيلها بمعادلات تفاضلية أو تكاملية، حيث يتم 

 . إثبات نتائج النظرية مثل الوجود والشروط الضرورية لتحميك الأمثلية

عكسية؛ مشكلة التحكم؛ إمكانية الملاحظة؛ الالكلمات الرئيسية : مشكلة    

.                                                                   التحكم الأمثل   
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Notations & abbreviations

Rn A space composed of all vectors with n real numbers .

R+ Set of positive real numbers .

‖.‖H A norm in Hilbert space H .

(., .)H A scalar product in Hilbert space H .

div f = ∇.f =
∑n

i=1
∂fi
∂xi

Divergence .

C2 The class of functions with continuous first and second derivative .
∂y
∂t

= ∇y.t The conormal derivative .

∆ =
n∑
i=1

∂2

∂x2
i

The laplacien operator .

∇ =
(

∂
∂x1
, ..., ∂

∂xn

)T
The gradient operator .

Mn(R) The space of square matrices of order inR .

A The adjoint operator of A .

A = A∗ Self-adjoint operator.

L(X, Y ) The space of linear bounded operators from X toY.

D (A) The domain of definition of the operator A .

L2(Ω) The space of measurable functions of summable squares in Ω .

L2(0, T ;X) The bounded linear operator space .

kerA The kernel of the operator A .

iff If and only if .

SIS Susceptible-Infectious-Susceptible .

IPP Inverse problem Parameter .
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Introduction

Inverse problems arise when the objective is to ascertain specific parameter values that govern a

phenomenon, and this determination is made by observing the effects produced by that phenom-

enon. The realm of inverse problems is broad and encompasses numerous scientific disciplines,

including but not limited to medical imaging techniques, radar technology, quantum mechanics,

and various methods of image processing . Furthermore, the study of inverse problems extends

to issues encountered in remote sensing applications, where the goal is to estimate the properties

of a surface or object based on measurements taken at a distance .

A significant challenge associated with inverse problems is their inherent difficulty in finding

solutions . This difficulty often stems from the fact that these problems are frequently not posed

correctly from a mathematical or computational standpoint . This incorrect formulation can lead

to instability and inaccuracies in the solutions obtained .

In the context of inverse problems, we will delve into the definitions of well-posed and ill-posed

problems . These definitions will be based on the criteria established by Hadamard, which are

centered on three fundamental aspects of a solution : its existence, its uniqueness, and its stability

. A problem is considered well-posed if a solution exists, that solution is unique, and the solution is

stable with respect to small changes in the input data . Conversely, if any of these three conditions

are not met, the problem is classified as ill-posed, presenting additional complexities in finding

reliable solutions .

Mathematical control theory stands as a subject of immense importance and profound influence,

impacting numerous fields and shaping various scientific endeavors . Its significance stems from

its capacity to provide a framework for understanding and manipulating the behavior of dynamic

systems, making it an indispensable tool across a spectrum of disciplines . This widespread ap-

plicability renders it a valuable asset not only in economics, where it informs models of market

behavior and policy interventions, but also in many other scientific disciplines that grapple with

the control and optimization of complex processes .

At its core, the general control problem addresses the fundamental ability to exert influence over

the state of a system, guiding its trajectory through a series of actions and inputs . More specifi-

cally, this field of study delves into the question of whether it is indeed possible, given the inherent

constraints and underlying dynamics that govern a particular system, to navigate from a defined

starting point, commonly referred to as the initial state, to a meticulously predetermined and

highly desirable goal, which we formally define as a specific objective . The pursuit of control

therefore centers on the feasibility of steering a system towards a target state . Furthermore,

the concept of control inherently introduces the crucial element of time, thereby adding another

vi



layer of complexity to the problem. This temporal dimension directly concerns whether the afore-

mentioned transition from the initial state to the desired objective can be successfully achieved

within a predetermined time frame, a period which is typically characterized by a fixed initial

time and a defined duration . Therefore, mathematical control theory essentially investigates the

possibilities and limitations of guiding a given system from any arbitrary initial configuration to a

very specific and pre-defined target state, all while adhering to a specified and constrained period

of time . This investigation seeks to provide a rigorous understanding of how systems can be

effectively manipulated to achieve desired outcomes within practical temporal constraints .

Relation : how to applying control methods to solve inverse problem

every inverse problem can be transformed into on optimal control

This memoir is consists into three chapters :

In the first chapter, we will first provide a reminder of some of the concepts and definitions that

are necessary for the inverse problem, as well as examples . Second, we will cover some concepts

and definitions that are necessary for the control problem, as well as examples .

In Chapter two, we will discuss the concepts and definitions of observability, as well as some of

the theories we will use, and we will take an application to the observability of a plate equation

with a potential .

The last chapter will be devoted to how to apply optimal control methods to solving inverse prob-

lem where we will restructure the model SIS as an inverse problem to determine the transition

and recovery coefficients .

vii



Chapter 1

Inverse problems and control problems

The aim of this chapter is to carefully define some basic concepts related to the inverse problem

furthermore, we will carefully introduce a series of necessary definitions, and proceed to illustrate

the concepts through a selection of examples, we will then shift our focus towards defining the

control problem and illustrating it through examples, which contributes to the completeness of

this memory .

1.1 Inverse problems

Inverse Problem is a vibrant and expanding branch of mathematics that has found numerous

applications . In this section, we will define some basic notions of the inverse problem .

Definition 1.1 ( Direct problem ) : Direct Problem relates to the equation :

y = A (x)

Such that A : E −→ F an application and E , F be two linear spaces

where :

y : is the unknown term.

x : is given data.

Definition 1.2 ( Linear inverse problem ) : Let E , F be two linear spaces and A : E −→ F is a

operator linear, so the linear inverse problems can be represent such that an equation of the form :

y = A(x)

1



Chapter 1. Inverse problems and control problems

where :

y : is the measured quantities or given data .

x : is the unknown term or unknown parameters or inputs .

FIGURE 1.1− Direct Problem and Inverse Problem .

Definition 1.3 ( Nonlinear inverse problem ) : For nonlinear inverse problems, the link between

observations and model parameters is more intricate . So that G : E −→ F , E , F is two linear

spaces this relationship can then be expressed as :

y = G(x)

where :

G : is operator non-linear .

General Definition :

In another words inverse problem it is the process of making inferences about the causes from

knowing of the results .

An inverse problem in mathematics can be stated in the following manner :

y = A (x)

where :

y : is the data that got measure .

x : is unknown parameters .

A : is operator linear or non-linear .

Inverse problems are ill-posed problems in general .

1.1. Inverse problems 2



Chapter 1. Inverse problems and control problems

FIGURE 1.2− Direct Problem and Inverse Problem .

1.1.1 Inverse Problems Examples

Example 1.1 : Find a polynomial p of degree n with zeros x1, ..., xn . This is the inverse problem to

the direct problem : Given a polynomial p find its zeros x1, ..., xn. In this example the inverse problem

is easier to solve . The solution is p(x) = c(x− x1)...(x− xn) with an arbitrary constant c .

Example 1.2 ( Backwards heat equation ) :

Consider the one-dimensional heat equation :
∂z(x,t)
∂t

= ∂2z(x,t)
∂x2 (x, t) ∈ (0, π)× R > 0 .

z(0, t) = z(π, t) = 0 t ≥ 0 .

z(x, 0) = z0(x) 0 ≤ x ≤ π .

The separation of variables leads to the ( formal ) solution :

z(x, t) =
∞∑
n=1

bn exp(−n2t) sin(nx) with bn =
2

π

∫ π

0

u0 (y) sin (ny) dy

The direct problem is to solve for z(., T ) given initial temperature z0 and final time T . In the

inverse problem, we use z(., T ) to find earlier temperatures like z(., 0), requiring us to derive z0

from the integral equation :

z(x, T ) =
2

π

∫ π

0

k(x, y)z0(y)dy , 0 ≤ x ≤ π ,

1.1. Inverse problems 3



Chapter 1. Inverse problems and control problems

where :

k(x, y) :=

∞∑
n=1

exp
(
−n2T

)
sin (nx) sin (ny) .

F IGURE 1.3− Forwards and Backwards Heat Equation .

Example 1.3 ( Diffusion in an inhomogeneous medium ) :

The equation of diffusion in an inhomogeneous medium ( now in two dimensions )

is described by the equation :

∂y(x, t)

∂t
=

1

c
div (γ(x)∇y(x, t)) , x ∈ Ω , t > 0 .

where c is a constant and γ = γ(x) is a parameter describing the medium .

In the stationary case, this reduces to :

div(γ∇y) = 0 in Ω , Ω ⊂ R2 such that R2 is Bounded linear space .

The direct problem is find a solution y on ∂Ω with given values and a function γ .

The inverse problem is take a value of y and flux γ∂y/∂v on ∂Ω to find the unknown γ in Ω .

1.1. Inverse problems 4



Chapter 1. Inverse problems and control problems

FIGURE 1.4− Inverse Problem Modeling .

Example 1.4 ( Inverse Stefan problem ) :

The physicist Stefan modeled summer melting of arctic ice using a one-dimensional approach .

At time t = 0 , a block of ice occupies the region x ≥ ` . Heating the left end causes melting ,

resulting in water between x = 0 and x = s(t) for s(t) > 0 , while x ≥ s(t) remains ice .

Let u(x, t) be the temperature for 0 < x < s(t) at time t , satisfying the one-dimensional heat

equation .

∂u(x, t)

∂t
=
∂2u(x, t)

∂x2
in D := {(x, t) ∈ R2 : 0 < x < s(t), t > 0} .

Subject to boundary conditions ∂
∂x
u(0, t) = f(t) and u(s(t), t) = 0 for t ∈ [0, T ]

and initial condition u(x, 0) = u0(x) for 0 ≤ x ≤ ` .

u0 represents the initial temperature and f(t) the heat flux at x = 0 . The interface’s movement

between water and ice is proportional to the heat flux, as described by the Stefan condition :

ds(t)

dt
= −∂u(s(t), t)

∂x
for t ∈ [0, T ] .

The direct problem computes the curve s from boundary data f and u0 , while the inverse problem

reconstructs u and f from a curve s . We express the direct problem as evaluating an operator K

on a known model x in space X , and the inverse problem as solving K(x) = y . Direct problem :

evaluate K(x) given x . Inverse problem : solve K(x) = y given y .

To define an inverse problem, we must specify the operator K , including its domain and range

which helps identify linear and nonlinear issues . Evaluating K(x) usually involves solving a

boundary value problem or an integral .

1.1. Inverse problems 5



Chapter 1. Inverse problems and control problems

FIGURE 1.5− Inverse Stefan Problem For Ice Heating .

1.1.2 Well-posed and ill-posed problems

The mathematical concept of a well-posed problem comes from a definition by Jacques Salomon

Hadamard [1865− 1963] (French mathematician) who formulated that mathematical models of

physical phenomena should, have Dynamic properties .

1. A solution exists .

2. The solution is unique .

3. Continuous dependence on imposed boundary conditions (stability) .

Definition 1.4 ( Well-posedness ) : Let X and Y be normed spaces, and T : X → Y a linear

operator . The equation Tx = y is called properly posed or well-posed if the following holds :

1. Existence : For all y ∈ Y , there is (at least one) x ∈ X such that Tx = y .

2. Uniqueness : For all y ∈ Y , there is at most one x ∈ X with Tx = y .

3. Stability : The solution x depends continuously on y , that is, for every

sequence (xn) in X with Txn → Tx(n→∞) , it follows that xn → x (n→∞) .

Definition 1.5 ( Ill-posed problem ) : If at least one of the properties ( Existence , Uniqueness and

Stability ) is not verified, the problem is said to be ill-posed .

1.1.3 Ill-posed Problems Examples

Example 1.5 Let A ∈Mn,n (R) an invertible matrix and b ∈ Rn a column vector defined as follows :

A =


2 1 0

−1 2 3

0 5 5

 , b =


3

−6

5


The system Ax = b has no solution det (A) = 0 then the first condition is not satisfied, so the

problem is ill-posed .

Example 1.6 ( Polynomial problem ) :

The number of real roots of the polynomial p(x) = −x2 + 2x−m varies discontinuously when m

varies continuously on R , ∆ = 4− 4m In fact, there are two real roots if m < 1 (∆ > 0)

a double root if m = 1(∆ = 0) , and no root if m > 1(∆ < 0) so the problem is ill-posed .

1.1. Inverse problems 6



Chapter 1. Inverse problems and control problems

1.2 Control Problems

Control theory is primarily concerned with ensuring the stability of systems against disturbances,

but also includes optimizing these systems according to standards and establishing finite relation-

ships .

In this section, we will provide a precise definition of control and then illustrate this definition

with examples .

Definition 1.6 ( control problem ): A control problem is a dynamic problem whose behavior can

be modified over time we act on such a problem by means of a control, a general nonlinear problem

can be defined by the equation :

{
dx
dt

(t) = f (x (t) , u (t) , t) , t ∈ [0, T ]

x(0) = x0 ∈ D (f)

where :

x (t) : is system state belongs to Rn .

u (t) : is control input to Rp .

x0 : is a given initial state .

D (f) : The domain of definition of the function f . �
In the infinite dimensional setting a control problem by a problem of a partial differential equa-

tions .

FIGURE 1.6− A Control Problem

Definition 1.7 (Controllability problem) :

1.2. Control Problems 7



Chapter 1. Inverse problems and control problems

Consider the following system with infinite dimensional :{
∂x
∂t

(t) = Ax(t) +Bu(t) , t ∈ [0, T ]

x(0) = x0 ∈ D(A)
(1.1)

where :

(A,D(A)) is the infinitesimal generator of C0 semi-group {S(t)}t≥0 in a Hilbert space X .

X : is the Hilbert space .

U : is the control space .

B : is an operator in L(U,X) .

x0 : is the initial data .

The function x(t) ∈ X , we assume that u ∈ L2(0, T, U) is the control function .

we know that the solution of (1.1) is :

x (t) = S (t)x0 +

∫ t

0

S (t− s)Bu (s) ds , t ∈ (0, T ) .

then :

x (T ) = S (T )x0 +

∫ T

0

S (T − t)Bu (t) dt .

the following operator is introduced :

LT : L2 (0, T ;U) −→ X with LTu =

∫ T

0

S (T − t)Bu (t) dt .

Definition 1.8 ( Exact controllability ) :

The system (1.1)is said to be Exactly controllable in H on [0, T ] if :

∀xd ∈ H,∃u(.) ∈ L2(0, T ;U) such that the solution of (1.1) satisfies : x(T ) = xd

Definition 1.9 ( Weak controllability ) :

The system (1.1)is said to be weakly controllable or ( approximately controllable ) in H on [0, T ]

if :

∀ε > 0 ,∀x0 ∈ H , ∃u(.) ∈ L2(0, T ;U) such that the solution of (1.1) satisfies :

‖ x (T )− xd ‖H< ε

Definition 1.10 ( Optimal control problem ) :

1.2. Control Problems 8
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Let’sY and U be Hilbert space and let’s consider the following optimal control problem infinite

dimension written in the abstract :

inf J (u, y)

where the constant :

Ay = Bu

where :

u ∈ Uad ⊂ U , Uad is the set of admissible controls is closed convex non empty set of the control

space U .

Y : is the state space .

A : is a partial differential operator on y .

B ∈ L (U, Y ) : is the control operator .

J : is the cost function strictly convex function from U × Y to R+ ∪ {+∞} .

1.2.1 Control Problem Examples

Example 1.7 ( Cruise control ) :

The goal cruise control is to regulate the throttle to maintain a desired despite external distur-

bances like inclines declines, and wind resistance .

input (control variable) : engine power .

output (controlled variable) : vehicle speed .

disturbance : road slope,wind resistance and load changes .

Example 1.8 ( Optimal control of blood glucose levels ) :

consider a model for blood glucose level, x(t) (mg) at time t (s) . Without intervention, x(t)

decreases proportionally to its current value :

ẋ (t) = −αx (t)

where :

α : is a given strictly positive constant .

glucose level x(0) = a (mg) , target x(tf ) = c 6= a . Transfusion rate u(t) mg/s (control variable)

subject to constraint :

0 ≤ u (t) ≤ m , t ∈ [0, tf ] .

1.2. Control Problems 9
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where :

m ≥ 0 : is the maximum penetration speed , the evolution of the state x(t) therefore follows the

differential equation :

ẋ (t) = −αx (t) + u (t) , t ∈ [0, tf ] .

minimize total glucose transfused :

J (x (.) , u (.) , tf ) =

∫ tf

0

u (s) ds .

Given unknown tf m 0 , so the problem can be formalized as follows :
mimtf J (x (.) , u (.) , tf ) ,

ẋ (t) = −αx (t) + u (t) , t ∈ [0, tf ] ,

u (t) ∈ [0,m] , t ∈ [0, tf ] ,

x (0) = a , x (tf ) = c .

1.2. Control Problems 10



Chapter 2

Observability inverse problem

Observation is a fundamental property of control system analysis that describes whether the in-

ternal state of the system can be fully characterized based solely on outputs over time .

2.1 Observability problem

Definition 2.1 ( Observability problem ) : Let H and Z be two Hilbert spaces and consider the

following observed system :


∂x
∂t

= Ax

x(0) = x0

y = Cx

(2.1)

where :

Z : is the observability space .

A : is operator linear .

C ∈ L (H,Z) : is the observation operator .

x0 : is value not given .

The solution of (2.1) is :

y (t) = CS (t)x0 = kx0

Observability is an inverse source problem .

Definition 2.2 ( Exact observability ) : The pair (A ,C) is said to be exactly observability on

(0, T ) if y0 can be uniquely and continuously determined knowledge of the output y ∈ L2 (0, T ;Z)

i.e. the operator K : H −→ L2 (0, T ;Z) with Ky = CS(T )y .

11
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Definition 2.3 (Weak observability ) : The pair (A,C)is weakly observable on [0, T ] if y0 can

be uniquely and continuously determined and continuous form knowledge of the output of Y ∈
L2 (0, T ;Z) i.e. ker y = 0 =⇒ y = 0 on (0, T ) .

Proposition 2.1 ( A observability inequality ) : the pair (A,B) is exactly controllable on [0, T ] if

∃c > 0∀x ∈ Z :

∫ T

0

‖ B∗S∗ (t)x ‖2
v dt > c ‖ x ‖2

z .

Proposition 2.2 : The system (2.1) is said to be exactly observable on Z if and only

if : there exists c > 0 such that :

∀x ∈ Z :

∫ T

0

‖ B∗S∗ (t)x ‖2
v dt > c ‖ x ‖2

z .

Theorem 2.1 :

(A,C) is Exact observability on (0, T ) iff (A∗, C∗) is Exact controllability on (0, T ) .

Proof. A generates a c0 semi grope a H called {S (t)}t≥0 then A∗generates a {S (t)}t≥0 .

(Kx , z)L2(0,T,Z) = (CS (t)x , z)
L2(0,T,Z)

=

∫ T

0

(CS (t)x , z (t))Z dt

=

∫ T

0

(x , S∗ (t)C∗z(t))H dt

= (x , K∗z (t))H ,∀x ∈ H

=⇒ K∗z =

∫ T

0

S∗ (t)C∗z(t)dt =⇒ K∗ = LT and L∗T = K∗

The controllability of (A∗ , C∗) is related to :

LTu =

∫ T

0

S∗ (t)C∗u(t)dt

Theorem 2.2 :

(A ,C) is Weak observability on (0 , T ) iff (A∗, C∗) is Weak controllability on (0 , T ) .

Corollary 2.1 : for the system (2.1) we have the following conditions let’s define :

N = kk∗

2.1. Observability problem 12
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1) (A ,C) is Exact observability if one of following conditions holds :

i ) ∃γ > 0 , ∀x ∈ H , 〈Nx, x〉H ≥ γ‖x‖2
H .

ii ) ∃γ > 0 , ∀x ∈ H , ‖Kx‖2

L2(0,T,Z)
=
∫ T

0
‖CS (t)x‖2

H
dt ≥ γ‖x‖2

H (A observability inequality ) .

iii ) ∃γ > 0 , ∀x ∈ H ,
∫ T

0
‖CS (t)x‖2

H
dt ≥ γ‖x‖2

H .

iv) kerK = {0} on ImK is closed .

2) (A ,C) is Weak observability if one of following conditions holds :

i ) N is positive operator .

ii ) kerK = {0} .

iii) CS (t)x = 0 =⇒ x = 0

Example 2.1 ( Approximate observability of a one-dimensional heat equation ) :

consider the observability problem of the following one-dimensional heat equation on :

(HO)


∂y
∂t

= ∂2y
∂2x

in ]0, 1[× ]0, T [

y (0, t) = y (1, t) = 0 in ]0, T [

y (x, 0) = y0 (x) in ]0, 1[

θ (t) =
∫ 1

0
b (x) y (x, t) dx

where :

b, y0 ∈ L2 (0, 1) and T > 0 .

the observation space Z = L2 (0, T ) and the state space Y = L2 (0, 1) , i.e. the operator :

C : L2 (0, 1) −→ L2 (0, T ) with Cy =

∫ 1

0

b (x) y (x, t) dx ∈ L2 (0, T ) .

Find an adjoint C :

C∗ : L2 (0, T ) −→ L2
(
0, T, L2 (0, 1)

)
(Cy, z)L2(0,T ) =

∫ T

0

Cy (t) z (t) dt

=

∫ T

0

∫ 1

0

b (x) y (x, t) z (t) dxdt

=

∫ T

0

∫ 1

0

y (x, t) b (x) z (t) dxdt

= (y, b (x) z)
L2(0,T,L2(0,1))

= (y, C∗z)
L2(0,T,L2(0,1))

2.1. Observability problem 13
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So C∗ = b (x) .

Operator definition A :

A : D(A) ⊂ L2 (0, 1) −→ L2 (0, 1) with Af =
∂2f

∂x2
.

Find an adjoint A :

(Af, g)L2(0,1) =

∫ 1

0

∂2f

∂x2
gdx

=

∫ 1

0

f
∂2g

∂x
dx

= (f, A∗g)L2(0,1)

So A = A∗

According to the theory (2.2) :

so (HO) is equivalent to (HC)
∂z
∂t

= ∂2z
∂2x

+ b (x)u (t) in ]0, 1[× ]0, T [

z (0, t) = z (1, t) = 0 in ]0, T [

z (x, 0) = z0 (x) in ]0, 1[

2.2 Exact observability for the plate equation

The Plate Equation with a potential is a partial differential equation that describes the deforma-

tion of an elastic plate under the action of external forces, such as pressure or stress.

It is mathematically described as follows :

ytt + ∆2y + p (x) y = 0

y (x, t) : is the displacement of a point on the plate at point x and time t .

ytt : The second derivative of displacement ( acceleration ) .

∆2y : is laplacien square .

p (x) : is potential is a function describing the effect of an external force .

We will study this equation based on [1] .

2.2. Exact observability for the plate equation 14
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2.2.1 Exact observability for the plate equation

consider the exact observability of the problem with potential :
∂2y
∂t2

= (−A0 − p)y , in (0, τ)× Ω ,

y = ∆y = 0 , on (0, τ)× ∂Ω ,

y (0, x) = y0 (x) , ∂y
∂t

(0, x) = y1 (x) x ∈ Ω ,

(2.2)

we observe ∂∆y
∂v

on Γ ⊂ ∂Ω i.e.

z = Cy =
∂∆y

∂v
on Γ ⊂ ∂Ω

where τ > 0 .

This equation has a solution in C0([0, τ ] ;H3(Ω)) ∩ C1([0, τ ] ;H1(Ω)) .

Let’s consider once again the operator : A0 : D (A0) ⊂ H1
0 (Ω) −→ H1

0 (Ω)

H = H1
0 (Ω) ,D (A0) =

{
y ∈ H3 (Ω) | y = ∆y = ∆2y = 0 on ∂Ω

}
, with A0y = ∆2y

FIGURE 2.1− Observed Inverse Problem .

According to the corollary (2.1) (1) (ii) :

∃γ > 0,∀x ∈ H, ‖Kx‖2

L2(0,T,Z)
≥ γ‖x‖2

H .

∫ τ

0

‖∂∆y

∂v
‖2
L2(Ω) dt ≥ k

(
‖ y0 ‖2

H3(Ω) + ‖ y1 ‖2
H1(Ω)

)
Equivalent to observability inequality :

∃c > 0∀x ∈ Z :

∫ T

0

‖ B∗S∗ (t)x ‖2
v dt > c ‖ x ‖2

z

2.2. Exact observability for the plate equation 15
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And then we have :

D
(
A

1
2
0

)
=
{
y ∈ H3 (Ω) | y = ∆y = 0 on ∂Ω

}
,

and if set :

X = L2 (Γ)× L2 (Γ1)

X = D
(
A

1
2
0

)
×H , D (A) = D (A0)×D

(
A

1
2
0

)
,

Now we write equation (2.2) in the standard form ∂Y
∂t

= (A+ P )Y , Y (0) = (y0, y1)t .

From the system on suppose :

Y =

(
y
∂y
∂t

)
=⇒ ∂Y

∂t
=

( ∂y
∂t
∂2y
∂t2

)
,

and from it : ( ∂y
∂t
∂2y
∂t2

)
=

( ∂y
∂t

−A0y − py

)

=

( ∂y
∂t

−A0y

)
+

(
0

−py

)

=

(
0 I

−A0 0

)(
y
∂y
∂t

)
+

(
0 0

−p 0

)(
y
∂y
∂t

)
So standard form :

∂Y

∂t
= (A+ P )Y , Y (0) =

(
y0

y1

)
.

with A =

(
0 I

−A0 0

)
and P =

(
0 0

−p 0

)
.

We also define the following operators :

p ∈ L
(
D
(
A

1
2
0

)
, H
)

, p ∈ L (x) ,

On suppose :

Ap = A+ P with D (Ap) = D (A) .

From which we write a system : 
∂Y
∂t

= ApY

Y (0) =
(
y0

y1

)
z = CY =

( ∂y
∂v
∂∆y
∂v

)
2.2. Exact observability for the plate equation 16
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According to the corollary (2.1) (1) (ii) :∫ τ

0

(
‖ ∂∆y

∂v
‖2
L2(Γ) + ‖ ∂y

∂v
‖2
L2(Γ1)

)
dt ≥ k

(
‖ y0 ‖2

H3(Ω) + ‖ y1 ‖2
H1(Ω)

)
Now to find k, we calculate the eigenvalues, specifically by taking the minimum eigenvalues and

then doing some calculations, we find k .

2.2. Exact observability for the plate equation 17



Chapter 3

Inverse problem of an SIS epidemic,

reaction-diffusion model by optimal control

method

In mathematical modeling, especially in models of the spread of infectious diseases, (SIS) refers

to a model "Susceptible-Infectious -Susceptible" . It is considered one of the basic models in

mathematical epidemiology and is usually used for diseases that do not gain permanent immunity,

such as some types of colds or some viruses that can come back after recovery .

Its basic formula is expressed by two differential equations that represent the change in the num-

ber of individuals in the cohort S and I over time based on transition and recovery rates β and γ

.

FIGURE 3.1− Diagram of The SIS Model

We will study this model based on [15] .
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3.1 Statement of the problem

Based on the diffusion equation system, the inverse problem in the epidemic reaction-diffusion

model SIS is studied through the Inverse Problem Parameter (IPP) and solved using optimal

control methods .

The SIS model is governed by the following nonlinear coupled reaction-diffusion equations with

homogeneous Neumann boundary conditions :
∂y1

∂t
− ∂2y1

∂x2 = −β (x) y1y2

y1+y2
+ γ (x) y2 , (x, t) ∈ Q = (0, 1)× (0, T ) ,

∂y2

∂t
− ∂2y2

∂t
= β (x) y1y2

y1+y2
− γ (x) y2 , (x, t) ∈ Q = (0, 1)× (0, T ) ,

∂y1

∂x
(0, t) = ∂y2

∂x
(0, t) = 0 , t ∈ (0, T ) ,

∂y1

∂x
(1, t) = ∂y2

∂x
(1, t) = 0 , t ∈ (0, T ) .

(3.1)

where :

y1 : is susceptible individuals .

y2 : is infected individuals .

β : is rate of disease transmission .

γ : is disease recovery .

We take the control space U = L∞(0, 1) .

Here we have an isolated spatial environment to comply with the no-flow conditions, which

means that there is no entry and exit of exposed or infected individuals from the spatial envi-

ronment (area isolation), i.e. no population flow across borders . This allows the exclusion of

external influences .

y1 (x, 0) = ϕ1 (x) ≥ 0 , y2 (x, 0) = ϕ2 (x) ≥ 0 , (3.2)

with :

ϕi (x) ∈ C2,α [0, 1] , i = 1, 2 ,
∫ 1

0

ϕ2 (x) dx > 0 and ϕ1 (x) + ϕ2 (x) ≥ ϕ0 > 0 ,

where :

ϕ0 > 0 , α ∈ (0, 1) are all constants .

Suppose we are given additional measurements about the system, the number of susceptible

individuals y1(x, t) at final moment t = T and the number of infected individuals y2(x, t) at final

moment t = T , known for all x in (0, 1) as shown below :

y1(x, T ) = f(x) , y2(x, T ) = g(x) ∀x ∈ (0, 1) , (3.3)

3.1. Statement of the problem 19
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given functions f(x) and g(x) satisfying homogeneous Neumann boundary conditions (3.1)

As stated by IPP, a valuable and challenging problem involves identifying the unknown coeffi-

cients β(x) and γ(x) in equation (3.1) . This identification is achieved using system (3.1) , and

(3.2) supplemented by data from equation (3.3) .

The objective of this study is to investigate the existence, uniqueness, and stability of the coeffi-

cients β and γ in the system of equations (3.1) using optimal control methods .

FIGURE 3.2− Inverse Problem for The Model .

3.2 Revaluation of SIS inverse problem into an optimal control

problem

This section explains how we can turn the inverse problem into an optimal control problem given

system (3.1) and (3.2) has a classical positive and unique solution .

Then , we can derive the results below , including the established Schauder’s theory for parabolic

equations .

Theorem 3.1 [15]: Assume 0 < α < 1 .Then for any given coefficients β(x) and γ(x) ∈ Cα
(
Ī
)

,

ϕi(x) ∈ C2,α
(
Ī
)

, i = 1, 2 and ϕ1(x) + ϕ2(x) ≥ ϕ0 > 0 , system (3.1) − (3.2) admits a unique

positive classical solution, says (y1(x, t), y2(x, t)) . Further, for any given constant T ∈ (0,+∞) ,

(y1(x, t), y2(x, t)) ∈ C2+α,1+α
2

(
Q̄
)
× C2+α,1+α

2

(
Q̄
)

, and y1(x, t) and y2(x, t) are all bounded on

[0, T ]× Ī where I = (0, 1) .

In order to establish the corresponding control problem, we first define the admissible set by :
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Uad =

{
(β (x) , γ (x)) : 0 < b0 ≤ β (x) ≤ b̄0 < 1 , 0 < r0 ≤ γ (x) ≤ r̄0 < 1 ,

∀x ∈ [0, 1] , ∇β (x) ,∇γ (x) ∈ L2 (I)

}
Also for the additional conditions (3.3) , we assume that f(x) and g(x) satisfy the following

conditions :

f(x) ∈ H1(0, 1) , g(x) ∈ H1(0, 1) .

Hence , we can transform the inverse problem (IPP) into the following optimal control problem :

Finding (β̄(x), γ̄(x)) ∈ Uad such that

J(β̄(x), γ̄(x)) = inf
(β,γ)∈Uad

J(β(x), γ(x)) . (3.4)

where :

J(β, γ) =
1

2

∫ 1

0

[
| y1 (x, T ; β(x), γ(x))− f (x) |2 + | y2 (x, T ; β(x), γ(x))− g (x) |2

]
dx (3.5)

+
N

2

∫ 1

0

[
| ∇β(x) |2 + | ∇γ (x) |2

]
dx .

Here (y1, y2) is the solution to system (3.1)− (3.2) with (β, γ) ∈ Uad given .

We choose the lower bound (β̄(x), γ̄(x)) in (3.4) is chosen to be the optimal definition of the

coefficients (β(x), γ(x)) in (3.1) .

3.3 Existence and Necessary Conditions for a Minimizer’s Op-

timality

This section focuses on proving the existence of a cost functional minimizer and deriving its

optimality condition . First, we formally state the existence result as a foundation for our analysis

. We begin by presenting this existence result .

Theorem 3.2 [15]: Assume that (y1, y2) is the solution to system (3.1) − (3.2) .Then there exists a

minimizer (β, γ) ∈ Uad such that :

J(β̄, γ̄) = inf
(β,γ)∈Uad

J(β, γ) . (3.6)

Proof. J coercive =⇒Exetance of minimizer

J (β, γ) −→ +∞ when ‖ ∇β ‖L∞(I)−→ +∞ and ‖ ∇γ ‖
L∞(I)
−→ +∞
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J is coercive so the existence of a minimizer of J :

J(β̄, γ̄) = inf
(β,γ)∈Uad

J(β, γ) .

We now establish the necessary optimality condition of the minimizer to the cost functional (3.5)

as follows :

Theorem 3.3 [15]: Let
(
β̄, γ̄

)
be the solution of the optimal control problem (3.4) , (ȳ1, ȳ2) be the

solution to system (3.1)with (β, γ) replaced by
(
β̄, γ̄

)
and (p1, p2) be the solution to the adjoint system

(3.7) . Then for any
(
β̂, γ̂

)
∈ Uad , it follows that :

∫
Q

[(
β̂ − β̄

) ȳ1ȳ2

ȳ1 + ȳ2

− (γ̂ − γ̄) ȳ2

]
(p2 − p1) dxdt+N

∫
I

[
∇β̄∇

(
β̂ − β̄

)
+∇γ̄∇ (γ̂ − γ̄)

]
dx ≥ 0 .

(3.7)

Proof. For any
(
β̂, γ̂

)
and ε ∈ [0, 1] , set{

βε = (1− ε) β̄ + εβ̂ ∈ Uad
γε = (1− ε) γ̄ + εγ̂ ∈ Uad

further let :

J(βε, γε) =
1

2

∫
I

[
| yε1 (x, T ; βε, γε)− f (x) |2 + | y2 (x, T ; βε, γε)− g (x) |2

]
dx

+
N

2

∫
I

[
| ∇βε |2 + | ∇γε |2

]
dx

J(βε, γε) =
1

2

∫
I

[
| yε1 − f (x) |2 + | yε2 − g (x) |2

]
dx

+
N

2

∫
I

[
| ∇βε |2 + | ∇γε |2

]
dx ,

=
1

2
‖ yε1 − f (x) ‖2

L2(I) +
1

2
‖ yε2 − g (x) ‖2

L2(I) +
N

2
‖ ∇βε ‖2

L2(I)

+
N

2
‖ ∇γε ‖2

L2(I)

where (yε1, y
ε
2) is the solution to system (3.1) , (3.2) with (β, γ) replaced by (βε, γε) .

We take the derivative of Jε to achieve that :

Jε
dε
| ε=0 =

∫
I

{
[yε1 − f (x)]

∂yε1
∂ε
|ε=0 + [yε2 − g (x)]

∂yε2
∂ε
|ε=0

}
dx

+N

∫
I

[
∇β̄∇(β̂ − β̄) +∇γ̄∇(γ̂ − γ̄)

]
dx
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Since (β̄, γ̄) is the optimal solution of the optimal control problem (3.4) one concludes that :

Jε
dε
|ε=0≥ 0

∂J(βε, γ̄)
(
β̂ − β̄

)
= lim

ε−→0

J(β̄ + ε
(
β̂ − β̄

)
, γ̄)− J(β̄, γ̄)

ε

J(β̄ + ε
(
β̂ − β̄

)
, γ̄) =

1

2
‖ y1

(
x, T ; β̄ + ε

(
β̂ − β̄

)
, γ̄
)
− f (x) ‖2

L2(I)

+
1

2
‖ y2

(
x, T ; β̄ + ε

(
β̂ − β̄

)
, γ̄
)
− g (x) ‖2

L2(I)

+
N

2
‖ ∇(β̄ + ε

(
β̂ − β̄

)
) ‖2

L2(I) +
N

2
‖ ∇γ̄ ‖2

L2(I)

=
1

2
‖ y1

(
x, T ; β̄, γ̄

)
+ εy1

(
x, T ; β̂ − β̄, γ̄

)
− f (x) ‖2

L2(I)

+
1

2
‖ y2

(
x, T ; β̄, γ̄

)
+ εy2

(
x, T ; β̂ − β̄, γ̄

)
− g (x) ‖2

L2(I)

+
N

2
‖ ∇(β̄ + ε

(
β̂ − β̄

)
) ‖2

L2(I) +
N

2
‖ ∇γ̄ ‖2

L2(I)

=⇒

J(β̄ + ε
(
β̂ − β̄

)
, γ̄) =

1

2
‖ y1

(
x, T ; β̄, γ̄

)
− f (x) ‖2

L2(I) +
1

2
ε2 ‖ y1

(
x, T ; β̂ − β̄, γ̄

)
‖2
L2(I)

+ε(y1

(
x, T ; β̄, γ̄

)
− f (x) , y1

(
x, T ; β̂ − β̄, γ̄

)
)L2(I)

+
1

2
‖ y2

(
x, T ; β̄, γ̄

)
− g (x) ‖2

L2(I) +
1

2
ε2 ‖ y2

(
x, T ; β̂ − β̄, γ̄

)
‖2
L2(I)

+ε
(
y2

(
x, T ; β̄, γ̄

)
− g (x) , y2

(
x, T ; β̂ − β̄, γ̄

))
L2(I)

+
N

2
‖ ∇γ̄ ‖2

L2(I) +
N

2
‖ ∇β̄ ‖2

L2(I) +
N

2
ε2 ‖ ∇(β̂ − β̄) ‖2

L2(I)

+Nε
(
∇β̄,∇(β̂ − β̄)

)
L2(I)

if

J(β̄ + ε
(
β̂ − β̄

)
, γ̄)− J(β̄, γ̄)

ε
=

1

2
ε ‖ y1

(
x, T ; β̂ − β̄, γ̄

)
‖2
L2(I) +N

(
∇β̄,∇(β̂ − β̄)

)
L2(I)

+
1

2
ε ‖ y2

(
x, T ; β̂ − β̄, γ̄

)
‖2
L2(I) +

N

2
ε ‖ ∇(β̂ − β̄) ‖2

+(y1

(
x, T ; β̄, γ̄

)
− f (x) , y1

(
x, T ; β̂ − β̄, γ̄

)
)L2(I)

+
(
y2

(
x, T ; β̄, γ̄

)
− g (x) , y2

(
x, T ; β̂ − β̄, γ̄

))
L2(I)
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Applying definition 2 : (See Appendices definition 2)

=⇒ ∂J(βε, γ̄)
(
β̂ − β̄

)
= (y1

(
x, T ; β̄, γ̄

)
− f (x) , y1

(
x, T ; β̂ − β̄, γ̄

)
)L2(I)

+
(
y2

(
x, T ; β̄, γ̄

)
− g (x) , y2

(
x, T ; β̂ − β̄, γ̄

))
L2(I)

+N
(
∇β̄,∇(β̂ − β̄)

)
L2(I)

In the same way , we find

∂J(β̄, γε) (γ̂ − γ̄) = (y1

(
x, T ; β̄, γ̄

)
− f (x) , y1

(
x, T ; β̄, γ̂ − γ̄

)
)
L2(I)

+N (∇γ̄,∇(γ̂ − γ̄))
L2(I)

+
(
y2

(
x, T ; β̄, γ̄

)
− g (x) , y2

(
x, T ; β̄, γ̂ − γ̄

))
L2(I)

=⇒ ∂J(βε, γ̄)
(
β̂ − β̄

)
+ ∂J(β̄, γε) (γ̂ − γ̄) =∫

I

[(
y1

(
x, T, β̄, γ̄

)
− f (x)

) (
y1

(
x, T ; β̂ − β̄, γ̄

)
+ y1

(
x, T ; β̄, γ̂ − γ̄

))]
dx

+

∫
I

[(
y2

(
x, T, β̄, γ̄

)
− g (x)

) (
y2

(
x, T ; β̂ − β̄, γ̄

)
+ y2

(
x, T ; β̄, γ̂ − γ̄

))]
dx

+N

∫
I

[
∇β̄∇(β̂ − β̄) +∇γ̄∇(γ̂ − γ̄)

]
dx

So

∂J(βε, γε) =

∫
Q

[(
β̂ − β̄

) ȳ1ȳ2

ȳ1 + ȳ2

− (γ̂ − γ̄) ȳ2

]
(p2 − p1) dxdt

+N

∫
I

[
∇β̄∇

(
β̂ − β̄

)
+∇γ̄∇ (γ̂ − γ̄)

]
dx ≥ 0

We now define necessary condition for optimality . Let
(
β̄ , γ̄

)
is the solution to the optimal

control problem (3.4) , (ȳ1 , ȳ2) be the equivalent solution to system (3.1) − (3.2) when (β, γ) =(
β̄, γ̄

)
, and (p1, p2) is the solution to the adjoint system associated with system (3.1)− (3.2) .

Let’s define an adjoint state :

∂p1

∂t
= −∆p1 +

β̄ȳ2
2

(ȳ1+ȳ2)2p1 − β̄ȳ2
2

(ȳ1+ȳ2)2p2 , (x, t) ∈ Q ,
∂p2

∂t
= −∆p2 +

[
β̄ȳ2

1

(ȳ1+ȳ2)2 − γ̄
]
p1 −

[
β̄ȳ2

1

(ȳ1+ȳ2)2 − γ̄
]
p2 , (x, t) ∈ Q ,

∂p1

∂t
(0, t) = ∂p2

∂t
(0, t) = 0 , t ∈ (0, T ) ,

∂p1

∂t
(1, t) = ∂p2

∂t
(1, t) = 0 , t ∈ (0, T ) ,

p1 (x, T ) = y1

(
x, T, β̄, γ̄

)
− f (x) , x ∈ (0, 1) ,

p2 (x, T ) = y2

(
x, T, β̄, γ̄

)
− g (x) , x ∈ (0, 1) .

(3.8)
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Denote (zε1, z
ε
2) =

(
yε1−ȳ1

ε
,
yε2−ȳ2

ε

)
. Then taking (β, γ) = (βε, γε) in (3.1) , one has

∂yε1
∂t
−∆yε1 = −βε (x)

yε1y
ε
2

yε1+yε2
+ γε (x) yε2 (x, t) ∈ (0, 1)× (0, T ] ,

∂yε2
∂t
−∆yε2 = βε (x)

yε1y
ε
2

yε1+yε2
− γε (x) yε2 (x, t) ∈ (0, 1)× (0, T ] ,

yε1 (x, 0) = φ1 (x) , yε2 (x, 0) = φ2 (x) x ∈ (0, 1) ,
∂yε1
∂x

(0, t) =
∂yε2
∂x

(0, t) = 0 t ∈ (0, T ) ,
∂yε1
∂x

(1, t) =
∂yε2
∂x

(1, t) = 0 t ∈ (0, T ) ,

(3.9)

Taking (β, γ) =
(
β̄, γ̄

)
in (3.1) we can obtain :

∂ȳ1

∂t
−∆ȳ1 = −β̄ (x) ȳ1ȳ2

ȳ1+ȳ2
+ γ̄ (x) ȳ2 (x, t) ∈ (0, 1)× (0, T ] ,

∂ȳ2

∂t
−∆ȳ2 = β̄ (x) ȳ1ȳ2

ȳ1+ȳ2
− γ̄ (x) ȳ2 (x, t) ∈ (0, 1)× (0, T ] ,

ȳ1 (x, 0) = φ1 (x) , ȳ2 (x, 0) = φ2 (x) x ∈ (0, 1) ,
∂ȳ1

∂x
(0, t) = ∂ȳ2

∂x
(0, t) = 0 t ∈ (0, T ) ,

∂ȳ1

∂x
(1, t) = ∂ȳ2

∂x
(1, t) = 0 t ∈ (0, T ) ,

(3.10)

Subtracting (3.9) in (3.10) and dividing both sides by ε , we can acquire that :

1

ε

(
∂yε1
∂t
− ∂ȳ1

∂t

)
=

∂zε1
∂t

1

ε
(∆yε1 −∆ȳ1) = ∆zε1

as well :

−βε yε1y
ε
2

yε1 + yε2
+ β̄

ȳ1ȳ2

ȳ1 + ȳ2

=
−βεyε1yε2 (ȳ1 + ȳ2) + β̄ȳ1ȳ2 (yε1 + yε2)

(ȳ1 + ȳ2) (yε1 + yε2)

=
−βεyε1yε2ȳ1 − βεyε1yε2ȳ2 + β̄ȳ1ȳ2 (yε1 + yε2)

(ȳ1 + ȳ2) (yε1 + yε2)

=
−βεyε1ȳ1 [εzε2 + ȳ2]− βεyε2ȳ2 [εzε1 + ȳ1] + β̄ȳ1ȳ2 (yε1 + yε2)

(ȳ1 + ȳ2) (yε1 + yε2)

=
−εβε(yε1ȳ1z

ε
2 + yε2ȳ2z

ε
1)

(ȳ1 + ȳ2) (yε1 + yε2)
+

(
β̄ − βε

)
ȳ1ȳ2 (yε1 + yε2)

(ȳ1 + ȳ2) (yε1 + yε2)

=
−εβε(yε1ȳ1z

ε
2 + yε2ȳ2z

ε
1)

(ȳ1 + ȳ2) (yε1 + yε2)
+

(
β̄ − β̄ − ε

(
β̂ − β̄

))
ȳ1ȳ2 (yε1 + yε2)

(ȳ1 + ȳ2) (yε1 + yε2)

= ε

−βε(yε1ȳ1z
ε
2 + yε2ȳ2z

ε
1)

(ȳ1 + ȳ2) (yε1 + yε2)
−

(
β̂ − β̄

)
ȳ1ȳ2 (yε1 + yε2)

(ȳ1 + ȳ2) (yε1 + yε2)


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γεyε2 − γ̄ȳ2 = γε [εzε2 + ȳ2]− γ̄ȳ2

= εγεzε2 + (γε − γ̄) ȳ2

= εγεzε2 + ( γ̄ + ε (γ̂ − γ̄)− γ̄) ȳ2

= ε (γεzε2 + (γ̂ − γ̄) ȳ2)

In the same way , we find :

βε
yε1y

ε
2

yε1 + yε2
− β̄ ȳ1ȳ2

ȳ1 + ȳ2

= ε

βε(yε1ȳ1z
ε
2 + yε2ȳ2z

ε
1)

(ȳ1 + ȳ2) (yε1 + yε2)
+

(
β̂ − β̄

)
ȳ1ȳ2 (yε1 + yε2)

(ȳ1 + ȳ2) (yε1 + yε2)


−γεyε2 + γ̄ȳ2 = −ε (γεzε2 + (γ̂ − γ̄) ȳ2)

from this , we get :

∂zε1
∂t
−∆zε1 = − βε

(yε1+yε2)(ȳ1+ȳ2)
[ȳ2y

ε
2z
ε
1 + ȳ1y

ε
1z
ε
2]−

(
β̂ − β̄

)
ȳ1ȳ2

ȳ1+ȳ2
+ γεzε2 + (γ̂ − γ̄) yε2 ,

∂zε1
∂t
−∆zε1 = βε

(yε1+yε2)(ȳ1+ȳ2)
[ȳ2y

ε
2z
ε
1 + ȳ1y

ε
1z
ε
2] +

(
β̂ − β̄

)
ȳ1ȳ2

ȳ1+ȳ2
− γεzε2 − (γ̂ − γ̄) yε2 ,

zε1 (x, 0) = zε2 (x, 0) = 0 , x ∈ (0, 1) ,
∂zε1
∂x

(0, t) =
∂zε2
∂x

(0, t) = 0 , t ∈ (0, T ) ,
∂zε1
∂x

(1, t) =
∂zε2
∂x

(1, t) = 0 , t ∈ (0, T ) ,

(3.11)

Let zi = zεi |ε=0 . means that limε−→0 z
ε
i = zi.

in the same way :

lim
ε−→0

βε = β̄ and lim
ε−→0

yεi = lim
ε−→0

εzi + ȳi = ȳi

Then zi satisfies :

∂z1
∂t
−∆z1 = − β̄ȳ2

2

(ȳ1+ȳ2)2 z1 −
[

β̄ȳ2
1

(ȳ1+ȳ2)2 − γ̄
]
z2 −

(β̂−β̄)ȳ1ȳ2

ȳ1+ȳ2
+ (γ̂ − γ̄) ȳ2

∂z2
∂t
−∆z2 =

β̄ȳ2
2

(ȳ1+ȳ2)2 z1 +
[

β̄ȳ2
1

(ȳ1+ȳ2)2 − γ̄
]
z2 +

(β̂−β̄)ȳ1ȳ2

ȳ1+ȳ2
− (γ̂ − γ̄) ȳ2

z1 (x, 0) = z2 (x, 0) = 0 x ∈ (0, 1) ,
∂z1
∂x

(0, t) = ∂z2
∂x

(0, t) = 0 t ∈ (0, T ) ,
∂z1
∂x

(1, t) = ∂z2
∂x

(1, t) = 0 t ∈ (0, T ) ,

(3.12)

On the other hand :
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2∑
i=1

(
pi
∂zi
∂t

+ zi
∂pi
∂t

)
= p1

∂z1

∂t
+ z1

∂p1

∂t
+ p2

∂z2

∂t
+ z2

∂p2

∂t

= p1∆z1 −
β̄ȳ2

2

(ȳ1 + ȳ2)2
z1p1 −

[
β̄ȳ2

1

(ȳ1 + ȳ2)2
− γ̄
]
z2p1 −

(
β̂ − β̄

)
ȳ1ȳ2p1

ȳ1 + ȳ2

+ (γ̂ − γ̄) ȳ2p1 − z1∆p1 +
β̄ȳ2

2

(ȳ1 + ȳ2)2
p1z1 −

β̄ȳ2
2

(ȳ1 + ȳ2)2
p2z1 + p2∆z2

+
β̄ȳ2

2

(ȳ1 + ȳ2)2
z1p2 +

[
β̄ȳ2

1

(ȳ1 + ȳ2)2
− γ̄
]
z2p2 +

(
β̂ − β̄

)
ȳ1ȳ2p2

ȳ1 + ȳ2

− (γ̂ − γ̄) ȳ2p2

−z2∆p2 +

[
β̄ȳ2

1

(ȳ1 + ȳ2)2
− γ̄
]
p1z2 −

[
β̄ȳ2

1

(ȳ1 + ȳ2)2
− γ̄
]
p2z2

2∑
i=1

(
pi
∂zi
∂t

+ zi
∂pi
∂t

)
= p1∆z1 + p2∆z2 − z1∆p1 − z2∆p2 +

(
β̂ − β̄

) ȳ1ȳ2

ȳ1 + ȳ2

(p2 − p1)

− (γ̂ − γ̄) (p2 − p1) ȳ2

Then :

2∑
i=1

(
pi
∂zi
∂t

+ zi
∂pi
∂t

)
= p1∆z1 + p2∆z2 − z1∆p1 − z2∆p2 (3.13)

+

[(
β̂ − β̄

) ȳ1ȳ2

ȳ1 + ȳ2

− (γ̂ − γ̄) ȳ2

]
(p2 − p1)

Also note that :

∂

∂t
(p1z1 + p2z2) = z1

∂p1

∂t
+ p1

∂z1

∂t
+ z2

∂p2

∂t
+ p2

∂z2

∂t
(3.14)

=

2∑
i=1

(
pi
∂zi
∂t

+ zi
∂pi
∂t

)
We have :

p1(x, T ) = y(x, T ; β̄, γ̄)− f(x) = 0 and p2(x, T ) = y(x, T ; β̄, γ̄)− g(x) = 0
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Consequently, from (3.12) and (3.13) and integrating on Q , one obtains that :

∫
I

∫ T

0

∂

∂t
(p1z1 + p2z2) (x, t) dtdx =

∫
I

∫ T

0

[(
β̂ − β̄

) ȳ1ȳ2

ȳ1 + ȳ2

− (γ̂ − γ̄) ȳ2

]
(p2 − p1) dtdx (3.15)

Thereupon, it follows from (3.8) and (3.15) that :∫
I

{[
y1

(
x, T ; β̄, γ̄

)
− f (x)

]
z1 (x, T ) +

[
y2

(
x, T ; β̄, γ̄

)
− g (x)

]
z2 (x, T )

}
dx

=

∫
I

∫ T

0

[(
β̄ − β

) ȳ1ȳ2

ȳ1 + ȳ2

− (γ̄ − γ) ȳ2

]
(p2 − p1) dtdx

By changing the time direction s = T − t and the change of functions pi(x, T − s) = wi(x, s) and

yi(x, T − s) = y∗i (x, s) , (s, x) ∈ Q , i = 1, 2 , system (3.8) can be rewritten as :

t = T − s =⇒ ∂t = −∂s So ∂pi
∂s

(x, T − s) = −∂wi
∂s

(x, s)

∂w1

∂s
= ∆w1 −

β̄(y∗2)
2

(y∗1+y∗2)
2w1 +

β̄(y∗2)
2

(y∗1+y∗2)
2w2 , (x, s) ∈ Q,

∂w2

∂s
= ∆w2 −

[
β̄(y∗2)

2

(y∗1+y∗2)
2 − γ̄

]
w1 +

[
β̄(y∗2)

2

(y∗1+y∗2)
2 − γ̄

]
w2 , (x, s) ∈ Q,

∂w1

∂s
(0, s) = ∂w2

∂s
(0, s) = 0 s ∈ (0, T ) ,

∂w1

∂s
(1, s) = ∂w2

∂s
(1, s) = 0 s ∈ (0, T ) ,

w1(x, 0) = y1

(
x, T ; β̄, γ̄

)
− f (x) , x ∈ (0, 1) ,

w2(x, 0) = y2

(
x, T ; β̄, γ̄

)
− g (x) , x ∈ (0, 1) .

(3.16)

Lemma 3.1 [15]: Let (p1, p2) be the solution to system (3.8) . Then ‖ pi ‖L∞(I) , i = 1, 2 , is bounded

on [0, T ] .

Proof. Let F (u1, u2) = u1u2

u1+u2
. We derive F (u1, u2) to get :

Fu1(u1, u2) =
u2 (u1 + u2)− u1u2

(u1 + u2)2 and Fu2(u1, u2) =
u1 (u1 + u2)− u1u2

(u1 + u2)2

=
u2

2

(u1 + u2)2 =
u2

1

(u1 + u2)2

=⇒ Fu1 (y∗1, y
∗
2) = Fu1 |u1=y∗1 ,u2=y∗2 .

Then (3.16) can be written as :{
∂w1

∂s
−∆w1 + β̄Fu1 (y∗1, y

∗
2)w1 − β̄Fu1 (y∗1, y

∗
2)w2 = 0 ,

∂w2

∂s
−∆w2 +

[
β̄Fu2 (y∗1, y

∗
2)− γ̄

]
w1 −

[
β̄Fu2 (y∗1, y

∗
2)− γ̄

]
w2 = 0 .

(3.17)
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Multiplying the first equation of (3.17) by w1and integrating on , one obtains that :∫
I

∂w1

∂s
w1dx−

∫
I

w1∆w1dx+

∫
I

β̄Fu1 (y∗1, y
∗
2) | w1 |2 −

∫
I

β̄Fu1 (y∗1, y
∗
2)w2w1dx = 0

using the Green’s formula and the Cauchy inequality, we can demonstrate that :

We know that 1
2
∂
∂s

(w)2 = w ∂w
∂s

.

Applying the Green’s formula : (See Appendices Theorem 2)

1

2

∂

∂s

∫
I

(w1)2 dx−
∫

Γ

w1
∂w1

∂ν
dΓ +

∫
Ω

| ∇w1 |2 dx+

∫
I

β̄Fu1 (y∗1, y
∗
2) | w1 |2 dx

−
∫
I

β̄Fu1 (y∗1, y
∗
2)w2w1dx = 0

1

2

∂

∂s

∫
I

(w1)2 dx =

∫
I

β̄Fu1 (y∗1, y
∗
2)w2w1dx−

∫
I

β̄Fu1 (y∗1, y
∗
2) | w1 |2 dx

We have Fu1(u1, u2) =
u2

2

(u1+u2)2 and since u1, u2 > 0 , it’s clear that 0 ≤ Fu1 ≤ 1

1

2

∂

∂s

∫
I

(w1)2dx ≤
∫
I

| β̄ || w2 || w1 | dx+

∫
I

| β̄ || w1 |2 dx

Applying The Cauchy-Schwarz inequality : (See Appendices Theorem 1)∫
I

| β̄ || w2 || w1 | dx+

∫
I

| β̄ || w1 |2 dx ≤(∫
I

| β̄ |2| w2 |2 dx
) 1

2
(∫

I

| w1 |2 dx
) 1

2

+

(∫
I

| β̄ |2 (| w1 |2)2dx

) 1
2

b̄0 ‖ w2 ‖
L2(I)
‖w1‖

L2(I)
+ b̄0 ‖ w1 ‖2

L2(I)

Applying
(
ab ≤ a2

2
+ b2

2

)
on b̄0 ‖ w2 ‖

L2(I)
‖w1‖

L2(I)

1

2

∂

∂s
‖ w1 ‖L2(I)≤

1

2
b̄2

0 ‖ w1 ‖2

L2(I)
+

1

2
‖ w2 ‖2

L2(I)
+b̄0 ‖ w1 ‖2

L2(I)

1

2

∂

∂s
‖ w1 ‖L2(I) ≤

(
b̄2

0

2
+ b̄0

)
‖ w1 ‖2

L2(I)
+

1

2
‖ w2 ‖2

L2(I)
(3.18)

Similarly, multiplying the second equation of (3.17) byw2 and integrating on I , one acquires :∫
I

∂w2

∂s
w2dx−

∫
I

w2∆w2dx+

∫
I

[
β̄Fu2 (y∗1, y

∗
2)− γ̄

]
w1w2dx

−
∫
I

[
β̄Fu2 (y∗1, y

∗
2)− γ̄

]
w2

2 = 0
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Applying the Green’s formula : (See Appendices Theorem 2)

1

2

∂

∂s

∫
I

(w2)2 dx−
∫

Γ

w2
∂w2

∂ν
dΓ +

∫
Ω

| ∇w2 |2 dx+

∫
I

[
β̄Fu2 (y∗1, y

∗
2)− γ̄

]
w1w2dx

−
∫
I

[
β̄Fu2 (y∗1, y

∗
2)− γ̄

]
w2

2 = 0

1

2

∂

∂s

∫
I

(w2)2 dx =

∫
I

[
β̄Fu2 (y∗1, y

∗
2)− γ̄

]
w2

2 −
∫
I

[
β̄Fu2 (y∗1, y

∗
2)− γ̄

]
w1w2dx

We have Fu2(u1, u2) =
u2

1

(u1+u2)2 and since u1, u2 > 0 , it’s clear that 0 ≤ Fu2 ≤ 1

1

2

∂

∂s

∫
I

(w2)2dx ≤
∫
I

| β̄ + γ̄ || w2 || w1 | dx+

∫
I

| β̄ + γ̄ || w2 |2 dx

Applying Cauchy-Schwarz inequality :(See Appendices Theorem 1)∫
I

| β̄ + γ̄ || w2 || w1 | dx+

∫
I

| β̄ + γ̄ || w2 |2 dx ≤(∫
I

| β̄ + γ̄ |2| w2 |2| w1 |2 dx
) 1

2

+

(∫
I

| β̄ + γ̄ |2 (| w2 |2)2dx

) 1
2

≤ (b̄0 + r̄0) ‖ w2 ‖
L2(I)
‖w1‖

L2(I)
+
(
b̄0 + r̄0

)
‖ w2 ‖2

L2(I)

Applying
(
ab ≤ a2

2
+ b2

2

)
on (b̄0 + r̄0) ‖ w2 ‖

L2(I)
‖w1‖

L2(I)

1

2

∂

∂s
‖ w2 ‖2

L2(I)≤
(b̄0 + r̄0)2

2
‖ w2 ‖2

L2(I) +
1

2
‖ w1 ‖2

L2(I) +
(
b̄0 + r̄0

)
‖ w2 ‖2

L2(I)

1

2

∂

∂s
‖ w2 ‖2

L2(I)≤
((

b̄0 + r̄0

)2

2
+ b0 + r0

)
‖ w2 ‖2

L2(I) +
1

2
‖ w1 ‖2

L2(I) (3.19)

Then it is easy to see from (3.18) and (3.19) that :

∂

∂s

(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
≤
(
1 + b̄2

0 + b̄0

)
‖ w1 ‖2

L2(I)

+
((
b̄0 + r̄0

)2
+ 2(b̄0 + r̄0) + 1

)
‖ w2 ‖2

L2(I)

∂
∂s

(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
≤
(
b̄0 + 1

)2 ‖ w1 ‖2
L2(I)

+
(
b̄0 + r̄0 + 1

)2 ‖ w2 ‖2
L2(I)

≤ max
{(
b̄0 + 1

)2
,
(
b̄0 + r̄0 + 1

)2
}(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
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≤
(
b̄0 + r̄0 + 1

)2
(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
which implies that :

∂
(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

≤
(
b̄0 + r̄0 + 1

)2
∂s

=⇒ ln |‖ w1 ‖2
L2(I) + ‖ w2 ‖2

L2(I)|≤
(
b̄0 + r̄0 + 1

)2
s

=⇒ ‖ w1 ‖2
L2(I) + ‖ w2 ‖2

L2(I)≤ exp
((
b̄0 + r̄0 + 1

)2
s
)

=⇒ ‖ w1 ‖2
L2(I) + ‖ w2 ‖2

L2(I) − exp
((
b̄0 + r̄0 + 1

)2
s
)
≤ 0

We have :

∂

∂s
[α exp (−ks)] = ∂α exp (−ks)− kα exp (−ks)

= (∂α− kα) exp (−ks)

On suppose :

‖ w1 ‖2
L2(I) + ‖ w2 ‖2

L2(I)= α(
b̄0 + r̄0 + 1

)2
= k

=⇒ (∂α− kα) exp (−ks) ≤ 0

=⇒ exp (−ks) > 0 so ∂α− kα ≤ 0 =⇒ ∂α ≤ kα

=⇒ ∂

∂s
[α exp (−ks)] ≤ 0 so

∂

∂s

[(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
exp

(
−
(
b̄0 + r̄0 + 1

)2
s
)]
≤ 0 (3.20)

Integrating from 0 to s on both sides of (3.20) , we get :∫ s

0

∂

∂s

[(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
exp

(
−
(
b̄0 + r̄0 + 1

)2
s
)]
dt ≤ 0

(
‖ w1 (x, s) ‖2

L2(I) + ‖ w2 (x, s) ‖2
L2(I)

)
exp

(
−
(
b̄0 + r̄0 + 1

)2
s
)

− ‖ w1 (x, 0) ‖2
L2(I) + ‖ w2 (x, 0) ‖2

L2(I)≤ 0

We know :

w1 (x, 0) = y1

(
x, T ; β̄, γ̄

)
− f (x) and w2 (x, 0) = y2

(
x, T ; β̄, γ̄

)
− g (x)
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=⇒
(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
exp

(
−
(
b̄0 + r̄0 + 1

)2
s
)
≤‖ y1

(
x, T ; β̄, γ̄

)
−f (x) ‖2

L2(I)

+ ‖ y2

(
x, T ; β̄, γ̄

)
− g (x) ‖2

L2(I)

We now multiply both sides by exp
((
b̄0 + r̄0 + 1

)2
s
)

:

(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
≤ exp

((
b̄0 + r̄0 + 1

)2
s
)[ ‖ y1

(
x, T ; β̄, γ̄

)
− f (x) ‖2

L2(I) +

+ ‖ y2

(
x, T ; β̄, γ̄

)
− g (x) ‖2

L2(I)

]

=⇒ max
s∈[0,T ]

(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
≤

max
s∈[0,T ]

(
exp

((
b̄0 + r̄0 + 1

)2
s
)[ ‖ y1

(
x, T ; β̄, γ̄

)
− f (x) ‖2

L2(I) +

+ ‖ y2

(
x, T ; β̄, γ̄

)
− g (x) ‖2

L2(I)

])

max
s∈[0,T ]

(
‖ w1 ‖2

L2(I) + ‖ w2 ‖2
L2(I)

)
≤

exp
((
b̄0 + r̄0 + 1

)2
T
)[ ‖ y1

(
x, T ; β̄, γ̄

)
− f (x) ‖2

L2(I) +

+ ‖ y2

(
x, T ; β̄, γ̄

)
− g (x) ‖2

L2(I)

]

which implies that ‖ pi (t) ‖L2(I)=‖ wi ‖L2(I), i = 1, 2 is bounded on [0, T ] . Next we further give

the H1estimate of w(x, t) = (w1(x, t), w2(x, t)) to achieve our result by the standard embedding

theorem . Multiplying the first equation of (3.17) by ∆w1and integrating on I , we have :∫
I

∂w1

∂s
∆w1dx−

∫
I

(∆w1)2dx =

∫
I

β̄Fu1 (y∗1, y
∗
2)w2∆w1dx−

∫
I

β̄Fu1 (y∗1, y
∗
2)w1∆w1dx

Then we have :

Noting that 0 < β(x) < 1 and 0 < Fu1(y∗1, y∗) < 1 , we can conclude that :

1

2

∂

∂s
‖ w1 ‖2

H1
0 (I) + ‖ ∆w1 ‖2

L2(I)≤
∫
I

| w2 || ∆w1 | dx+

∫
I

| w1 || ∆w1 | dx

Applying the Cauchy-Schwarz inequality : (See Appendices Theorem 1)∫
I

| w2 || ∆w1 | dx+

∫
I

| w1 || ∆w1 | dx ≤
(∫

I

| w2 |2
) 1

2
(∫

I

| ∆w1 |2
) 1

2

+

(∫
I

| w1 |2
) 1

2
(∫

I

| ∆w1 |2
) 1

2

≤ ‖w2‖L2(I) ‖ ∆w1 ‖L2(I) +‖w2‖L2(I) ‖ ∆w1 ‖L2(I)
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Applying
(
ab ≤ a2

2
+ b2

2

)
on ‖w2‖L2(I) ‖ ∆w1 ‖L2(I)and ‖w2‖L2(I) ‖ ∆w1 ‖L2(I)

1

2

∂

∂s
‖ w1 ‖2

H1
0 (I) + ‖ ∆w1 ‖2

L2(I)≤
‖ w2 ‖2

L2(I)

2
+
‖ ∆w1 ‖2

L2(I)

2
+
‖ w1 ‖2

L2(I)

2
+
‖ ∆w1 ‖2

L2(I)

2

1

2

∂

∂s
‖ w1 ‖2

H1
0 (I) + ‖ ∆w1 ‖2

L2(I)≤
1

2

(
‖ w2 ‖2

L2(I) + ‖ w1 ‖2
L2(I)

)
+ ‖ ∆w1 ‖2

L2(I)

=⇒ ∂

∂s
‖ w1 ‖2

H1
0 (I)≤‖ w2 ‖2

L2(I) + ‖ w1 ‖2
L2(I)

Integrating from 0 to t in the above inequality , we obtain :∫ t

0

∂

∂s
‖ w1 ‖2

H1
0 (I) dt ≤

∫ t

0

(
‖ w2 ‖2

L2(I) + ‖ w1 ‖2
L2(I)

)
dt

=⇒‖ w1 (x, t) ‖2
H1

0 (I) − ‖ w1 (x, 0) ‖2
H1

0 (I)≤
(
‖ w2 ‖2

L2(I) + ‖ w1 ‖2
L2(I)

)
t

=⇒‖ w1 (x, t) ‖2
H1

0 (I)≤
(
‖ w2 ‖2

L2(I) + ‖ w1 ‖2
L2(I)

)
t+ ‖ y1

(
x, T ; β̄, γ̄

)
− f (x) ‖2

H1
0 (I)

=⇒‖ w1 (x, t) ‖2
H1

0 (I)
≤

T max
t∈[0,T ]

(
‖ w2 ‖2

L2(I) + ‖ w1 ‖2
L2(I)

)
+ ‖ y1

(
x, T ; β̄, γ̄

)
− f (x) ‖2

H1
0 (I)

So , ‖ w1 ‖2
H1

0 (I)
is bounded on [0, T ] . Similarly , we can prove that ‖ w2 ‖2

H1
0 (I)

is bounded on [0, T ]

. Therefore , the standard embedding theorem yields the desired result.
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Appendices

Definition 1: Let J : U ⊂ X → Y be an operator with Banach spaces X, Y and U 6= ∅ open. J is

called directionally differentiable at x ∈ U if the limit :

dJ(x, h) = lim
t→0+

J (x+ th)− J (x)

t
∈ Y

exists for all h ∈ X . J is called Gâteaux differentiable at x ∈ U if J is directionally differentiable at

x and the directional derivative J ′(x) : h ∈ X → dJ(x, h) ∈ Y is bounded and linear , i.e. , J(x) ∈
L(X, Y ) .

Theorem 1 : (Cauchy-Schwarz inequality)

Consider u and v ∈ L2 (Ω) , then , Cauchy inequality given by :

|
∫

Ω

uvdx |≤
(∫

Ω

| u |2 dx
) 1

2
(∫

Ω

| v |2 dx
) 1

2

Theorem 2 : (Green Formula) Let Ω ⊂ Rn be a bounded spatial domain with smouth

boundary ∂Ω = Γ , where ν denote the external unit normal vector .

Let u and v be any two real functions of class C1(Ω) , we have∫
Ω

(∆u)vdx =

∫
Γ

v
∂u

∂ν
dΓ−

∫
Ω

∇u∇vdx
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