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Abstract

The study of dynamical systems is a fundamental
topic in the natural and engineering sciences,
contributing to understanding the behavior of complex
systems and analyzing their stability. In this study, we
will analyze a dynamical system containing six
equilibria, with the aim of classifying the system's
parameter regions based on the presence of these
equilibria and determining their stability conditions. We
will use the Lyapunov method to analyze local and
global stability, and evaluate the presence of a Hopf
bifurcation at a particular equilibrium point in the
Wilamowski-Radssler system. In addition, we will
discuss the study of interaction propagation in three-
dimensional systems and global asymptotic stability in
the partial differential equations (PDES) representing
these systems. This study aims to achieve a deeper
understanding of the system'’s dynamics and determine
the stability conditions of its equilibria, contributing to
the development of knowledge in the field of dynamical
systems and their applications.

keywords:

Reaction-diffusion model , local and global stability,
stabilization, WR, global asymptotic stability, Hopf
.bifurcations, equilibria



Résume

L'étude des systemes dynamiques est un sujet
fondamental en sciences naturelles et de I'ingénieur,
contribuant a la compréhension du comportement des
systemes complexes et a I'analyse de leur stabilité. Dans
cette etude, nous analyserons un systeme dynamique
contenant six équilibres, afin de classer les régions de
parametres du systeme en fonction de la présence de ces
equilibres et de déeterminer leurs conditions de stabilité.
Nous utiliserons la méthode de Lyapunov pour analyser
la stabilité locale et globale, et evaluerons la présence
d'une bifurcation de Hopf en un point d'équilibre
particulier du systeme de Wilamowski-Rdssler. De plus,
nous aborderons I'étude de la propagation des
interactions dans les systemes tridimensionnels et la
stabilité asymptotique globale dans les équations aux
derivées partielles (EDPSs) représentant ces systemes.
Cette etude vise a approfondir la compréehension de la
dynamique du systeme et a déterminer les conditions de
stabilité de ses équilibres, contribuant ainsi au
développement des connaissances dans le domaine des
systemes dynamiques et de leurs applications.

Mots-clés:

modele de réaction-diffusion, stabilité locale et
globale, stabilisation, WR, stabilité globale, bifurcations
de Hopf, équilibres
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Introduction

Differential systems are used to model biological reactions, describe the motion of objects, and
analyze economic changes. They are a powerful tool for understanding the dynamic behavior of
complex phenomena. They have broad applications in physics, engineering, economics, and biol-
ogy. They help analyze and explain complex phenomena and are fundamental to many scientific
fields.

Nonlinear dynamical systems are a vital topic that has received widespread attention in various
fields, including physics, chemistry, and engineering. One such system is the WR model, a mathe-
matical model that describes complex chemical reactions and is used to understand the dynamic
behavior of these reactions, especially chaotic behavior. The system consists of ordinary differ-
ential equations that describe interactions between variables. The WR system exhibits chaotic
behavior, balanced multiplicity, and spiral waves. Numerical simulation and dynamic analysis
have been used to study the system’s behavior and identify the conditions that lead to chaotic
behavior. Methods have also been proposed to control chaotic behavior and improve mixing in
chemical reactions. The WR system is an important tool for understanding the dynamic behavior
of chemical reactions and developing methods for controlling and optimizing them. In general,
the WR system helps understand and optimize complex chemical reactions. In this paper, we
discuss the Wilamowski-Rossler equation in detail, and we draw on the work of Alharthi,Nabil
Barhoumi, Samir Ben Doukha, Imad Ali, Radwan Douaifia, and Salem Abdelmalek.

We encountered several difficulties with this nonlinear differential system, which affected the
accuracy and understanding of its dynamic behavior. One of the most significant challenges was
the system’s nonlinearity, which made it difficult to solve analytically, forcing us to use numerical
methods such as the Runge-Kutta method. We also faced extreme sensitivity to initial values, as
even very slight changes can lead to completely different trajectories, requiring high precision
in calculations and stability analysis around equilibrium points. Furthermore, the system con-
tained multiple equilibrium points, making it difficult to predict the point to which the trajectory
would gravitate without a comprehensive study of the Jacobian matrix. Furthermore, even small
changes in parameters can lead to radical changes in behavior.

To overcome these difficulties, we relied on precise numerical solutions, linear stability analy-
sis, studying the impact of coefficients through branch analysis, and using chaotic tools such as
Lyapunov indices. These methods enable us to gain a deeper understanding of the system an
make better modeling decisions. We have divided this work into the following chapters:

In the first chapter we provide an overview of the basic terms and concepts that form the basis
of this study:.




In chapter 2, we discuss a complex dynamical system containing six different equilibria. We
aim to classify the regions of this system’s parameters based on the presence of these equilibria.
This includes identifying regions that contain all six equilibria, as well as those that lack one
or more equilibria, focusing on analyzing the stability of each equilibrium in each region. We
will organize the results into a comprehensive table that facilitates understanding the system’s
behavior and identifies regions where the equilibria can effectively coexist. The ultimate goal is
to achieve a deeper understanding of the system’s dynamics and identify the conditions necessary
for the stability of its equilibria.

In the next section, we analyze the system’s behavior near the equilibrium points, with the
goal of determining whether these points are stable or unstable. This analysis will enable us to
clearly identify regions where all six equilibria coexist.

In chapter 3, we examine the stability of the equilibria in the system, using the Lyapunov
method to analyze local and global stability. The aim of this analysis is to identify and evaluate
the necessa solutions in a specific context, seeking to prove the existence of solutions over an
infinite timescale and verify the positivity of these solutry conditions for stability in a specific
context. In the second part of the study, we will discuss the existence and positivity of globalions.

In chapter 4,examines the evaluation of the existence of Hopf bifurcation at a given equi-
librium point in the WR system, presenting numerical results that support the main findings of
the study.We will focus on specific representative cases to highlight key aspects of the system’s
stability, and four practical examples will be presented that demonstrate the stability of equilibria
undervarious conditions.

Finally, in thelast chapter,we will discuss the study of interaction propagation in three-
dimensional systems, providing a general introduction to these systems and defining them in
a three-dimensional context. We will also discuss global asymptotic stability in the partial differ-
ential equations (PDEs) that represent these systems, with the aim of providing a deeper under-

standing of the dynamical phenomena in these systems.



Chapter 1
Mathematical Modeling and Preliminaries:

In this chapter, we present some of the necessary nomenclature and notions used throughout the

thesis.

1.1 Nomenclature

e R : Set of real numbers.

e H': Sobolev space.

e [1?: Hilbert space.

e Q: Bounded domain of RY.

e 0Q2: Boundary of domain (2.

e det(J) : Determinant of the matrix J.
e tr(J) : Trace of the matrix J.

e Re()\) : Real part of the complex number .

ou

5> Oqu :Partial derivative with respect to ¢.

e %u:Normal derivative of u outside of 1.
e v: Outward unit normal vector of the boundary 0f).
e ODEFE :ordinary differential equations.

e PDE :partial differential equations.



e V?u, Au : Laplacian operator of v defined by V?u =Au.

e Vu : Gradient of u defined by Vu = (2% 2v Ou_),

Ox1? Oxa? """ dzn

e W R :Willamowsky-Rossler.



1.2 General Notions

1.2.1 Basic Theorems and Definitions

Definition 1.1 [23] Let E be an equilibrium of dynamical system (1.8) and \;,i = 1,2,3 be the

eigenvalues of the Jacobian matrix when evaluated at E. The point F is said to be:

e A node when A\, A2, \3 € R and sgn (A1) = sgn(X2) = sgn(A3). Then, the node is stable if
A1, A2, A3 < 0 and unstable if \;, Ay, A3 > 0.

o A saddle when A\, Xy, A3 € Rand i, j € {1,2,3} : \; > 0 A\; < 0. Note that a saddle point is

always unstable.

e A focus-node when \;,€ R, \y = A3 = a + i with B # 0, and sgn (\;) = sgn (Re (\2)) =
sgn (Re (A3)).
Then, the focus node is stable if A1, Re (A\2) , Re (A\3) < 0 and unstable if A1, Re (A\2) , Re (A3) > 0.

e A saddle-focus \;,€ R, \y = X3 = a + i with 8 # 0, and —sgn (\;) = sgn (Re (\2)) =
sgn (Re (A3)). Note that a saddle-focus is always unstable.

Remark 1.1 When the real part of the complex eigenvalues is equal to zero, linear analysis is not
sufficient to determine the stability of the equilibrium. Nonlinear methods such as the consideration
of higher-order derivatives and the centre manifold method can be used. If the equilibium is expected

to cross into an oscillatory mode, a Hopf-bifurcation analysis may be useful.

Lemma 1.1 For a matrix M € R**3 of the form

mi1 Myz Mais
M = Mo1 Moz Ma3

m31 M3z N33

with eigenvalues \; < Ay < A3, we define

mi1 + Moo Ma3 —mM13
2]
MP = m3o mi1 + Ma33 —M12
—ms3i1 Moy Moo + M33

If tr (M) ,det (M) < 0, the following holds:

e When A1, Ao, Az € R:

1.2. General Notions



— If det (M) < 0, then all three eigenvalues are negative.

— If det (M™) > 0, then \; < 0 and Xy, A3 > 0. Also, if det (M) = 0, then A\; = — )\, or
)\1 = —/\3.

e When \; € Rand Xy, A3 € C, then \; < Re (A\y) = Re(\3) and:

— If det (M) <0, then \; < 0 and Re (A2) = Re (\3) < 0.
— If det (M) > 0, then \; < 0 and Re (\2) = Re (A3) > 0.
— If det (M) = 0, then Re (\s) = Re (\3) = 0.

Proof. The characteristic equation of M is a cubic polynomial with real coefficients and roots
A1, A2, and A3. Note that A\, \o, \3 may be real or complex. It is easy to see that if the complex
number a + ib with a,b € R is a root, then so is a« — ib. Hence, if b # 0, then the third root is
necessarily real.

First, let us assume that the polynomial has three real roots A\j, A3, A3 € R and that \; < Ay < As.
Since tr(M) ,det (M) < 0, it follows that A\; + A2 + A3 < 0 and A; A\ A3 < 0. Consequently, either
A1, A2, A3 < 0or A\; < 0and Ay, A3 > 0. We know that

det (M) = (A1 + X2) (A1 + A3) (D2 + Ag) .

Since tr(M) = A\ + A2 + A3 < 0, then A\; + Ay < 0 and A\ + A3 < 0 with the condition that they can
not both be equal to zero simulatneously. Therefore,

sgn (det (M[2])) =sgn (A + A3) .

It follows that if det (M) < 0, then Ao+ A3 < 0, which implies that Ay, A3 < 0. Hence, A1, A, A3 <
0. On the other hand, if det (M®)) > 0, then A+ A3 > 0, which implies that Ay, A3 > 0, \; + A2 < 0
and \; + A3 < 0. Lastly, if det (M?) =0, then \; = —X; or \; = — )3, and thus Ay, A3 > 0.

In the second case, we assume that A\; € R and X\, A3 € C with \; < Re(\y) = Re(A3). Since
tr(M) < 0, we get \; +2Re (\2) < 0, which can be reduced to A; + Re (A\2) < 0. We also know that

sgn (det (Mm)) = sgn (Re (A1 + A2) Re (A1 + A3) Re (A2 + A3))
= sgn(Re (A2 + \3))
= sgn(Re(Aq)).
If det (M®) < 0, then Re (\2) < 0, i.e. A;,Re(X2),Re(X3) < 0. Alternatively, if det (M?) > 0,
then \; < 0 and Re (\2) = Re (\3) > 0. Finally, if det (M) = 0, then Re (\;) = 0, in which case
eigenvalues are not sufficient to establish the stability of the system.

Note that simpler versions of this Lemma can be found in [20, 19]. =
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Theorem 1.1 [11] Suppose the parameterized system

d

d—f(t):F(x,a), X €R®, a€R, (1.1)
has a fixed point at the origin for all values of the prameter «. Furthermore, suppose that two
eigenvelues )\ (o) and \; (o) of the a-dependent Jacobian of F' at zero are purely imaginary for
a = o*. If the real part of the eigenvalue (Re (A1 () = Re (A («))since Ay = \o) satisfies
d
—Re(\ e > 0, 1.2
ToRe (M () lazar > (1.2)
and the origin is asymptotically stable when o = o*, then:
(a) a = o* is a bifurcation point of the system,
(b) for a € (a1, a*) with some ay < o, the origin is a stable focus,
(c) for a € (a*, ap) with some s > «F, the origin is an unstable focus surrounded by a stable limit

cycle whose size increases with a.

Theorem 1.2 [18] Consider the n-dimensional autonomous system
— =F(z,a), (1.3)

where x € R", a € R, and F' € C*. Assume that (z*,«*) is an equilibrium point for system (1.3)

and that F' (), «) is the characteristic polynomial of the system’s Jacobian matrix given by
F(\a)=a, (@) AN +a,_1 (@) NP+ +ay (@)X +ag(a). (1.4

Then, system (1.3) undergoes a Hopf bifurcation about F (x,«) if :
(Hl) ag (Oé*) > 0, Dy (Oé*) >0......... D, (Oé*> =0, and
(Hp) 2Pe5ttes) £,

BDnsafe”)
where
aj (a) ag (o)
Dy(a)=det | fa) " 50‘) O O | (1.5)
agn—1 () agpo(@) -+ a, (@)

ap (o) =0;k >nork <O0.

Lemma 1.2 For n = 3, conditions (H,)and (Hs)of Theorem 1.2 reduce to
(Hs3) ag (a*) >0, Dy(a*) = a; (*) > 0, and

=0, (1.6)

* *

aj (a*) ag (a*)
D2 o*) =de
(@) ' ( as (a*) as(a )

(Hy) 8D§—(aa*) # 0, respectively




Theorem 1.3 (Green’s formula) [2]

IN dimension n.For any v € H*(2)M , and v € H*(§)) we have

/(Au)vdm:/ %vds—/Vu Vo.
Q a0 On Q

where s is the surface mesure of 9S) .Note that in the case when v € H?(),and v € H} () Green’s

identity reads
/(Au)vdw = — / Vu V.
Q Q

Remark 1.2 If we write this formula in dimension one,Q0becomes a segment (a;b) in R*and we find
the integration by parts formula: So let u ;v € C' ' [a; b] we have a special case of the Green’s

formula.

/ab Vuv de = — /abu Vodr +u (b)v (b) — u (a)v (a).

Now we recall some basic inequalities which we frequently use. We will start with this basic inequality

in the study of elliptic and parabolic problems.
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1.2.2 Willamowsky-Rossler chaotic reaction model

System Model
In this study, the considered reaction system is the one presented in the original paper of Willam-

owski and Rossler [27] and described by the rate equations

k1
Reaction1 A; + X = 2X,

k_1

Reaction2 X +Y ::2 2Y,

-2

k
Reaction3 As +Y k:s As, (1.7)
-3

k
Reaction4 X + 7 ké As,

-4

k
Reaction 5 A, + 7 = 27.

k_s

In this mechanism, (A;, A4, As) are the initial product concentrations, (X,Y, Z) are interme-
diate constituent concentrations, and (A,, A3) are the final product concentrations. Throughout
this study, we assume that the intermediate chemicals are dynamic in nature while the input and
output concentrations remain constant. These assumptions allow us to treat the chemical reactor
as an open system, ensuring mass balance for all the species. Let us denote the concentrations
of X, Y, and Z as z, y, and z, respectively. Under isothermal, constant volume, and well-stirred
conditions, we derive the following dynamical system to describe the rate equations of the afore-

mentioned chemical reaction system

((ij_zt/ = (l’ - a5>y = fZ(xaya Z)a in (07+OO)
% = (CL4 — X — ]{2_52) Z = f3(x7y7 Z)7 in (07 +OO>

2(0) =29 >0, y(0) =90 >0, 2(0) = 2z > 0.

(1.8)

with parameters a; through a; denoting the concentrations of species A; through A;. Note the
resulting model (1.8) assumes k_, = k_3 = k_, = 0 and ky = k4, = 1. Also, for convenience, the
model incorporates ki, k3, and k5 into parameters a;, a4, and as. According to [12], system (1.8)

exhibits a strange attractor for
(CLl, Ay, a5, k_l, ]{7_5) = (30, 165, 10, 0415, 15) . (19)

In order to simplify the notation of this paper, we will from here on drop the negative sign from

the subscripts of reaction rate parameters k_; and k_s.

11



Definition of the Willamowsky-Rossler system

Chemical reaction engineering is an interdisciplinary field focused on understanding chemi-
cal reactions and designing chemical equipment effectively. The (WR) model is a mathematical
model that exhibits chaotic behavior in chemical reactions. This research aims to comprehensively
study the WR model, including identifying different regions where equilibria coexist completely
or partially, and describing the nature of the stability of each equilibrium within them [27].

We will draw on previous research literature that has studied the WR model from various
aspects, including the analysis of chaotic behavior, the identification of equilibria, and the control
of chaotic behavior [4],[28]. We will identify different regions where equilibria coexist completely
or partially, and describe the nature of the stability of each equilibrium within them.

Through this study, we will gain a deeper understanding of the behavior of the WR model and
identify regions where certain equilibria exhibit global asymptotic stability and where chaotic
states exist [12],[25].

This will enable us to improve the design of chemical equipment and analyze the dynamic
behavior of the system, leading to improved chemical reaction efficiency and reduced costs [16]
[8]. Our study draws on several important references, including the Wilamowski-Rossler study
on chaotic behavior in chemical reactions [27], and Aguda et al.’s study on the determination
of dynamical order using the Lotka-Volterra oscillator and a key [4].

We also benefited from the study of thermodynamic changes and their effects on chemical chaos
in a WR reaction system [12], and the study of spiral waves in reaction-diffusion systems [14].
In addition, we studied the description of a stochastic period-2 limit cycle in the context of a WR
reaction system [13], and the collapse of mean-field dynamics in the non-equilibrium reaction-
diffusion system of the WR model [25].

We also proved the positive entropy of two Poincaré maps within a WR system [16], and studied
entropy generation in a WR model during both oscillatory and steady-state conditions [24]. We
proposed an adaptive parameter control method to control the chaotic behavior of a WR chemical
reaction [21], and used the synchronization of two minimal WR systems to improve mixing in
chemical reactions [8]. We also proposed and studied a fractal form of the WR model [7], and
proposed a modified WR model to account for the finite size of the reactor and the resulting
molecular crowding [26]. We explored the chemical network of the WR reaction-diffusion system
using Brownian dynamics simulations [7], and studied the existence and stability of equilibria for
the proposed modified WR model [29].

We identified six equilibria for the WR system and briefly discussed their stability in both local

and global contexts [19]. We developed a sliding mode controller for the fractal model and how




it can be used to synchronize two systems [6]. We also prevented Hopf bifurcation control in the
WR system, with the aim of generating or enhancing bifurcation at a specific site using a state
feedback method [28]. In doing so, we were able to provide a comprehensive overview of the

WR model and its applications in the field of chemical reactions.
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1.3 Existence and Global Stability of Equilibria

In this section we classify the system’s parameter regions according to the conditions for the
presence of equilibria, identify regions that contain all six equilibria, and regions that lack one
or more equilibria, analyze these equilibria and their results, and organize the results into a
comprehensive table.

The system’s equilibria satisfy

a1xr — k‘_l 2

ry — asy = 0, (1.10)

a4z — vz — k_522 = 0.

—xy —xz =0,

First, consider the second equation of the system
y(x —as) = 0.

This leads to either y = 0 or x = a5. Substituting y = 0 into the first equations of the system
(1.10), we obtain

a1z — kiz? —xz =0,

this can be rewritten as

z(a; — kix — z) =0,

this leads to
=0, (1.11)

or
Z=0ay — k‘ll’. (112)

Next, substitute the equation (1.11) into the third equation of the system (1.10), we find
asz — ksz? =0,

rewriting it, we get

z(ag — ksz) = 0.
Thus, we obtain
z=0, (1.13)
or
a
2= k—: (1.14)

1.3. Existence and Global Stability of Equilibria



By replacing z from (1.12) into the third equation of system (1.10), we obtain
(a1 — k:lx)(a4 — T — k5(a1 - k’ll’)) =0

Solving for z, we get

a1
= = 1.15
= (1.15)
or "
a1R/5 — A4
= = 1.16
Sy — (1.16)

Replacing z from (1.15) into (1.12) yields
a
z=a; — ki <k_1> )

z=0.

simplifying, we get

Similarly, substituting (1.16) into (1.12), we find

z=a1 —k <—a1k5—a4>
= a 1 hks —1 )
a1k1k5 — a1 — a1k1k5 + CL4/€1
B kiks — 1 ’
a4k1 — a

kiks —1°

Now, we proceed by substituting = = a5 into the first equation of the system
a1as — klag —asy —asz = 0.

Rearranging, we express y as
y=ay — kias — z. (1.17)

Similarly, substituting = = a5 into the third equation of (1.10) yields
2(ag — a5 — ksz) =0,

which leads to
z =0, (1.18)

or
: (1.19)

Replacing (1.18) in (1.17), we get

Yy =a; — k1a5.
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Likewise, substituting (1.19) into (1.17) results in

a5 — Q4

y=a; —kias +
5

This yields six solutions. To simplify the solutions, we assume k; # k—15, leading to the six equilibria

ks ks
E2 = (CL5, ay — CL5]€1, 0) .

a5 — ayq a4 — As
E1 = (a5, +a; — a5k1, .

By — arks — a4’07 ask; — a; .
kiks — 1 kiks — 1
a4
E, = 0,0, —
4 ( ) ’k5>
a1
E: = —.0,0]).
5 k_la ) >
Es = (0,0,0). (1.20)

Since the dependent triplet (z,y, z) represents the concentrations of the intermediate sub-
stances, we may impose x, 3, z > 0. It is important to note these equilibria do not necessarily have
to co-exist. It is easy to see that equilibria F4, Esand Ejg exist for all strictly positive parameter

values. The equilibrium F, exists if the following conditions are satisfied

a5 — Ay

Y= +a; — asky > 0, (1.21D)
5
and
PR (1.22)
ks
From y > 0, we get
a5l;)a4 > asky — ay,

multiplying by k5 gives

as — ag > ks (asky — ay,)

expanding the terms

as — ag > askiks — a1ks,

this implies
as (1 — ]{71]{?5) > CL1]€5 — ay (123)
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For 2 > 0, we find
ay Z as.

Combining these inequalities, we obtain the condition

(a1k5 - a4) > as (klkg) — 1) s

(C1) and

asg > as.
The equilibrium FE, exists if
y = ay —asky > 0.

This simplifies directly to the condition

(C2) {Cll —azky > 0.

The equilibrium Fj exists if the following conditions hold

e Whs A
ks — 1
and
R Sl Y
Feks — 1

From = > 0, we have

(a1k5 — CL4) > O, if ]{31]{35 > 17

or

(a1k5 — CL4) < O, if ]{311{35 < 1.

For z > 0, we get

(CL4]€1 — CL1) > O, if /{31]{35 > 1,

or

(&4]61 — al) < O, if kiks < 1.

Combining the conditions, we obtain

arks > as and a4k > ag,

(C3) or

arks <as and a4k < ay,

if ]{‘1/’65 > 1,

if k?ll{?;) < 1.

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)
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To establish the non-existence of equilibria, we negate the conditions for their existence. This
allows us to determine the parameter regions where specific equilibria cannot occur. Below, we

outline the conditions for the non-existence of the equilibria F,, F,, and Ej, respectively

(a1k5 — CL4) < as (1{71]{75 — 1) ,

(NC1) or
aq < as,
(NCQ) {a1 —ask; < 0, (1.29)

arks < as or aqk; < ai, if kiks > 1,
(NC3) and (1.30)

CL1]€5 >ay Or azk; > ai, if ]{?1]{75 < 1.

Before diving into the detailed analysis, we start by classifying the parameter regions of the
system based on the existence and non-existence conditions for the equilibria. This classification
will allow us to identify regions where all six equilibria coexist, as well as regions where one or
more equilibria may be absent. Understanding these parameter regions is essential for identi-
fying where the system’s equilibria can coexist and where specific equilibria might fail to exist,
ultimately contributing to a deeper understanding of the system’s dynamics.

Existence of All Six Equilibria

1. In this region, the existence of all six equilibrium points requires the simultaneous satisfac-
tion of the simplified conditions derived from (C1), (C2), and (C3). The conditions are as

follows

e Condition (C'1) requires that

as (k1k5 - 1) S (a1k5 - (1,4) y (131)
and
as S ayq. (132)
e Condition (C2) is given by
CL5]€1 S aq. (133)
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e Condition (C3) introduces two cases depending on the value of k1 k;

— If k1k5 > 1, the inequalities become

ay S (llk’5, (134)
and
a1 < agky. (1.35)
— If k k5 < 1, the inequalities are
(111{75 < Ay, (136)
and
a4k1 S aq. (137)

The inequalities are now grouped based on the two cases of k;ks5 for further simplification.

e Case 1: kiks <1
— From (1.31) and (1.36), we obtain

as (k’lk‘5 — 1) S CL1]€5 — Qg S 0. (138)
- Using (1.32), (1.33), and (1.37), we derive

askr < asky < ay.

kiks — 1) < arks —ag <0

Case (1.1) | “e(kihs — L) saks —ar s (1.39)

askr < asky < ay

e Case 2: k1ks > 1
— From (1.31), we obtain

0<as (1{711{75 — 1) < (a1k5 — a4) . (1.40)

— Combining (1.33) and (1.35), the conditions simplify to
a5/<:1 S a1 S CL4]€1. (141)

This leads to the satisfaction of all conditions required for the existence of the fixed
points
0 < as (k)lk?;) — 1) < (Cllk?;) — CL4)

Case (1.2)
askr < ap < asky
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Existence of Five Equilibria

1. All but E;: In this region, the fulfillment of conditions (NC1), (C2), and (C3) leads to two

distinct cases

(a) e Case 1: k1k5 < 1. This case is divided into the following two subcases

i. Consider the conditions

;

arks —ay < CL5(]€1/€5 — 1)7
asks < ax,

arks < ay,

| ask1 < aq,

by simplifying, we obtain

arks —ag < CL5(]{71]{75 — 1> <0

Case(2.1) { ask; < ay

ask; < ay
ii. Similarly, starting with
§

as < as,
ask; < ay,
arks < ay,
[ ask1 < aq,

leads to the reduced form

a4 < as
Case (2.2) ’

askiks < ajks < ay.

e Case 2: k1ks > 1. This case also consists of two subcases

i. If the following conditions hold

p
a1k5 —ay < Cl5(k,‘1k}5 — 1),
ask, < aq,

as < arks,

\(11 S CL4]{?1.

(1.42)

(1.43)
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Which reduces to

0 < ajks —ay < as(krks — 1),
Case (2.3) < arks = ag < as(kaks — 1) (1.44)
asky < ay < agk;.

ii. If the following conditions hold

(
ay < as,

asky < aq,

ay < arks,

(a1 < aqsky.
Rewriting, we get

ay < as,

ask, < a; < aqk, (1.45)

as < arks.
From the second condition in (1.45), we obtain

asky < agky,
which leads to
as < ay,

contradicting the first condition in (1.45). Hence, this subcase is not valid.

(b) All but E,: In this region, satisfying conditions (NC2), (C1), and (C3) leads to two

main cases

e Case 1: k1k; < 1. The conditions to be satisfied are given by

(
ay < ask;,

a5(l<:1/<:5 — 1) S (CL1/€5 — CL4),
as < ay,

a1 ks < ay,

asky < ag,
\
which simplify to
askr < ay < asky,
(l5(k’1]{?5 — ].) S (a1k5 — CL4) S O, (146)

as S Qyq.
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From the third condition in (1.46), it follows that
ay < as.

This contradicts the second condition in (1.46), making this case impossible.

e Case 2: kk5 > 1. In this case, the condition takes the following form

(
ay < ask;,

a5(l<:1k5 — 1) S (CL1/€5 — CL4),
as < ag,

as < arks,

ay S CL4]€1.
\
Then, simplifying these conditions, we obtain

kiks — 1) < (arks — aq),
Case (3.1) as(k1ks ) < (arhs —ay) (1.47)

a; < a5k¢1 < CL4k‘1.

(c) All but Ej: In this region, the existence conditions are examined under (NC3), (C1),
and (C2), leading to the following cases
e Case 1: kk; < 1. This scenario includes the following two subcases

i. The conditions can be arranged as follows

4
as < arks,

< CL5<I€1]{55 — 1) S (a1k5 — (14),

as < aq,

\CL5]{Z1 S aq.

Upon simplification, these reduce to

Case (4.1) {a5 < ay < arks. (1.48)

ii. Similarly, reorganizing the conditions in this subcase yields

,
a; < a4k:1,

CL5(]{71]€5 — 1) S (a1k5 — a4),

as < ag,

\CL5]€1 S aq.
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After simplification, we obtain

ask; < ap < agky,
Case (4.2) { ~ =t (1.49)

(15(1{511{55 — ].) S (a1k5 — (14).

e Case 2: kks > 1. This case also includes two subcases

i. The following conditions define the first subcase

(
arks < as,

a5(k1k5 — 1) S (a1k5 — a4), (1 50)

Qs S Gy,

\ag,k‘l < qy.
From the second condition in (1.50), we observe that
0< a5(k:1k:5 — 1) < (alkS - a4),
which leads to
0< (alk‘g) — a4).
Thus, we obtain
ay < a1k5,

which contradicts the first condition in (1.50). Hence, this case is not possible.

ii. In the second subcase, the conditions are structured as

r
ask; < ay,

as(kiks — 1) < (a1ks — aq),

as S aq,

\a5k1 S aj.
Simplifying leads to

ask; < asky < aq,

CL5(]€1/{75 — 1) S (a1k5 — a4).
Existence of four Equilibria

1. All but E;, E>: In this case, the existence of all equilibria except F; and FE is ensured by
(NC1), (NC2), and (C3), resulting in the following classification
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(a) e Case 1: If k1 k5 < 1, This gives rise to two distinct subcases

i. Under the constraints

¢

(a1k5 — CL4) < (l5(k’1k’5 — 1) < 0,
ar < a5k1

arks < ay

[ ask1 < a

they simplify to

(a1k5 — &4) < a5(k1k5 — 1) < 0,
a4k1 <a < a5/{:1.

ii. If the conditions
(

ay < as,
a1 < askq,

ar ks < ay,

k(14/’<:1 < a;.

hold, they reduce to
{alk‘lks < ask; < ar < asky.

e Case 2: If k1ks > 1, then two subcases arise.

i. When the conditions

¢

(a1k5 — 0,4) < CL5U{71]€5 — ].),
ar < (15]{?1,

as < arks,

a1 < ask,
are satisfied, they simplify to

0< (a1k5 — CL4) < CL5(]€1]{75 — 1),
a1 < asky,

aq S CL4]€1.

1.3. Existence and Global Stability of Equilibria



ii. If the conditions
§
ay < Qas,

a; < asky,

as < arks,

a1 < agky,
hold, they simplify to
a1 < agky < aska,

ay S a1k5.

(b) All but £y, E5: The conditions (NC1), (NC2), and (C3) lead to the following classifica-

tions
e Case 1: kik5 < 1.
i. If the following conditions hold

(a1ks — aq) < as(kiks — 1),
ay < aks, (1.51)
asky < a,

then from the first condition in (1.51), we obtain

arks — ay < as(kiks — 1) < 0.
This implies
arks —ay <0,

which is equivalent to

arks < ay.

However, this contradicts the second condition in (1.51), leading to a contra-

diction.
ii. Another scenario arises as follows
a4 < as,
ay < arks,
ask; < ay,
which transforms into
asky < asky < aq,

Case(5.1) (1.52)
ay < a1k5.
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iii. A further case occurs when
((11]435 — 0,4) < a5(k1k5 — 1),
ay < agky,
asky < ay,

Rearranging the conditions, we obtain

Case(5.2) arks — a4 < aslknks — L), (1.53)
ask; < a; < ask;.
iv. Lastly, if
as < as,
a1 < agkq,
asky < ay,

reformulating the conditions, we get

ay < As,
(1.54)
asky < a; < agky,
From the second condition in (1.54), it follows that

Qs S Qy,

which contradicts the first condition in (1.54), making this case infeasible.
e Case 2: kk; > 1. This scenario results in the following subcases
i. One possible case occurs when
(Cll]{rg, — &4) < G5(l€1k5 — 1),
arks < aq,
CL5]€1 S aq.
Rearranging the conditions, we obtain
Case(5.3) {a5 < askiks < arks < ay. (1.55)
ii. Another possible case arises if
ay < G5,

(11]65 < Gy,

asky < aq,
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which is equivalent to

as < as,
as < askiks < arks < aq.

From the second condition, we derive
as < aq4,

this contradicts the first condition (a4 < as), making this case impossible.
iii. An alternative case occurs when
(a1k5 — CL4> < (l5(]€1/€5 — 1),
a; < a5k1,
asky < ay,

iv. The final case arises when

ay < as,
asks < ai,
CL5]€1 S aj.

By reordering the constraints, we arrive at

Case(5.4) {a4k1 < a5k1 < aj. (156)

(c) All but FEs, E3: In this scenario, the conditions (NC2), (NC3), and (C1) must be satis-

fied, leading to the following two main cases

e Case 1: k1k5 < 1. Under this condition, we distinguish two subcases
i If

)

a; < CL5/{71,

ag < arks,

CL5<]{71]€5 — ].) <arks —ay < 0,

(a5 < aq,

(1.57)

Then, by combining the second and last conditions in (1.57), the conditions

take the following form

a; < ask;,

as < ag < (Ilk'5, (1.58)

CL5<I{?1]{75 - ].) S (11]65 —ay < O,

1.3. Existence and Global Stability of Equilibria



From the second condition of (1.58), we deduce that
as < arks,
this is equivalent to
asky < arkqks,

which implies
CL5]€1 < CL1]€1]€5 < ag,

leading to

a5k‘1 < aj.

This contradicts the first condition in (1.58), making this case invalid.

ii. If instead
(
a; < CL5I€1,
ay > agky,
b (1.59)
a5(k1k5 — 1) < (a1k5 — CL4) < 0,
\Cl5 S Qy,
then from the first, second and last condition of (1.59), we derive
CL4]€1 <a < CL5]€1.
leading to
ask; < a5k1.
This contradicts the first condition in (1.58), making this case invalid.
e Case 2: k5 > 1. Similarly, we analyze two subcases
i.
)
a; < a5k1,
arks < ay,
e (1.60)

(15(]{31]{35 - 1) S a1k5 — Ay,

(a5 < a4,
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It follows directly from the third condition of (1.60) that
0< CL5(1€1]€5 — ].) < a1k5 — Q4.

This implies
0< aq ]{35 — Ay,
which can be rewritten as
ag < arks.

This contradicts the condition (a;ks < a4) in (1.60), making the case invalid.

ii.
)

a; < a5k51,

ask) < aq,

CL5(]€1]{75 — 1) < (alk’g, — a4) < 0,

\CL5 S ayq.

Rearranging the constraints, we obtain
a4k1 < a < a5k1,

a5(k1k5 — 1) < (a1k5 — a4), (161)

as < ay.

It is easy to see that a contradiction arises between the first and last conditions

in (1.61).making this case invalid.

Existence of three Equilibria
1. (a) All but E,, E,, F5: For this case, the conditions (NC1), (NC2), and (NC3) must hold,
ensuring the feasibility of the remaining equilibria.

e Case 1: kik5 < 1.

i. The following conditions must be satisfied

(a1k5 — 0,4) < (15(]{71]{35 — ].),
ar < a5k;1,

ay < (11]{35.
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From the first inequality, we deduce that
arks —ayg < a5(k:1k:5 — 1) < 0,

which directly implies

arks < ay.

This contradicts the third condition, making this case impossible.

ii. An alternative case is given by the conditions

ayq < As,
a; < (15]61,

ay < arks,
by combining the inequalities, we deduce
Case (6.1) {a4 < arks < askiks. (1.62)
Another possible case arises under the conditions

(a1k5 — CL4) < CL5(]€1]{35 — 1),
a; < CL5/€1,

a1 < aqky.
Reformulating the constraints, we derive

ks — aa) < as(kuks — 1),
Case (6.2) - "~ 1) < slkiks = 1) (1.63)

a; < kp min(a4, CL5>.

1. (@) e 1i. Considering the conditions
ay < as,
a1 < asky,
a1 < agky,

by rewriting these constraints, we obtain
Case (63) :{al < ask < a5k1. (164)

e Case 2: kk5 > 1. This scenario results in the following subcases
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ii.

iii.

iv.

. One possible case occurs when

(a1k5 — 0,4) < (15(]{71]{35 — ].),
ar < a5k1,

(11]{?5 < ay.

Rearranging the conditions, we obtain

a; < a5k1
Case (6.4) : ’
a1k5 < aq4.
Another possible case arises if
ayq < As,
a; < a5k1,
CL1]{75 < ay4.

which is equivalent to

Case (6.5) : {a1k5 < a4 < as.

An alternative case occurs when

(Cllk'g, — &4) < CL5(/€1]€5 — 1),
a1 < Cl5]€1,

ask, < aj.

ayq < As,
a; < a5k;1,
a4k‘1 < aj.

Equivalently, the conditions simplify to

Case (66) {CL4I€1 < ay < ask;.
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Chapter 2

Local and Global Stability of Equilibria

2.1 The stability nature of equilibria

In this section we analyze the behavior of the system near equilibrium point the goal is to deter-

mine whether these point are stable or unstable This classification will allow us to identify regions

where all six equilibria coexist.

The conditions of each region

\

Q
N}
IS
ot
—~
o
—
5
ot
|
—_
~—
IA

(a1k5 — CL4) s

(2.1)

<C6> CL1/{75 S Qy.

Note that in the case k1k5 > 1, conditions (C4) and (C5) change. We have not considered the

case k1ks > 1 in this paper as its findings are similar and can be obtained by a trivial extension

of the work presented herein. In order to investigate the stability of the equilibria, we consider

the Jacobian matrix corresponding to (1.8), which takes the form In order to investigate the local

stability of the equilibria, we consider the Jacobian matrix corresponding to (1.10), which takes

the form(2.2)

First calclulation the gacobian matrix,

sucg that :

fi=z(ay f—kix—y—2)

Jo = Z/(l" - a5)

fs=z(ag — v — k52)

The Jacobian matrix is given by
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dh dh  dfh
dx

dy dz

J=| ¢ d: d-
dx dy dz

dfs dfs dfs

dx dy dz
By differentiating f, f>, f3 with respect to z,y, 2 we get

a; —2kyxr—y—2 —x -
J(x,y,2) = Y T — as 0 . (2.2)
—z 0 as — T — 2ksz

Before we present the main findings of this study, we intend to simplify the presentation by
defining the following notations:

B1 = (aiki — 2a1a4k; — 2arasks + ajks + 2ajks + a3) = ((a1 — aq) ks — ag)?,

52 = (2@1 2@1@4]475 + 2@1&4]{35 — 4@4) s

By = (a k 4@%5 + 4a4a1) ,

5 (a4k1 + CL1]{I5 (a1 + CL4> ]{Zlk'5)

4 (kpks — 1) ’
(a1k5 - Cl4) (a4k1 - Cl1)
(2.3)
& (kpks — 1)
1. stability of Equilibria E,;
Substituting the first equilibrium from (1.10) into the Jacobian yields we get:
a; — 2@51{31 - a5k—5a4 —ap + a5k1 + ask—5a4 —das —das
J(E) = Lt a —asky as — as 0
—% 0 G4—CL5—2]€5&4 a5
—G5k1 —as5 —das
J (E1) = é(a;, — Q4 — CL5/{31/€5 + a1k5) 0 0
_(__a5]:5a4) 0 a5 — A4
—asky —as —as
J(E) = é (arks — ag — as (k1ks — 1)) 0 0
_a5k—5a4 0 a5 — Ay
—a5k;1 —das —as
J (El) - é (alk‘5 — a4 — Q5 (k1k5 — 1)) 0 0 (24)
—“5,;5“4 0 as—ay
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This leads to

1
det (J (El)) = k‘_ (CLZG5 - 2@4@% + (Zg + a1a§k5 - (ng)lk}5 — a1a4a5k5 + (I4CL§]€1]{35) s
5
det (J (E1)> = % (CZZ — 2@4@5 + &g -+ a1a5k5 — &gklkg, — a1a4/€5 + a4a5k1k5) ,
5
det (J (El)) = % (ai — a1a4k:5 + a4a5k1k5 — Q405 — Q405 + (1161,5/{?5 — a§k1k5 + ag) s
5
a
det (J (El)) = ] (CL4 ((14 - a1k5 + as (k’lk’g, — 1)) — Q5 (a4 — CLll{?5 + as (k’lk’5 — 1))) s
ks
1
det (J (El)) = — (a5 (CL4 — (15) (CI,4 — CL1/€5 + as (k,’lk,’5 — 1))) .
ks

tr (J (El)) = a5 — Q4 — (15]{31.

1. Using condition (C2) of (2.1), we obtain det (J (£;)) < 0. Similarly, it follows from (C3)
that tr(.J (E;)) < 0. Note that in case If a4 = a5, then det (J (£;)) = 0, which implies that
one or more eigenvalues are equal to zero. In such case, bifurcation analysis is required to
determine the stability of ;. In 3-dimensional space, this is not sufficient to establish the

stability of the equilibrium. Following the notation in Lemma 1.1, we may write

—a5k1 0 Qs
J[z] (El) = 0 —a5k:1 +as — ay as . (25)
_—a5];5044 é (a1k5 — Q4 — Qj5 (l{/’lk’5 — ]_)) a5 — Ay

We have

det (JP (Ey)) = Z—z ((—asasks) kf + ks (ara5 — (as — a5)2) k1 + (as — a5)2) ,

det (JB (E1)) = —ksaiks + af — ksasashki + 2ksasasky — 2asa5 — ksa2ky + a2 + aiksask,
det (JB (E))) = —(af+a?) (kiks — 1) + araskiks — asaskiks + 2aikiks — 2a4as,

det (JB (E))) = —(af +a?) (kiks — 1) + askiks (a1 — askr) + 2a2ky (kiks — 1),

det (JB(E1)) = +2asas (kiks — 1) — (af + a2) (kiks — 1) + askiks (a1 — ask)

det (JPH(EY) = ((as — as)® + (as — 2a5)ask:) (kiks — 1) — aski(as — aiks).

Treating this as a quadratic polynomial in k1, the discriminant is given by

2
A = kg (a1a5 . (a4 _ &5)2) + 4daqasks (a4 — a5)2 > 0.
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This means that det (J (E;)) has two positive roots

Since the coefficient of k? is negative, the determinant is positive between k{l) and kf) and
negative elsewhere. We need to examine the sign of the term ajas — (a4 — a5)2 > 0 in

accordance with Lemma 1.1.

o If ajas — (ay — as)” > 0, it follows directly that kf) > 0. As for k{l), we can multiply it
by its conjugate to obtain

k)§1) = —4a4a5k’5 (CL4 — CL5)2 < 0.

Hence, if k; > k*, then det (J12 (E;)) < 0. This guanrantees the stability of the
equilibrium. However, £; may either be a node or a focus node depending on the real
or complex nature of the eigenvalues.

Alternatively, if k; < k*), then det (J12 (E;)) > 0 and E, is unstable. Consequently,
A1 < 0 whereas Re (A\3) = Re(A3) > 0 with Im (X\y),Im (A3) > 0. Therefore, F; may
either be a saddle or saddle focus.

Finally, if k; = k{”, then det (J (E;)) = 0. It follows that if Aj, s, As € R, then A, < 0
and either \y = —A\; > 0 or \3 = —)\; > 0 leading to F; being an unstable saddle. On
the other hand, if \;, A3 € C, then Re (\2) = Re (A\3) = 0, in which case the stability of
the equilibrium requires further investigation.

e In case ajas — (as — as)> < 0, using simple multiplication by the conjugate we obtain
the same results as the first case.

equilibrium F is a stable for system (1.10) if

) k1k5 < 1 and (34 - a5)2 + (34 - 235) a5k1 (k1k5 - 1) > a5k1 (a4 - alk5)

((Cl4 — G5>2 + (G4 — 2@5)&5]61)(]61]% — 1) — a5k1(a4 — CL1]€5)

2. Stability of Equilibria F;

Substituting F»(1.20) into the Jacobian matrix of (2.2) yields

a; — 2@5]{71 —a; + CL5]€1 —as —as
J (EQ) = a; — a5k1 as — Ay 0

0 0 a4 — as

2.1. The stability nature of equilibria
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—asky  —as  —as
J(EQ) = a; — a5k1 0 0 (2-6)
0 0 a4—as
which has eigenvalues
1 1
— 5\/a§k’f + 4azk, — 4ayas — §a5k1, 2.7)
1 1
Ay = —5\/a§k% + 4(1%]{71 —4ayas — 5&5/{71,
A3 = ag4—as>0.

Note that in case A3 = 0, then further analysis is required to determine the nature of the
equilibrium.
The nature of \; and A\, depends on the term a2k? + 4a2k;, — 4a,as.

e Case 1: If a2k? + 4a2k; — 4ajas < 0. Therefore, \; and )\, are complex roots with
1
ReA; = Rely = —ECL5]€1 < 0.
e Case 2: If a2k? + 4aZk, — 4a1a5 = 0 and the eigenvalues become
1
)\1 = )\2 = —§a5k‘1 < 0.
equilibrium F is a stable for system (1.10) if

ay < Gs.

a4 > as . NS
Es stable : ay = as : bur

a4 < as : stable

3. Stability of Equilibria Fj; :

2.1. The stability nature of equilibria
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e Substituting the third equilibrium into the Jacobian yields:

+ as—aiks _aiks—ayg _aiks—aq
kiks—1 ki1ks—1 ki1ks—1
— arks—as
J(ES) 0 ki1ks—1 as O
_a4k1—a1 a1—ask1
klks_l O k k‘lks 1
as—arks _aiks—ay _aiks—aq
+k ki1ks—1 ki1ks—1 ki1ks—1
_ ks—
J(E3) = 0 o e 0 (2.8)
_a4k1—a1 a1—aqky
ki1ks—1 0 k klks 1

e The eigenvalues are given by:

A= m (\/ﬁlkl + Boky + B3 + ( ay — arks — a4k5) ky + a1k5) , (2.9)
)\2 = W <\/ﬁ1k‘ + ﬁle + 63 ( a4 — a1k5 - a‘4k5) kl + (1,1]{75> )
1 as — a1k
A3 = _klkS —3 (a4 — arks — as + CL5]€1]€5) = —ﬁ —as < 0.
determinant

a4—a1k5
detJ(ES) = — (AQ _/84A_B5) <)\+a/5 - 1_—]{/'1]{;5) )

2 . _ G —aks)
(A2 + A8, 55)<>\—|—a5 1—k1k5)_0’

)‘2+ﬂ4)‘_55:oa

(a1k5 — a4) kl + (CL4]€1 — al) k5

ba = b= (knks — 1)
B, = _ (arks — aq) (asky — ay)
> (kyks — 1)

The nature of the remaining two eigenvalues depends on the quadratic polynomial
A+ A8, — B
e Case 1: if kjks —1 > 0when aks —ay < 0 and ask; — a; < 0 it follows from (C5),(C6)
of (2.1) that v* — 4ac Hence, the polynomial A\* + A3, — 3
— First, assuming b?> — 4ac > 0 and given that, it follows that \; < 0. As for \,,

multiplying it by its conjugate we obtain

b — 2 _
A = b \/2b 4c <0
N —b+ Vb —4dc (=b+ Vb —4c) (b+ Vb? — 46) —4c
‘e 2 - 2 (b+ V% — 4c) 2(b+ VI —do)
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— Second, let b> —4ac < 0

—b
Re )\172 = 7 < O,

which is clearly negative. It is easy to see that in this case, Ay > 0.

e Case 2: if k1k5; — 1 > 0 when a1ks — aq > 0 and ask; — a; > 0 that b — 4ac Hence, the
polynomial A? + A3, — s

sng (A1) = —sng (A2).

Subject to conditions (2.1), then stability equilibrium F£;

B - kiks < 1:98=ts 4 g5 > 0 stable
kiks > 1: ns
kiks < 1:9E—t4 4 a5 > 0 stable
kiks > 1: ns
]Clk’5 <1: (111{55 — a4 + as (1 — ]4?1]65) > 0 stable
]{31/{35 >1: ns
kﬁ5 <1: CL1k’5 — a4 > A5 (k?lk?5 — 1) stable
kiks > 1: ns

4. Stability of Equilibria F,

Into the Jacobian matrix yields

airks—aq 0 0

ks
JE)=| o - o |, (2.10)
—Z—: 0 —Aay
which has the eigenvalues
)\1 = —dg4, (211)
)\2 = —as,
1
)\3 = —k—(a4—a1/€5).
5

Clearly, subject to (C5) in (2.1), as long as A3 # 0, these eigenvalues are all negative imply-
ing equilibrium F, is stable

Subject to conditions (2.1), equilibrium FE, is a stable for system (1.10) if a4 > ai1ks

Eystable : {ay > aiks

2.1. The stability nature of equilibria
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5. Stability of Equilibria E;

Sub stituting Esinto the Jacobian matrix yields:

g -
J(E)=| 0 wsmsh g | (2.12)
0 0 a4k]i1—a1
which has the eigenvalues
1
)\1 = k—(al—ag)/ﬁ), (213)
1
Ay = —ay,
1
)\3 = —k—(al—a4k1).
1

It follows from (C4) and (C5) in (2.1), respectively, that as long as A3 # 0, A; > 0 and
A27 /\3 <0 E5iS stable if ask; < ap; < CL5k31

FEs a4k1 <a < CL5/€1

6. Stability of Equilibria Ej

Similarly, substituting Fs into the Jacobian matrix yields

aq 0 0
J(Es)=] 0 —as 0 |, (2.14)
0 0 Qy
The eigenvalues are given by
)\1 = az, (215)
)\2 = —as,
)\3 = Q4.

which clearly has two positive and one negative eigenvalues it means it is not stable.

The remaining five equilibria E; through E; are stable subject to the conditions

) { kiks < 1and ((aq — as)? + (ag ; 2a5)aik1)(k1k5 — 1) > aski(aq — arks) } (2.16)
1R5 >
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(C6)

{

(C5) {ay < a5}

kiks <1:a1ks —as > as (lflkg) — 1) stable
kiks > 1 ns

(C7) {(14 > a1k5}
(CS) {a4k1 <a; < (15]6'1}
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(2.17)

(2.18)

(2.19)
(2.20)



2.1.1 Regions and the stability nature of equilibria

In this region, the stability of all six equilibrium points requires the simultaneous satisfaction of
the simplied conditions derived from (C4), (C5),(C6),(C7),(C8)

1. Region (1): All six equilibria

e Case (1.1) (1.39)
(a) Subject to (C4) (2.16) So E, is stable because the stability condition (C4) (2.16) is
satisfied in this condition.

(b) E, is instble because the stability condition(C'5)(2.17) is not satisfied in this condi-
tion.

(c) E; is stble because the stability condition(C'6) (2.18) is satisfied in this condition.

(d) E, is stble because the stability condition (C7) (2.19) is satisfied in this condition.

(e) Es is instble because the stability condition (C8) (2.20) is not satisfied in this con-
dition.

e Case (1.2):(??)

(a) Subject to (C4) (2.16) So E, is stable because the stability condition (C4) (2.16) is
satisfied in this condition.

(b) E, is instble because the stability condition(C' 5)(2.17) is not satisfied in this con-
dition.

(c) E; is instble because the stability condition(C 6) (2.18) is not satisfied in this con-
dition.

(d) E, is instble because the stability condition (C' 7) (2.19) is not satisfied in this
condition.

(e) E; is instble because the stability condition (C' 8) (2.20) is not satisfied in this
condition .

Continuing in the same way,we get the following tablel
sta stands for stable.

insta stands for instable.
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Table 2.1: Regions of equilibrium coexistence and the stability nature of equilibria.

Region of Existence Cases Stability of Equilibria

Ey Es E3 E4 Es
Region (1): All six equilibria | Case (1.1): | Subject to (C4) | insta | sta sta | insta
Case (1.2): sta insta | insta | insta | insta
Region (2): All but F; Case (2.1): insta insta | insta | sta | insta
Case (2.2): insta sta sta sta | insta
Case (2.3): insta insta | sta | insta | insta
Region (3): All but E; Case (3.1): sta insta | insta | insta | insta
insta insta | insta | insta | insta
Region (4): All but Ej Case (4.1): sta insta | insta | insta | insta
Case (4.2): sta insta | insta | insta | insta
Region (5): All but £y, Fs Case (5.1): insta sta | insta | insta | insta
Case (5.2): insta insta | insta | sta | insta
Case (5.3): insta insta | insta | insta | insta
Case (5.4): insta insta | insta | sta | insta

Region (6): Only F,, F5, Fs | Case (6.1): insta insta | insta | insta | sta
Case (6.2): insta insta | insta | sta | insta
Case (6.3): insta insta | insta | sta | insta
Case (6.4): insta insta | insta | sta | insta

Case (6.5): insta insta | insta | insta | sta
Case (6.6): insta insta | insta | sta | insta




2.2 Global Asymptotic Stability

In this section We will analyze the global asymptotic stability of the system equilibria and study
the cases where a single equilibrium is locally stable using the direct Lyapunov method, identi-
fying sufficient conditions for stability and evaluating them within the framework of predefined
regions.

First, let us consider equilibrium point

Equilibrium point F;

a5 - Yy o — ash, %) . (2.21)
5 5

El = (5’3*79*72*) = (CL5,

with a plugin in Systam (1.8) Lot agky, —4, —a5k1in%

and by adding as, —asin%.

d _ —
—"’“":—(a1—klx—y—z—%%—%—%kl—k%kl)x,

Y (2= a5)y, (222)
% = (ag —x — ksz — a5 + as) 2.

Simplifying the system,we find:

b — ((al + 8 —asky) —kir —y — 2+ M2 4+ (aa)’ﬂ) L,
B (o )y (2.23)

as—aq
ks

(aa—as) _

- CL5]{71 ks Z.

Compensate a; =x*,y* =a; +

G == )~k —y—z+2"+ (a)k)
by (2.24)

L= — (—ks2* + ksz + oz — ") 2.

can be rewritten in the form

£ (y— ) + k(o =) + (5= )
W= (x—a%)y, (2.25)
L= — (ks (z—2") + (z —2")) 2.

We propose the candidate Lyapunov function defined by

z

A e M
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Differentiating (2.26) with respect to time yields

dav dx dzr [z* dy dy (y* dz dz (z*
A R e 2.2
g di dt(x>+dt dt(y)+dt dt(z)’ (2.27)
simplifying the statement
av x—x*\ dx y—y*\ dy z—2"\ dz
bl = - — 2.28
di (x)dt+<y>dt+<z>dt’ (2.28)
by compensating the system (1.8),we find :
av
o= —ky (= 2" — ks (2 — 2*)° = 2(x — %) (2 — 2%). (2.29)
We concider the quadratic to be a polynomial.
Negative polynomial in the case of a delta that is strictly smaller then zero
weput X =z —2% , Z=2—2"
By substituting X , Z in (2.29)
such that
% =k X?—22X — ks 22, (2.30)
then
weput a=—k,, b=27 , c=—k_5Z?

we calculate the delta A =0? — 4ac = 47%(1 — K, K5)

e if A<O then KKy >1

It is easy to see that the resulting quadratic form is negative subject to k;k5 > 1. Recall from

Table 1 that E; is uniquely stable across four regions:case (1.1),case (1.2),case (3.1), case(4.1)
and case(4.2). It is evident that ki ks > 1 is satisfied over (1.2), (3.1), and (4.2). The global
asymptotic stability of E; over region (4.1) could not be established by means of the Lyapunov

function (2.26).
Next, we see that
Equilibrium point E,

Es

(x*’y*WZ*) = (CL5,(11 - a5k170)

Is uniquely stable in the local sense across regions (5.1) and (5.3)

By adding the +a5k1,—a5k1ini—f and—as , +as in System (1.8) can be rewritten as
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L — (—kyx + asky — asky + a1 — y — 2)z,

& _ (s~ a5)y, 231

dz

T = (a4 —as+as — v —ks52) 2.

they simplify to

‘fl—f:—(l{;l(:c—ag,)—i-(y—a1+a5k1)—|—z)x,

B (o a5)y, (232

dz

2 = (ag —as — (x —as) — ks2) 2.

to compensate as = z* and a; — ask; = y*

B e — (b (x—2")+(y—y") +2)x,

% = (x —2¥)y, (2.33)

dz

T = (a4 —as— (v — 1) — ks2) 2.

The proposed candidate Lyapunov function is
V:(x—x*—ln%)—i—(y—y*—lni)qu. (2.34)
x
Its differentiation with respect to time yields

av. (x—x"\ dz y—y*\ dy z— 2"\ dz
%—< x )dt+( Y >dt+< z )dt (2.35)

by compensating the system (2.33),we find :

v
dt
We concider the quadratic to be a polynomial

=k (z—a*) —ks2® —2(x — ) 2 + (a4 — as) 2. (2.36)

Negative polynomial in the case of a delta that is strictly smaller then zero
weput X =z —z*

By substituting X , in (??)

such that

dV
o= —k1 X% —2X 2 — ks + (a4 — as) 2. (2.37)
then

a=—l<;1 , b= 2z , C=—]€5Z2 + ((14 - CL5) z /{31.

we calculate the delta: A =10% —4ac =47%(1 — K\ K5) + (aq — as) k1 2.
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eif A<0O subjectto 1—K;K5<0 and as < as

K Ky >1 and as < as
The negativity of the derivative is guaranteed subject to k1k5 > 1 and a4 < as. Hence, Fj is
globally asymptotically stable
over region (5.3).
Let us now consider the third equilibrium

By = (a",y",2") = <(2:Z—_al4,o, 2’25__“11) , (2.38)
which according to Table2.1 , is uniquely locally stable over the single region (2.3).
System (1.8) can be rewritten in the form
L~ (ko —y— 2+l o) g,
o= (o —as - e )y, (2.39)
e = — (i oz — s — e -

Simplifying the system,we obtien:

t5 = = (o = ) + 9+ (= ) )
1R5 1R5
dy __ arks—a. a1ks—aq
% — ((o - o) — (a5 — B=t)) y, (2.40)
dz __ arks—a aski—a
R G = R CE = 2

arks—as _ v adki—a1 _ %
to compensate el = e T A

Cc% = ((3: —a*) — <a5 — a}jlk,f—s__af)) Y, (2.41)
E=—(lw—a)+k(2 -2z

The proposed Lyapunov function is given by:

V:<$—x*—ln£>—l—y+<z—z*—1ni>. (2.42)

x* 2*

Differentiating with respect to time leads to

dV xr—ax*\ dx y—y*\ dy z—2"\ dz
— = — —= — 2.43
i <x)dt+(y)dt+<z)dt (2.43)

By compensating the system (2.41),we find :

av

O k= ko=~ 26 o) ) - (- PR

kiks — 1
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We concider the quadratic to be a polynomial

Negative polynomial in the case of a delta that is strictly smaller then zero
we put

X=zrv—a*,Z=2z—2"

By substituting X ,Z in the phrase (2.44)

such that
dVv arks — ay
= I X2 27X — k7% — - 2.45
7 1 5 (CL5 k1k5—1>y (2.45)
then

we calculate A
A=V —4dac=47*(1 — K, K5) — <&5 - akll’jf—;_af) Y

if A <0 , subject to the sufficient conditions 1— K;K5 <0 and <a5 — %) <0

KiKs >1 and arks —ayq > as (k1ks — 1)
The derivative in (2.44) is negative subject to the sufficient conditions k;1k5 > 1 and (C6). Since
both conditions are satisfied in region (2.3), it is evident that Fjs is globally asymptotically stable
across the region.
Next, we consider the equilibrium point F,

By = (5, 2" = (o,o, %) : (2.46)
5

which is uniquely locally stable across seven regions: (2.1), (5.2), (5.4), (6.2), (6.3), (6.4), and
(6.6).

System (1.8) can be reformulated as

L= (—klx—y—z—l-z—:—z—g—kal%i)q:,
Y= (v —a5)y, (2.47)
% = (—a: — ksz + k’g,Z—;*) z.

Simplifying the system,we find

L (k1x+y+ (z - Z—;‘) + 5 (s — a1k5)> T
B (5 a)y, (2.48)

§--(-on(-2)-

to compensate * = 2~
5
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o — <k1$+y+(z—z*)+é(a4—a1k5)) T,
% = (v —as)y, (2.49)
L — —(z+ks(z—2"))z
We propose the candidate Lyapunov function
V:x+y+(z—2*—lni>, (2.50)

Z*

Whose derivative with respect to time is

dV r—ax*\ dx y—y*\ dy z— 2"\ dz
) = = — 2.51
dt ( x )dt+( Y )dt+< z )dt ( )

By compensating the system (2.49),we find :

Cil_‘t/ = —ka® — k5 (2 — %)’ — 220 (2 — 2°) — — (ag — arks) & — asy. (2.52)
We concider the quadratic to be a polynomial

Negative polynomial in the case of a delta that is strictly smaller then zero

we put :

L=z—2

By substituting Z in the phrase (2.52)

such that

% = —kat— 207 — ks Z? — ki5 (ag — arks) x — asy. (2.53)
then,we put:

a=—k,,b=27 |, c=—ksZ? —é (ag — arks) T — asy.

we calculate A

A =b? — dac

= 422(1 - K1K5> _k_15 (CL4 - a1k5) T — asy.
o if A<O R 1-K;K5<0 and é(a4—a1k5)>0

KK > 1 and as > ar1ks
The derivative in (2.52) is negative subject to the sufficient conditions k; ks > 1 and (C7). These
two conditions are clearly satisfied over regions (5.4), (6.4), and (6.6). Hence, the equilibrium
point Fy is globally asymptotically stable across these regions.
Finally,
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We consider the fifth equilibrium point
given by

Es = (z*,y*, 2%) = <Z_1,0,0> , (2.54)

which is uniquely locally stable across seven regions: (6.1) and (6.5).

System (1.8) can be reformulated as in addition —2—1, +Z—1 in%and in%:

dx a

pn —kix+ ki —y— 2z,

dy al 1 al

w=\e— 35 kias + ey (2.55)
dz __ (a1 1

7 =\T—r- ksz — o+ a4> z.

Simplifying the system,we find:

%:_(l‘fl (ﬂi—z—i>+y—|—z>x,

W— (- ) — o (kaas — al)) Y, (2.56)
%: Z—i—,]j —k5z—k—f1(a1—k1a4)>z.

*

compensate = x*.

a4
ks

L — — (b (z—2")+y+2),
% =((z—a%) — kil (kras — al)) Y, (2.57)
%: ($*—x)_k5z_k_11(a1_kla4)> Z.

The proposed Lyapunov function is of the form:
T
V:(x—x*—ln—>+y+z. (2.58)
x*
Differentiating(2.58) with respect to time produces

dV r—ax*\ dx y—y*\ dy z—2"\ dz
— = — —= — 2.5
ar ( p )dt+( y )dt+< 2 )dt (2.59)

By compensating the system (2.57),we find :

av
dt
We concider the quadratic to be a polynomial

1 1
= —]{1 (LL‘ — [L'*)z - k’5Z2 - k_ (Gl — k’16L4) zZ — k_ (]{31(15 — Cll) Y. (260)
1 1

Negative polynomial in the case of a delta that is strictly smaller then zero
we put :
X=x—2x"
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By substituting X in the phrase (2.60)
such that

av 1 1
% = —]{?1{L’2 — k’5Z2 — k;_l (a1 — k1a4) Z — /{;_1 (k1a5 — (1,1> Y. (261)

then

weput: a=—ki, b=0, c= k2% — = (a1 — kras) 2 — 2= (kras — ar) y
and we calculte delta :

A = b — 4ac

A= —K\Ks7? — 1?11 (a1 — kraq) 2z — ﬁ (kras —a1)y

o if A<O , K1K5 >1 and t ((11 — k1a4) > (0 and k_ll (k1a5 — CL1> >0

KiKs> 1 and ask; < a; < CL5]{51
The derivative in (2.60) is clearly negative subject to the sufficient conditions k1k; > 1 and
(C8).these conditions are satisfied in region (6.5). Therefore, Ej is globally asymptotically stable

across region (6.5).
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2.3 Global Existence and Positivity of Solutions

Throughout this section we use the following notation: R? := {z = (21,22, 23) € R?| 21, 29,25 >
0}.Since the functions f;, f, and f; which appeared in (1.8), are continuously differentiable
functions. Then, they are locally lipschitz. Thus, we can get the following primary result (see

[26]) about the local existence of system (1.8):

Proposition 2.1 If ki, ks, a1, a4,a5 € R, there exists a unique solution of system (1.8) which is

defined for t € [0, Tpaz ),Where Ty, < 400 OF Thpar = +00 is the maximal time-interval of existence.

In order to show the positivity of the solutions for system (1.8), we need to define the

following concept.

Proposition 2.2 The nonnegative octant R? is an invariant set with respect to (1.8), for t €
[O)Tma$)~

Proof. Since for (z,y, z) € R, we have

f1(0,y,2) =0,
fg(.’ﬂ,O,Z) :Oa
f3<$7y70) = 07

then the function (fy, f, f3)? is essentially nonnegative. By direct application of [15, Proposition

2.1.], we obtain the desired result. m

Remark 2.1 If it is assumed that the initial data of system (1.8) is positive, i.e. xg, %o, 2o > 0, then
its solution remains positive.

Theorem 2.1 Let the assumptions of Proposition 2.1 hold. Then, there exists a unique nonnegative
global solution of system (1.8), i.e. Ty a = +00. Thus, the solution is defined for t € [0, +00).

Proof.

Lett € (0,7] with T' € (0, Thax) - Due to the nonnegativity of z, y and z, we conclude from the

first equation of (1.8) we have

dx

E:(al—k,lx—y—z)x.
=ayx — kya? —yr — 2.

< ayx — kpx.

2.3. Global Existence and Positivity of Solutions



we note that x is bounded from above by the solution & of

& — 0,3 — k7% in (0,7), (2.62)
7(0) = xo.

We multiply the first equation of (2.62) by 72, which results in the Bernoulli differential equation

dz
~—2 ~—1
— =T —k
dt 1 1
Next, we perform the substitution v = 7%, so & = u™!, and % = —u 29, Substituting into the
equation
du
—— =aqu—Fk
dt 1 1,
which simplifies
du k
—_ a1u = .
dt 1 1

This is a first-order linear ODE, and we solve it using the integrating factor u(t) = e®*. Multiplying
both sides by p(t) gives

u

et — + qre™y = kie™?,
dt

which simplifies

Integrating both sides

ey = Ee‘“t + C.
a1
Dividing through by ¢! gives
u = ﬁ + Ce ™t
ai
Substituting back v = 77!, we get
~—1 — ﬁ + Ce—alt
a1
Taking the reciprocal of both sides
)= — (2.63)
N % + Ceart’ :
Using the initial condition #(0) = xz(, we have
- 2.6
Tog = % n C ( . 4)
Solving for C' gives
1k
— =240,
To ay

2.3. Global Existence and Positivity of Solutions



which implies
O=_— _ % (2.65)

Substituting C' back into the solution, we get the final solution

1
k1 1 _ ki *alt.
a1l + (J:() a1)€

Now, let’s find the limits of the solution as ¢ — 0 and ¢t — -+oo.

F(t) =

As t — 0, the solution approaches #(0) = .
Ast — +o0, Z(t) — 2.
Also, from the third equation (1.8), we conclude that z is bounded from above by the solution 2
of

dt

©E — 47— ks32 in (0,7), (2.66)
2(0) = 2p. |

We note that the initial-value problems (2.62) and (2.66) are Bernoulli differential equations.

Hence, according to the explicit solutions and the comparison principle, we deduce that

x(t) < Cp := max <x0, %) and z(t) < Cy := max (zo, %) in [0, Thaz)- (2.67)

1 5
Let us now consider x(¢) := z(t) + y(t) + z(¢). From (1.8), we have
_dx dy | dz

AR ARG

= ar — ki2® — asy + agz — 202 — k2,
< T — asy + a4z,

= —(a1x + asy + a42) + 2017 + 2a42
<C-—-oy.
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Chapter 3

HOPF-BIFURCATIONS and Reaction

Diffusion Systems

3.1 Existence of HOPF-BIFURCATIONS

Evaluating the existence of a Hopf-bifurcation for a certain equilibrium point of our Willamowski-
Rossler system (1.8) requires the existence of two complex Jacobian eigenvalues in addition to
the characteristic polynomial satisfying conditions (H3) and(H4)of Lemma 1.2.

We conseder the chemical reaction system(1.8).

This yields six solutions F1, Es, Fs, E3, E5, Es To simplify the solutions where k; # k—15.We study
the hopf bifirecation of each solution:

the hopf bifirecation of Equilibrium Point F,

Proposition 3.1 System (1.8) undergoes a Hopf bifurcation about equilibrium E; within parametric

regions (1.1) and (4.1) as ks varies in a small neighborhood of
1 ag — as + 2ask;

ks = ky (a1 = as) (ag — a5)® + asky (ag — as) + as (a1 — asky)’ (3-1)
iff
ay # as. (3.2)
and
a, — ask; > 0. 3.3)
Proof. Evaluating the Jacobian matrix at F; yields
—asky —as  —as
J(Ey) = é (a1ks — ag — as (k1ks — 1)) 0 0 , (3.4)
a4 0 as—ay

ks
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with the characteristic polynomial

)\3 + as <k5) )\2 + a; (]{75) A+ ao (1{35) = 0, (35)
where
az (ks) = as — as + asky,
aq <k5> = Zf (2&5 — 2&4 -+ Cllk'g, + CL4I{71]{75 — 2a5k1k5) s (36)
Qo (]{?5) = _Z_Z (CL4 — CL5) (a4 — a5 — CL1/€5 + a5k:1k35) .

We calculate D, (ks) we find:

Ds(ks) — det(al(a*) “0(0‘*)>,

as (a*) ag(a*)
= (afaski + asaiki — 2asa3ky — 2a3ki + agky + araiky) ks,

= —2a4a? + aias — 2alky + ai + 2a4a3k;.

we put Dy (k;) =0

(aZasky + aga2k? — 2a4a2k) — 2a3k? + adky + ayaZky) ks = 2a402 — alas + 243k, — a? — 2a4a2k,

— (2a403 — ajas + 2a3ky — a3 — 2a4a3k;)

k: = ,
5 (aBky — 2a3k? + a4a2k? + a1a2ky — 2a4a2ky + ajasky)
T as (ag — as) (ag — as + 2asky)
5 (15]{31 (—2@%]{?1 + ai + a% + a1as5 — 2(14&5 + a4a5k1)’
L 1 ( ) as — as + 2&5]{31
= —lag—a
5 kl 4 b (]Ji — 20%]{71 + CL% + a1a5 — 20,4@5 + a4a5k1’
L 1 ( ) a4 — as + 2&5]{31
= —(as—a
5 ]Cl 4 b aZ — 2&4@5 + a% — 2&%]{?1 + a1as + CL46L5]{717
% 1 ay — as + 2&5]{)1
ky = (a1 —as) SR :
ky (ag + as)” — 2akk, + ajas + agask;
i 1 ag — as + 2asky
k5 = k_ (a4 — CL5) 3 .
1 ((I4 + CL5) + CL5<CL1 — a5k1) + CL5]€1<CL4 — a5)

which exists and is positive subject to a4 # a5 and a; — ask; > 0.
Solving (1.6) for o = k5 yields £} as defined in (3.1), which exists and is positive subject to
a4 # as. Condition (H4) leads to

9
Ok

2
((CL4 — a5)2 + a5k1 (CL4 — a5) + as (al — a5l€1))

Dy (k%) = ask?
2 (k5) = ashy (ay — as) (ag — as + 2ask;)

# 0, 3.7)

for 52-D, (k3) # 0:

3.1. Existence of HOPF-BIFURCATIONS
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(-2@%]{?1 + (CL4 — (15)2 + ajas + a4a5k1) 7é 0

(CL4 — &5)2 + ajas = a5k‘1 (2&5 — a4)

(aa—as)?+aras
kl 7& as(2a5—aq)

0
aTDQ (]{7;) = a5k1 (aﬁ — 2a§k}1 + (Cl4 — (1,5>2 + CL4CL5]€1) 7é 0
5

. (ag — G5)2 + ajas
if 2a5 > a4 and ]{71 7é
as (2a5 — ay)

which is satisfied subject to (3.2) and (3.3). Evaluating a (kZ) yields

a0 (k) = =72 (a1 = as) (0 — a5 — a1 () + ashy (1))

ap (k3) = as - _a;5—+a§a5k?1 (aikl + asask? + 3asask) — ajas — ayask; + a1a5)

ap (ki) = (01— a7) (@ 1_ P (aik% + asask? + 3asask? — ajasks — ajaskd + a1a5k1)

ap (k3) = as - —a;5_+a§a5k‘1 (aikl + asask? + 3asask) — ajay — ayask, + a1a5)

ag (ki) = a5 (aqg — as) (—aikl - a5a4kf — 3asasky + ajaq + ajask; — a1a5) . (3.8

a4 — a5 + 2&5]61

ao (k) > 0 if

— (a4 (CL4]{31 — al) + a1as + 7CL5CL4]{71) + CL5]€1 (4@4 +a; — CL4]€1) >0
aq ((l4 — a5) > (1416’1 (CL4 + 7(15)

: (as—as)*+azas
if 2a5 > a4 and k1 7£ a5 (2a5—a1)

From the existence conditions of F, it follows that aq (k%) > 0 is equivalent to (3.2) and (3.3).

Similarly, with

a
ar (K) = 2 (205 = 2ax + a3 (k3) + aaky (k) — 2ashy (K))
5

. 1
ar (k%) = o e Lk, (klaiag) + Tkiasa? — arasas + ara3)

. 1
aq (k‘5) = _a4 "o n 2a5k‘1 as (klai + 7]{1(14@5 — aja4 + a1a5)
aq (k;) = % (—aikl + a1a4 — 105 — 7(14&51{?1) >0

a4 — as + 2(15]{?1
ai (k’;) > 0 if

— (a4 (CL4]€1 — Cbl) + a10as5 + 7&5(14]{?1) + (15]{31 (4(14 + a1 — CL4]{?1) >0
ai (CL4 — CL5) — (Iik’l — 7&4(15]{71 >0

. (as—as5)*+aras
if 2a5 > a4 and k; # as(2a5—aa4)

3.1. Existence of HOPF-BIFURCATIONS
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we find:
a; — a4k1

3.9

ki) = -
“ ( 5> 4 ((14 05) as — as + 2&5]61’
it follows that a, (k) > 0 is equivalent to (3.2) and (3.3). In order to identify regions where a
Hopf bifurcation exists, the two conditions need to to be evaluated across all stability regions of

E; according to Table ??:

e Cases (1.1) and (4.1): Since a; — a4k; > 0, conditions (3.2) and (3.3) leading to a Hopf-

bifurcation about equilibrium F;.

e Case (1.2) and (3.1): Given that a; — a4k; < 0, condition (3.3) is not fulfilled and thus no

Hopf bifurcation exists for system (1.8).

e Case (4.2): From the existence conditions of this region, we have ksk; > 1. Substituting for

k¥ yields

as — as + 2ask
(ag — as) e > 1. (3.10)
(ag — as)” — 2ask; + aras + agasky

This can be reformulated as

(CL4 — CL5) (a4 — Q5 + 2&5]{31) — (CL4 — CL5)2 — (-2&%]{31 + 105 + a4a5k1) = —as (Cll - CL4]€1) > 0,
(3.11D)
which contradicts with the existence condition a; — ask; > 0 of E;. Hence, no Hopf bifurca-

tion exists for system (1.8) in this region.

u
the hopf bifirecation of Equilibrium Points F,

Evaluating the Jacobian at E, and taking the eigenvalues yields

1 1
N = 5\/a§k% + 4a§/{:1 —4dajas — §a5]€17

1 1
AZ — _5\/0%1{;% + 4@%]{1 — 4@1@5 - §a5k17
N = - as. (3.12)

The third eigenvalue is clearly real. For \; and \, to be complex, the term a2k} + 4a2k; — 4aas
must be negative, which implies that %ag,kl # 0. Hence, equilibrium F, does not exhibit a Hop
bifurcation. The remaining two equilibria require some attention.

the hopf bifirecation of Equilibrium Points F3

As for equilibrium Fj3, the Jacobian is evaluated as

1 (a4 - alk’s) k1 (a4 - a1k5) ay — arks
J(E3) - m 0 a5 — Ay + (al - (l5k’1> k’5 0 . (313)
15 —
(al — a4k1) 0 (&1 — a4k;1) k5

3.1. Existence of HOPF-BIFURCATIONS
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with the characteristic polynomial

Forn =3

P(\) = a3 (a) X + az (a) A2 + a1 (@) A — ag (@) .
weput P(\) =0

N 4 ay (ks) A2 + ay (ks) A+ ag (ks) = 0. (3.14)
wher

( a (k} ) o (CLl — CL4]{I1) (CL4 — CL1]€5) ((l5 — dy + k?l (CL4 — CL1]€5) -+ k?5 (a1 — CL5/€1))

0\h5) —

—l{fl (a1 — (14]{31) (a4 — a1k5)2 — ]{31]{?5 (a1 — (I4]€1) (CL4 — CL1]€5) ((I5 — a4 + ]{75 (CLl — CL5]€1))
a (/{: ) o k’l (CL4 — (Ilk’g,) (CL5 — a4 + k’g, (CLl — CL5]{71)) — ((11 — a4k1) (CL4 — alk’g,)
1\I5) — )
‘|—]€5 (a1 — a4k1) (a5 — ay + kl (a4 — a1k5) + k5 (a1 — a5k1))

L a9 (1{35) = Q4 — A5 — ]{31 ((14 — CL1]€5) — ]{?5 (a1 — (14]{71) — ]C5 (a1 — CL5]€1) .

(3.15)
using conditions (H3) and(H,) of Lemma 1.2
We calculate Dy (ks)

o = (1 20)

Dy(ks) = ay(ks)ag (ks) — ao (ks),
D2<k5) = (A) (a4k1 + alkg, — &1]61]65 — a4k1k5).

Before we present the main findings of this study, we intend to simplify the presentation by

defining the following notations:

A = —alks —ai — ai — 247k + ajay + 2a4as — aikik; — ajkiks + 2aik ks + 2aik k2
+3a1a4k5 — CL4CL5/€1 — 3&1@5/@5 — a1a4kfk§ — a1a5kfk§ — a4a5kfk§ — 2&1&4]{31]{35

—a4a5k;1k5 + a1a4k51k5§ + 3(11@5/{31]{% + a4a5k’%k5 + a1a5k51k5 + (1421]{3%]{75

By putting Ds(k5) = 0 we find:

(A)(a4k1 + CL1]{75 — alk’lk’g, — &4k’1/€5) =0

3.1. Existence of HOPF-BIFURCATIONS
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(asky + arks — arkiks — askiks) =0

A=0
to find £f :

(G4k1 -+ a1k5 — alk'lkg, — a4k1k5) = 0
(a1ky + asky —ar) ks = asky

Qy
ki = ki,
5 a1k1 -+ (a4k1 — Cl1> !

To calculate a (k7),we substitite &7 in ag (k) :

3
a
ay (k;) = ak (al — CL4]<71> (al - a5k71) (lel + (a:kl — al)kl)

I aq (a1 — CL4]€1) ((11]{51 —a + CL5]{?1) - ]{?1 (CLl - CL4]{I1) (a4 (Cbl - a5k1) —+ ay ((14 — CL5>)
—a%k:l (a1 — (14]'{31)
We simplify:

Q4
(Ilkl + (a4k1 — a1

ao (ki) = ( )kl) + (&4 (a1 — asky) (a5 — ag + asky) — ajky (a1 — CL4k71)) )

as — as + CL5]€1

(Cbl —arky — Cl4k1)3 ’

ag (k) >0 if (k — 1) ~M-wtash o~ 0 end (ky — 1) (a; — asky) >0

(a1—a1ki—aak1)

ag (k) = aq (kg — 1) (a3 — a4k1)4

To calculate a; (k%),we substitite £Z in a; (ks)

(al - a4k1)3

a (k) = as (k= 1) (a1ky + ask a)2’
1K1 ak1 — aq

ai (k’;) > 0 if (k)l — 1) (Gl — CL4]€1) >0

(/ﬁ — 1) (a1 — a4k1) >0 (3 ]_6)
(ky — 1) ~tagstash '

(a1—ask1—aik1)

To calculate a, (kZ),we substitite &2 in as (k)

3.1. Existence of HOPF-BIFURCATIONS
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Q4
(a1 + aq) k1 — aq
(CL1 - a4k1)
(&1 - a4k1) —arky

a9 (k’;) = (a1k1 — 2@1 + CL4]{71 + CL5I{?1)

k1 + (ay — a5 — asky)

= (a4 — Q5 + a5k51)

Applying the second condition (H,) ,we find:
8 9 Q4 (k’l — 1) (Gl — CL4]€1) + (a4 — Q5 + CL5]€1)2
— Dy (k%) = (a1 — ask 0.
ak5 2( 5) (a/l aq 1) (llk’l + (CL4]€1 _ al) #

Evaluating conditions for hopf bifurcations around equilibrium point Ej3 in regions (1.1) to (3.1)
,we will evaluate the conditions specified in the Lemma 1.2 to determine the existence of Hopf
bifurcations around equilibrium F; in the specified regions.

Objective

To determine whether the conditions are met for the existence of Hopf bifurcations in these
regions:

e case(l.1)and(2.1),(2.3) : Since a; — a4k; > 0 and a4 > a5 ,conditions (3.16)that no Hopf
bifurcations occur around equilibrium point F3

(kl — 1) >0
a4+a5(k171)
(

a1—agki—airky) >0

(k’l — 1) >0
(0,1 — a1k — a4k1) >0

{ (ki —1) >0

ai (1 — ]i'1> > aqk

we find

e case (1.2), case(2.3), case(3.1): Since a4 > a5 and a; — aq4k; < 0, conditions (3.16)that
no Hopf bifurcations occur around equilibrium point Fs

Qg

kik, =
381 a1k1 + (CL4/{31 — CL1)

k2> 1,

we calculate

CL4]{J% > a1k + (a4k1 - al) )

3.1. Existence of HOPF-BIFURCATIONS g



we find

(k’l — 1) (Cll — G4k1) < O,

Our analysis led to the conclusion that no Hopf bifurcations occur around equilibrium point Es.
This finding is anticipated, given that E3 remains stable within these regions, precluding any
transition to instability.

the hopf bifirecation of Equilibrium Points F,, E5 and FEjs

E, the eigenvalues in (2.11), F5 in (2.13) and Egof (2.15) the Jacobian eigenvalues are purely
real and thus no Hopf bifur

can exist.
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3.2 Numerical Simulations

This section presents numerical results that support the main results of the study, where the WR
system exhibits a wide range of stability regions. We will focus on specific representative cases to
highlight key aspects of the stability of the system. We present four examples, with the first two
focusing on the stability of equilibria F; and Ej5 in regions (1.1) and (4.1), respectively, in order

to provide a deeper understanding of the stability of the system under different conditions.

3.2.1 Example 1: System Dynamics in Case (1.1)

In this example, we examine the stability of equilibria £; and FEj5 in region (1.1). From earlier
analysis, we know that in this region, equilibrium F; is locally stable subject to condition (C4),
whereas equilibrium Fjs is always locally stable.
Figure 1 shows the time evolution of states and state-space portraits of the WR system with
parameter values

(a1, aq, as, ky, ks) = (89.03,52.88,43.55,0.74,0.53) .

These parameter values satisfy the conditions of region (1.1) as well as condition (C4). As long
as the initial states lie within the attraction field of Fi, the solution should converge towards it.

We set the initial conditions to
(I‘l, T2, (L’3) = (125, 72, 985) .

represented by the blue dot. Equilibrium FE; is represented by the red asterisk, and the sys-
tem states after 10 seconds are represented by the black circles. Clearly, the solution converges
towards equilibrium £;.

shows the time evolution of states and state-space portraits for
(a1, as, as, ky, ks) = (39.75,19.58,10.41, 1.41,0.45) .

These values do not satisfy condition (C4), implying that F is locally unstable. We chose a
n initial state sufficiently close to F, defined by

(21,29, 23) = By 4+ (1,2,5) x 1072,

As shown in Figure 3.2, the trajectory moves away from £, and converges towards F,, which is

the dominant equilibrium in the region.
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Figure 3.3 shows the time evolution of states and state-space portraits for
(a1, as, as, kr, ks) = (31.73,48.91,39.76,0.23,1.24) .

Again, these values satisfy the conditions of region (1.1) where Fj5 should be locally stable. Sim-
ulations showed that the attraction region of Ej5 is extremely small. The initial conditions were
selected as

(z1,79,73) = B3+ (1,2,5) x 1072,

It is clear that the solution converges towards E3. When the distance between the initial con-
dition and FE3 was selected in an order higher than 10~!!, the solution diverged away from Fj
towards F,4, which is the dominant equilibrium.
In order to evaluate the bifucation analysis, let us choose the same parameter values used in the
literature, i.e.

(a1, a4,as, k1) = (30,16.5,10,0.415) ,

which belong to region (1.1). Considering ks as the critical bifurcation parameter, formula (3.1)
yields £} = 0.70732. Clearly, conditions (3.2) and (3.3) are satisfied implying the existence of a
bifurcation around FE; in the neiborhood of k%. This is supported by the numerical bifurcation
plot depicted in Figure 3.4, which shows that as ks enters the neiborhood of k? the system enters

into a chaotic state.

3.2.2 Example 2: System Dynamics in Case (4.1)

We will now consider the stability of equilibrium Fj in region (2.3). The theoretical analysis
presented earlier showed that Fj; is globally stable in this region. For this investigation, we chose
parameter values

(a1, au, as, kr, ks) = (25.05,61.98,7.08,2.89, 6.77) ,

and initial states
(Qfl, T2, 1'3) = (125, 72, 985) .

This parameter set satisfies the conditions of region (2.3). Figure ?? illustrates the states of the
WR system. It is observed that the states converge towards F3. Despite multiple changes in the
initial states during the simulations, the trajectory consistently moved towards Fj3, affirming its
stability in region (2.3).
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3.3 Reaction Diffusion Systems

In this section, we will focus on the study of reaction diffusion, where we give a general in-
troduction to these systems and define them in a three-dimensional case and also discuss global

asymptotic stability in the partial differential equations (PDE) that represent these systems.

3.3.1 Reaction Diffusion Systems

Reaction—diffusion systems are mathematical models which correspond to several physical phe-
nomena, the most common of which is the change in space and time of the concentration of
one or more chemical substances, local chemical reactions in which the substances are trans-
formed into each other, and diusion which causes the substances to spread out over a surface
in space. Reaction—diffusion systems are naturally applied in chemistry. However, the system can
also describe dynamical processes of non-chemical nature. Many examples are found in biology,
geology, physics (neutron diffusion theory) and ecology.Mathematically, reaction—diffusion sys-
tems take the form of semilinear parabolic partial differential equations. They can be represented

by the general form:
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Figure 3.4: Numerical bifurcation diagram of system (1.8) for (a1, a4, as, k1) = (30,16.5, 10, 0.415)

with k5 as the critical bifurcation parameter.

8,U — DAU = H(U ), (3.17)

where U(x;t) denotes the unknown vector function, D is a diagonal matrix of diffusion coeff-
cients, and H describes the reaction-diffusion mechanics of the system. The solutions of reaction—
diffusion equations display a wide range of behaviours, including the formation of travelling
waves and wave like phenomena as well as other self organized patterns like stripes, hexagons
or more intricate structure like dissipative solitons. Each function, for which a reaction diffusion
differential equation holds, represents in fact a concentration variable. [1]

If U= (u;v;w) ;the system (3.17) can be reduced to

(fl_? - dlAu - fl(U,U,U)),
Ccll_zt} - dQA,U = f2(u7 v, w)a (318)
C(lj_i: - dgA’(U = f3(x>y7 2)7

whereu; v; w are the chemical species and d;; ds; d3 are the specific diffusion coeffecients.

Cé—? — diAu = (a1 — kyju — v — w)u,
% — deAv = (u — as)v, (3.19)
dw _

7 — dsAw = (ag — u — ksw)w,
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Figure 3.5: The time evolution of states and state-space portraits of the WR system subject to
(a1, aq, as, kr, ks) = (25.05,61.98,7.08,2.89, 6.77) and (z1, zs, 3) = (12.5,7.2,9.85)

3.4 Global asymptotic stability

In this section, we study the global asymptotic stability of the system(3.19) . The aim is to show
that every solution of the system with a positive initial value that is different from the equilibrium
point will converge to the equilibrium.

Proposition 3.2 Let

V()

/[(u—u*—lnu—*)—l—(v—v*—lnv—*)+(w—w*—lnw—*)]. (3.20)
Q

u v w

Then,V (t) is nonnegative and is strictly minimized at the unique equilibrium (u*, v*, w*).Hence,
(u*, v*, w*) is globally asymptotically stable.

Proof. We have

av (t) u* du v dv w* dw
= [ l0-D) = +(1-—) =+ (11— —)—|dr 3.21
at /Ql( Do T T (3.21)
Substituting (3.19) here yields
v (t)

dt

= fQ(l — “7) [diAu + (a; —

kiu — v — w)u| dx
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+ Jo(1 = L) [deAv + (u — a5)v] d

+ Jo(1 — L) [dsAw + (a4 — u — ksw)w] dz
Let us split the derivative into two parts

IS

<
—~

~
N

=T+ J 3.22
o +J ( )

where

*

J = /Q(l——) (a1 — kiu — v — w)ul dx—i—/g(l——) [(u — as)v] dw—l—/ﬁ(l—g) [(ag —u — ksw)w] dx.

u v
(3.23)
and
I=1+ 1+ Is. (3.24)
With
u* v* w*
I= /(1 — —)di1Audx + /(1 — —)dyAvdx + /(1 — —)dsAwdz. (3.25)
Q u Q v Q w
I = /(1 - u—)dlAud:U.
Q u
I = /(1 — D) dyAvda.
Q v
Q w
Using Green’s formula and using the Neumann boundary conditions , we obtain
L = /(1 — u—)dlAuda:,
Q u
L = —d / V(1 - ) Vudz, (3.26)
Q u
L = —dl/ = |Vl de, (3.27)
Qu
Similarly, we can write
I, = /(1 - U—)dgAde,
Q v
L = —d2/ V(1 - 2 )Vudz, (3.28)
Q v
v* 2
QU
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and

]3 = /(1 — w—)d;gAwdl’,
Q

w
I = —d3/V(1—w—)dex, (3.30)
Q w
UJ* 2
QW

Substituting the three terms in yields
I= —/ di— [Vul* + dy—s |Vol? + dy—s [Vw|?| da. (3.32)
ol u? v? w?

Hence, it is clear to see that
1<0. (3.33)

The second part of the derivative is J as defined in (3.24), ,these are the same results found in the
chapter global asymptotic stability and there fore dt < 0. Furthermore, we can have the equality
2¥ < 0if and only if (u,v, w) = (u*,v*,w*). Therefore, by Lyapunov’s direct method, we can assert
that (u*, v*, w*) is globally asymptotically stable. This concludes the proof.[3]

u
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Conclusion

In this study, we conducted an in-depth analysis of the WR dynamical system,which represents an
important nonlinear chemical model for understanding complex phenomena such as oscillation
and chaos in chemical reactions. Through numerical simulations, our study began by analyzing
the system’s critical points, identifying six equilibria and analyzing their local stability under
specific conditions that depend on the system’s parameters. We then moved on to study the global
stability of some of these equilibria using Lyapunov’s theorem, enabling us to identify regions
where the system exhibits global stability. We also addressed the Hopf bifurcation phenomenon,
mathematically proven to exist around the equilibrium point E1 in certain regions of parametric
space, confirming the system’s ability to transition from stability to periodic oscillation or chaotic
behavior. We also studied the propagation of the reaction in three dimensions and the stability of
approximate solutions to the partial differential equations representing the system.

Finally, a comprehensive numerical simulation confirmed the validity of the theoretical results,
providing a comprehensive framework for understanding the dynamics of chaotic chemical reac-
tions. The results obtained in this study not only contribute to deepening the theoretical under-
standing of the WR model, but also open the way for future practical applications in the fields of

chemical engineering and the study of complex models in nature.
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