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الهداء
بلغنا و البدايات يسر الذي لالدهدل ‘ لعلتها لكنني ‘ بالتسهالت مدفولا الطريق ل و قصارة الرحلة تكن لم
و ترضى حتى الدهد لك تعبت حان الصبر على و ضعفت حان القوة على ل الشكر و كرمه و بفضله النهايات

. الفضل واسع يا رضات اذا الدهد لك
... النجاح هذا اهدي

انت ها ‘ ثبات و بصبر اليام اثقال حهلتي من يا ‘ تستسلهي لم و التعب وجه لي وقفت من يا ‘ الطهوحة لنفسي
. انا بك لخورة ‘ الراس مرلوعة النجاز عتبة على تقفان الاوم

... امي الى
النسانة امي ‘الى لرتاح عاناها سهرت اعلو’و كي ضهرها اندنى من الى ‘ قدماها تدت الجنة ا جعل من الى
عهري اهديك كها اللدظة هذه اهديك الاوم انا ها بها” عاني قر “اللهم التها لي ههست طالها ل التي العظاهة

. كله

... ابي الى
و الفخر’سندي بهذا الاوم لقف النفاس و الغالي بذل من الى جباني عن العرق لاجف جبانه العرق كلل من الى
و ‘ قلبي واسى الذي الصبر و ‘ الدرب لي انارت التي الشهس كنت الدباب والدي ‘ عزيهتي و عزتي لخري

. تضدااتك بها تقاس ل و ‘ تفاك ل “شكرا” لك اقول

بثباتها ساندتني التي الدازمة ‘و بعطفها غهرتني التي الدنونة ‘ امي بعد الول حضني ‘ الكبارة اختي اسهاء الى
الذي الجهال الثر كل بدجم لك لشكرا يعوض ل سند ‘و طهانانة و ‘ دلئ بل ‘ حضور مجرد يكن لم اهتهامك ‘

دربي. لي تركته

الثقالة ايامي على تهر ناعهة نسهة كنت و ‘ ابدا تكبر لم التي الطفلة روحي و الصغارة زهرتي و اختي اماني الى
اهدي لك ‘ سعادتي و راحتي من جزءا كنت لنك و ترجي ان دون بالمل روحي سقات ‘و بخفتك قلبي ملت

. التخرج هذا

عرلت بك التعب لي البلسم ‘و العتهة لي الضوء كنت الطريق قبل القلب رلاقة و ‘ دربي رلاقة ‘ اية الى
. التخرج هذا لي ذكرى اجهل ستبقان الاوم هذا من ينسى ل جزء لك ‘و الصداقة معنى

جعلت رلقتكن وطاة اقل التعب ايام ‘و ابهى بكن الدراسة ايام كانت من يا ‘الاكن شادية و ‘شروق سلهى الى
جهاعا لكن الهشوار هذا مراحل كل لي الصادق السند كنتن اعهق الذكريات ‘و اثهن اللدظات و اسهل الطريق

. الدكاية من ينسى ل جزءا كنتن لنكن ‘ اللدظة هذه ‘اهدي

القلب لي لكن ‘ الهواقف و الدرب ‘رلاقات العهر و القامة اديقات ‘ اسهاء و سارة و اماهة و سهاح الى
. ذاكرتي من جهال جزءا ستبقون و تنسى ل لدظات معكن عشت ينتهي ل امتنان و تواف ل مودة

تتهنان كنت الذي الاوم هذا لي ‘ لدظة قلبي عن يغب لم و ‘ الدناا عني غاب الذي القلب الى ‘ الراحلة جدتي الى
الجنان. اعالي لي مقامك جعل و ‘ احببت ما بقدر ا رحهك ‘ تخرجي اهديك ‘ تريه ان

. يديك بان الدصاد هاهو و العزيهة لانا زرعت النور” هو لالعلم اقرؤو “ لنا قال من ‘ جدي الى
رحلتنا. ثهرة اهديك انا ها و ‘ بثقة الطريق نكهل كنا بنا ايهانك و بدعواتك جدتي’ الى

حااتي مراحل كل لي سندا و حنان و حب مصدر دوما كنتن احد لاه يزاحهكن ل مكان قلبي لي لكن خالتي الى
. تخرجي اهدي لكن
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Abstract

This dissertation develops an efficient numerical method for solving fractional integro-

differential systems involving the Caputo fractional derivative. The proposed approach

employs the Reproducing Kernel Hilbert Space (RKHS) method to construct ap-

proximate solutions expressed as uniformly convergent series, ensuring both high accuracy

and rapid convergence. Numerical examples demonstrate the effectiveness and precision

of the RKHS method in addressing complex fractional systems. The results reveal the

significant impact of the fractional derivative order on the qualitative behavior of the solu-

tions, underscoring the importance of fractional calculus in modeling memory-dependent

phenomena. This study establishes the RKHS method as a robust and promising tool

for the numerical analysis of fractional systems. Future work may extend this framework

to incorporate other types of fractional derivatives, higher-dimensional problems, and

systems with more intricate initial and boundary conditions.
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Résumé

Cette thèse développe une méthode numérique efficace pour résoudre des systèmes intégralo-

différentiels fractionnaires faisant intervenir la dérivée fractionnaire de Caputo.Lapproche

proposée utilise la méthode de lespace de Hilbert à noyau reproducteur (RKHS) pour con-

struire des solutions approchées sous forme de séries uniformément convergentes, garan-

tissant à la fois une grande précision et une convergence rapide. Des exemples numériques

illustrent lefficacité et la précision de la méthode RKHS dans le traitement de systèmes

fractionnaires complexes. Les résultats mettent en évidence linfluence significative de

lordre de la dérivée fractionnaire sur le comportement qualitatif des solutions, soulignant

ainsi limportance du calcul fractionnaire dans la modélisation de phénomènes à mémoire.

Cette étude établit la méthode RKHS comme un outil robuste et prometteur pour lanalyse

numérique des systèmes fractionnaires. Les travaux futurs pourraient étendre ce cadre à

dautres types de dérivées fractionnaires, à des problèmes en dimensions supérieures, ainsi

quà des systèmes avec des conditions initiales et aux limites plus complexes.



الملخص

كابوتو مشتقة تتضمن التي الكسرية التفاضلية التكاملية النظمة لحل فعالة عددية طريقة المذكرة هذه تطور
كسلسل المستنسخة النواة ذي هلبرت فضاء طريقة المقترحة الطريقة تستخدم تقريبية حلول لبناء الكسرية
معالجة في دقة و فعالية العددية المثلة تظهر . التقارب في سريعة و عالية دقة يضمن مما منتظم بشكل متقاربة
النوعي السلوك طريقة على الكسرية المشتقة لرتبة الكبير التاثير عن النتائج تكشف . المعقدة الكسرية النظمة
واعدة و قوية اداة .تمثل الذاكرة على تعتمد التي الظواهر نمذجة في الكسرية الحسابات اهمية يبرز مما للحلول
المشتقات من اخرى انواع ليشمل المستقبلي العمل توسيع من الدراسة هذه .تمكن الكسرية لنظمة العددي للتحليل

تعقيدا. اكثر حدودية و اولية شروط ذات انظمة و اعلى ابعاد ذات مسائل و الكسرية
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Introduction

Systems of fractional differential equations (FDEs) have gained significant importance

and popularity over the past few decades due to their demonstrated applications across

numerous, seemingly diverse, fields of science and engineering. This growing interest

stems from the theory of fractional calculus, which deals with differentiation and in-

tegration of non-integer (non-zero) order and has attracted attention not only among

mathematicians but also physicists and engineers for its wide-ranging relevance. Frac-

tional derivatives allow for more realistic modeling of physical phenomena by accounting

not only for the current state at an instant in time but also for the entire history of

the system. For example, fractional derivatives have been successfully applied to model

nonlinear earthquake oscillations and fluid-dynamic traffic flow, overcoming deficiencies

inherent in classical continuum assumptions. Since most nonlinear fractional equations do

not admit exact analytic solutions, approximation and numerical techniques are necessary

to analyze these complex systems (Miller and Ross, 1993; Momani, 2005; Momani and

Al-Khaled, 2005; Momani and Shawagfeh, 2006; Momani and Odibat, 2007; Podlubny,

1999).

Fractional integro-differential equations (FIDEs) have gained substantial attention due

to their critical role in accurately modeling a wide range of complex physical phenomena,

such as heat conduction, radiative transfer, equilibrium processes, viscous elasticity, and

fracture mechanics (Arqub, 2017; Atangana Baleanu, 2016; Bushnaq, Maayah, Momani,

Alsaedi, 2014; Caputo Fabrizio, 2015; Carpinteri Mainardi, 2014). However, obtain-

ing exact solutions for most FIDE systems remains challenging or impossible. To address

this, various efficient approximate and numerical techniques have been developed, includ-
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ing the decomposition method, homotopy analysis, iterative refinement approaches, and

Chebyshev spectral methods. These methods have significantly advanced the capacity to

analyze and simulate fractional models, as extensively discussed in the literature (Arqub,

2017; Atangana Baleanu, 2016; Bushnaq et al., 2014; Caputo Fabrizio, 2015; Carpinteri

Mainardi, 2014).

The theory of reproducing kernels, introduced in the early 20th century for solving bound-

ary value problems of harmonic and biharmonic functions, has become a versatile tool in

numerical analysis, machine learning, and engineering . The Reproducing Kernel Hilbert

Space (RKHS) method offers accurate numerical solutions for various integral and dif-

ferential operators, as detailed in works by Cui and Lin (2008), Al-Smadi (2011), and

others.

Caputos fractional derivative notably enhanced this framework by enabling realistic mod-

eling of dynamical systems with memory effects. His contributions have improved RKHS-

based numerical methods, providing higher accuracy and stability.

RKHS methods are advantageous because they achieve high accuracy with minimal com-

putational effort, avoid discretization errors, and are broadly applicable across mathe-

matical, physical, and engineering problems.

In this thesis, we extend the application of the cloned kernel Hilbert space method to

provide a symbolic approximate solution for a class of FIDE systems. The method re-

lies on presenting analytical and approximate solutions as chains in appropriate spaces,

ensuring the accuracy and efficiency of the proposed solutions.

The proposed solution method is based on the construction of an orthogonal basis from

the cloned kernel functions, where the asymptotic basis is constructed to generate solu-
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tions and represent them as sequences. An asymptotic analysis of the method is presented

to ensure its accuracy and efficiency. In addition, numerical examples are presented to

demonstrate the effectiveness and applicability of the approach. Analytical and approxi-

mate solutions are presented as sequences in the appropriate spaces.

This thesis is organized into four chapters.

• Chapter 1 introduces foundational concepts in fractional calculus and functional

analysis essential for understanding the subsequent work.

• Chapter 2 presents the RKHS and the related function spaces used to construct

the kernel functions. It also includes solution representations and key theoretical

results based on RKHS theory.

• Chapter 3 investigates systems of FIDES of order 0 < α ≤ 2, which are instru-

mental in modeling processes with memory and non-local effectscommon in many

physical and engineering applications.

• Chapter 4 concludes the thesis with final remarks and potential directions for

future research.



CHAPTER 1

Background Materials and Preliminaries.
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1.1 Basic Principles of Functional Analysis.

In this chapter, basic definitions and results in functional analysis will be presented and

some basic properties of fractional calculus

Definition 1.1.1. On a vector space X , a norm is a function ‖.‖ : X → [0,∞) that

satisfies:

(i) ‖x‖ = 0 if and only if x = 0

(ii) ‖αx‖ = |α| ‖x‖

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖

for every x,y ∈ X and α ∈ F where F is a field (complex or real)

Definition 1.1.2. A vector space with a norm defined on it is called a normed space X.

Definition 1.1.3. (i) If the sequence (xn) in the normed space X contains X , then it

is convergent such that:

lim
n→∞

‖xn − x‖ = 0.

Then we will write xn → x and call x a limit of (xn).

(ii) If for all ε > 0 there is an N such that

‖xm − xn‖ < ε for all m,n > N.

The sequence (xn) in a normed space X is a Cauchy sequence

(iii) If all Cauchy sequence (xn) converges in X , then the moduli space X is complete.

A complete normed space is called a Banach space.
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Definition 1.1.4. The vector space X is called the inner product space if 〈., .〉 : X×X →

F, where for each x, y, z ∈ X and α ∈ F we have:

(i) 〈x+ y, z〉 = 〈x, z〉+ 〈y, z〉

(ii) 〈αx, z〉 = α〈x, z〉

(iii) 〈x, z〉 = 〈z, x〉

(iv) 〈x, x〉 ≥ 0 and 〈x, x〉 = 0 ⇔ x = 0

An inner product on X defines a norm on X that is given by ‖x‖ =
√

〈x, x〉 .

A complet inner product space is called a hilbert space

Definition 1.1.5. A pre-Hilbert space "inner product space" H is a vector space with an

inner product defined on it.

Definition 1.1.6. (Cauchy-Schwartz inequality). Let H be a pre-Hilbert space.

Then

∀x, y ∈ H, |〈x, y〉| ≤ ‖x‖‖y‖.

The inequality is equal if x and y are linearly dependent.

Definition 1.1.7. Suppose X and Y are two vector spaces on the same field F and let

D (T ) be a subspace of X. A map T : D (T ) ⊂ X → Y so that

T (αx+ βy) = αT (x) + βT (y)

is said to be a linear operator. If D (T ) = X, then, and only then, we write T : X → Y .

Definition 1.1.8. A linear operator T : X → Y between two normed spaces X and Y is
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said to be bounded if there is a real number c→ 0 such that for all x ∈ D(T )

‖Tx‖ ≤ c ‖x‖

Definition 1.1.9. Assume that T : D (T ) → Y an operator, which is not necessarily

linear, where D (T ) ⊂ X and X,Y are normed spaces the operator T is continuous at

an x0 ∈ D (T ) if for all ε > 0 there is δ > 0 such that ‖Tx− Tx0‖ < ε such that

‖Tx− Tx0‖ < ε for every x ∈ D(T ) satisfying ‖x− x0‖ < δ.

T is continuous if T is continuous at all x ∈ D (T )

Theorem 1.1.10. Let T : D (T ) → Y is a linear operator, in which D (T ) ⊂ X and

X,Y are two normed spaces. Then:T will be continuous if and only if T is bounded.

Definition 1.1.11. A linear operator whose domain in vector space Y and whose range

in the scalar field F of y is a linear function f and hence f : Y −→ F.

A bounded linear functional f is a bounded linear operator. Hence there exists a real

number c > 0 so that for every y ∈ D(f), |f(y)| ≤ c ‖y‖ .

Theorem 1.1.12. (Riesz’s Theorem) Each bounded linear functional g on a Hilbert

space H can be represented in terms of the inner product, namely, g(x) = 〈x, z〉 where z

depends on g is uniquely determined by g and has norm ‖z‖ = ‖g‖ .

Definition 1.1.13. Suppose that T : H1 −→ H2 is a bounded linear operator,in which

H1 and H2 are Hilbert spaces. hence the Hilbert-adjoint operator T ∗ of T is the operator

T ∗ : H2 −→ H1
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so that for every x ∈ H1 and y ∈ H2,

〈Tx, y〉 = 〈x, T ∗y〉

suppose T : H −→ H then T is self-adjoint if T = T ∗.

Definition 1.1.14. Let Ω be a domain in Rn, with 1 ≤ p < ∞. We mark by Lp (Ω) the

class of all measurable functions u, defined on Ω, with
∫
Ω
|u (x)|p dx <∞.

Lp (Ω) is Banach spaces with respect to the norms ‖u‖ :=
(∫

Ω
|u (x)|p dx

) 1
p .

Definition 1.1.15. A function v : [a, b] −→ R is said to be absolutely continuous (Abs.

C), if for every positive ε, there exists a positive δ such that for any finite set of disjoint

intervals (x1, y1) , (x2, y2) , ..., (xk, yk) (⊂ [a, b]) with
∑k

j=1 |yj − xj| < δ, then

k∑
j=1

|v (yj)− v (xj)| < ε

Theorem 1.1.16. (Fundamental theorem of Lebesgue integral calculus) suppose

that v : [c, d] −→ R is a function. Then v is strictly continuous if and only if there is a

function u ∈ L1 [c, d] so that v (x) = v (c) +
∫ x

c
u (t) dt, ∀x ∈ [c, d] .

1.2 Fundamentals of Fractional Calculus

Many researchers gave definitions that fit the concept of a non-integer order integral or

derivative. The most famous of these definitions are the Riemann-Liouville and Grünwald

Letnikov definitions (Oldham, 1974; Podlubny, 1999). Understanding of definitions and

use of fractional calculus needs knowledge of special functions.
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1.2.1 Special Functions

1. The Gamma Function

Euler’s Gamma function is one of the common functions utilized in the fractional

order differential equations. The definition of the Gamma function Γ (x) can be

defined as follows it is written in the form

Γ (x) =

∫ ∞

0

tx−1e−1dt, x ∈ R+ (1.2.1)

one can show that the gamma function satisfies the functional equation using inte-

gration by parts:

Γ (x+ 1) = xΓ (x) , x ∈ R+

Also, we note that Γ (1) =
∫∞
0
e−tdt = 1.

The general property of the Gamma function can be obtained

Γ (x+ 1) = xΓ (x) = x (x− 1)! = x!, x ∈ N

The Gamma function has also a representation by limit :

Γ (x) = lim
n→∞

n!nx

x (x+ 1) (x+ 2) ... (x+ n)
(1.2.2)

The proof of the Equation(1.2.2) can be found in (Podlubny, 1999)
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Some useful relationships of the Gamma function are

Γ (x) Γ (1− x) =
π

sin (πx)

Thus, Γ
(
1
2

)
=

√
π

2. The Beta Function

The Beta function is crucial for calculating the fractional derivatives of the power

function. It is characterized by the two-parameter integral

B (x, y) =

∫ 1

0

tx−1 (1− t)y−1 dt, x, y ∈ R+ (1.2.3)

It is also possible to define the beta function using the gamma function:

B (x, y) =
Γ (x) Γ (y)

Γ (x+ y)
, x, y ∈ R+

The symmetric property of the beta function is illustrated as follows B (x, y) =

B (y, x) .

1.2.2 Fractional Integration and Differentiation

1.2.2.1 Riemann-Liouville Integrals

Definition 1.2.1. (Diethelm, 2010) Suppose α ∈ R+. The operator Jα
a , defined on

L1 [a, b] by

Jα
a f (x) =

1

Γ (α)

∫ x

a

(x− t)α−1 f (t) dt (1.2.4)
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for a ≤ x ≤ b, is called the Riemman-Liouville fractional integral operator of order α.

For α = 0, we put J0
α = I, the identity operator.

One of the most important properties of integral operator is also correct in fractional

integral as follows:

Theorem 1.2.2. Let α, β ≥ 0 and f ∈ L1 [a, b] . Then,

Jα
a J

β
a f = Jα+β

a f

holds almost anywhere on [a, b]. If in addition f ∈ C [a, b]or α + β ≥ 1, then the above

identity holds everywhere on [a, b].

Corollary 1.2.3. Let α, β ≥ 0 and f ∈ L1 [a, b] . Then,

Jα
a J

β
a f = Jβ

a J
α
a f

Proof : look (Diethelm, K. 2010).

Example 1.2.4. let f (x) = (x− a)c for some c > −1 and α > 0. Then,

Jα
a f (x) =

Γ (c+ 1)

Γ (α + c+ 1)
(x− a)α+c (1.2.5)

Proof : The derivation is straightforward:

Jα
a f (x) =

1

Γ (α)

∫ x

a

(t− a)c (x− t)α−1 dt let t = a+ s (x− a)

=
1

Γ (α)
(x− a)α+c

∫ 1

0

sc (1− s)α−1 ds

=
Γ (c+ 1)

Γ (α + c+ 1)
(x− a)α+c
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Definition 1.2.5. (Diethelm, 2010) Let α ∈ R+ and m− 1 < α < m. The operator

Dα
a , defined by the formula :

Dα
a f = DmJm−α

a f =
1

Γ (m− α)

(
d

dx

)m ∫ x

a

(x− t)m−α−1 f (t) dt (1.2.6)

in order to a ≤ x ≤ b, is called the Riemman-Liouville fractional differential operator of

order α

For α = 0, we set D0
a = I, the identity operator.

As a first consequence of this definition we note, that if α ∈ N the operator Dα
a in

Definition (1.2.5) coincides with the classical differential operator Dα

Lemma 1.2.6. Let α ∈ R+ and let n ∈ N so that n > α. Then,

Dα
a = DnJn−α

a .

Proof : The assumption on n means that n > [α] . and so on,

DnJn−α
a = D[α]Dn−[α]Jn−[α]

a J [α]−α
a = D[α]J [α]−α

a = Dα
a

Example 1.2.7. Let f (x) = (x− a)c for some c > −1 and α > 0. Then,

Dα
a f (x) =

Γ (c+ 1)

Γ (c+ 1− α)
(x− a)c−α (1.2.7)
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Proof : Let n ∈ N so that n = [α] . Thus,

Dα
a f (x) = Dα

a (x− a)c

= DnJn−α
a (x− a)c

= Dn

(
Γ (c+ 1)

Γ (n− α + c+ 1)
(x− a)n−α+c

)
=

Γ (c+ 1)

Γ (n− α + c+ 1)
Dn (x− a)n−α+c

=
Γ (c+ 1)

Γ (n− α + c+ 1)

Γ (n− α + c+ 1)

Γ (c+ 1− α)
(x− a)c−α

=
Γ (c+ 1)

Γ (c+ 1− α)
(x− a)c−α

The property Dα
aD

β
af = Dα+β

a f = Dβ
aD

α
a f is not satisfied in both equalities as seen in

the following example

Example 1.2.8. a. Let f (x) = x−
1
2 and α = β = 1

2
. Then,

Dα
0 f (x) = Dβ

0 f (x) =
Γ
(
−1

2
+ 1

)
Γ
(
−1

2
+ 1− 1

2

) (x− 0)−
1
2
− 1

2

=
Γ
(
1
2

)
Γ (0)

(x− 0)−
1
2
− 1

2 = 0

and then also Dα
0D

β
0 f (x) = 0,

Dα+β
0 f (x) = D1f (x) = −x− 3

2

2
,

b. Let f (x) = x
1
2 and α = 1

2
and β = 3

2
. Then,

Dα
0 f (x) =

Γ
(
1
2
+ 1

)
Γ
(
1
2
+ 1− 1

2

) (x− 0)−
1
2
− 1

2

=
Γ
(
3
2

)
Γ (1)

=

√
π

2
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and Dβ
0 f (x) = 0 this This means Dα

0D
β
0 f (x) = 0

however Dβ
0D

α
0 f (x) =

−x− 3
2

2
= Dα+β

0 f (x)

We now mention some relationships between the Riemann-Liouville integral and the

differential operators :

Theorem 1.2.9. Let α ≥ 0. Then for each f ∈ L1 [a, b] ,

Dα
aJ

α
a f = f (1.2.8)

Just about everywhere.

Proof : The case α = 0 is intuitive.

For α > 0,let n = [α] . Then,

Dα
aJ

α
a f (x) = DnJn−α

a Jα
a f (x) = DnJn

a f (x) = f (x) .

We have shown that Dα
a is the left inverse of Jα

a . Of course, we cannot claim that it is

the right inverse. More precisely, we have the following theorem.

Theorem 1.2.10. Let α ≥ 0 and n − 1 < α ≤ n. Suppose that f is so that Jn−α
a f

∈ An [a, b] .Then,

Jα
aD

α
a f (x) = f (x)−

n−1∑
k=0

(x− a)α−k−1

Γ (α− k)
lim
z→a+

Dn−k−1Jn−α
a f (z) (1.2.9)
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In particular, for 0 < α < 1 we have

Jα
aD

α
a f (x) = f (x)− (x− a)α−1

Γ (α)
lim
z→a+

J1−α
a f (z) (1.2.10)

Proof : look (Diethelm, K. 2010).

1.2.2.2 Caputo Fractional Derivative

In 1967, a new definition of the rational derivative was published by M. Caputo named

the fractional derivative where he showed its relation to the fractional derivative Riemann

Liouville .

Definition 1.2.11. Suppose α ∈ R+ and n− 1 < α ≤ n.The operator Dα
∗a,characterized

by :

Dα
∗af (x) = Jn−α

a Dnf (x) =
1

Γ (n− α)

∫ x

a

(x− t)n−α−1

(
d

dt

)n

f (t) dt (1.2.11)

for a ≤ x ≤ b, is named the Caputo differential operator of order α

Example 1.2.12. We got DαC = 0, for the Caputo derivative, in which C is a constant,

and

Dαxc =


0, c ≤ α− 1,

Γ(c+1)
Γ(c−α+1)

xc−α, c > α− 1.

Similar to integer order differentiation, Caputo fractional differentiation is a linear op-

eration:
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Dα(γf(x) + µg(x)) = γDαf(x) + µDαg(x).

Example 1.2.13. Let α ≥ 0 and n − 1 < α ≤ n and f (x) = (x− a)c to some c ≥ 0.

.Further,

Dα
∗af (x) =


0 if c ∈ {0, 1, 2, ..., n− 1}

Γ(c+1)
Γ(c+1−α)

(x− a)c−α
if c ∈ N and c ≥ n

or c /∈ N and c > n− 1

In particular, we observe that the two operators have distinct kernels and that their do-

mains are different when comparing this result with Example (1.2.7), where the Riemann

Liouville differential operator was applied to the function f . The Caputo derivative is

thus a left inverse of the Riemann-Liouville integral when taking into account the interplay

between Riemann-Liouville integrals and Caputo differential operators:

Theorem 1.2.14. If f is continuous and α > 0, then

Dα
∗aJ

α
a f = f

In addition, the Caputo derivative also is not the right inverse of the Riemann-Liouville

integral

Theorem 1.2.15. Let n− 1 < α ≤ n and α ≥ 0 and, f ∈ An [a, b] . Then,

Jα
aD

α
∗af (x) = f (x)−

n−1∑
k=0

Dkf (a)

k!
(x− a)k . (1.2.12)

Proof : look (Diethelm, K. 2010).
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we want in this thesis to solve the fractional differential equation (FDE) of the form:

Dα
∗au (x) = f

(
x, u (x) , u

′
(x) , ..., u(m−1) (x)

)
, a ≤ x ≤ b, m− 1 < α ≤ m (1.2.13)

subject to conditions

u(i) (a) = ci, i = 0, 1, 2, ..., r − 1, (1.2.14)

u(i) (b) = di, i = r, r + 1, ...,m− 1.

where α, ci, 0 ≤ i ≤ r − 1 and di, r ≤ i ≤ m− 1 are real constants, u (x) is an unknown

function that needs to be found, and f
(
x, u (x) , u

′
(x) , ..., u(m−1) (x) is either a linear or

nonlinear function depending on the problem being solved. Dα
∗a represents the fractional

Caputo derivative of order . We now obtain

u (x)−
m−1∑
k=0

u(k) (a)
(x− a)k

k!
= F

(
x, u (x) , u

′
(x) , ..., u(m−1) (x)

)
,

by applying the operator Jα
a a to both sides of the equation (1.2.13) and then using

(1.2.12). F
(
x, u (x) , u

′
(x) , ..., u(m−1) (x)

)
= Jα

a

(
f
(
x, u (x) , u

′
(x) , ..., u(m−1) (x)

))
.

Theorem 1.2.16. Let α ≥ 0 and n = dαe. Suppose that f is so that both Dα
a and CDα

a

exist. hence,

(CDα
a f)(t) = Dα

a f(t)−
n−1∑
j=0

(t− a)j−α

Γ(j + 1− α)
f (j)(a).

Specifically, if 0 < α < 1, then
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(CDα
a f)(t) = Dα

a f(t)−
(t− a)−α

Γ(1− α)
f(a).



CHAPTER 2

Reproducing Kernel Hilbert Space
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2.1 Concept of Reproducing Kernel Hilbert Space

Definition 2.1.1. Let E be an arbitrary set and K be a kernel on X, that is,

K : E × E → C The kernel K is called Hermitian if for any finite set of points

{x1, ..., xn} ⊆ E and any complex numbers α1, ..., αn we have
∑n

i,j=1 αiαjK (xi, xj) ∈ R,

and K is called positive definite if
∑n

i,j=1 αiαjK (xi, xj) ≥ 0.

Definition 2.1.2. (Aronszajn, 1950) Let H be a Hilbert space of functions g : E −→ F

on a nonempty set E. A function K : E × E −→ C is a reproducing kernel of H if the

following are satisfied:

1. K (., x) ∈ H for all x ∈ E.

2. 〈g,K (., x)〉 = g (x) for all g ∈ H and for all x ∈ E.

The last condition is called “The reproducing property”,

The first condition can be written as: for all x ∈ X, kx (y) = k (x, y) as a function of y

belongs to H, y ∈ E. So applying the reproducing property to the function kx at y, we

get:

kx (y) = 〈kx, ky〉 , for x, y ∈ E.

Consequently, for all x ∈ E we obtain ‖kx‖2 = 〈kx, kx〉 = k 〈x, x〉 .

Definition 2.1.3. A Hilbert space H of functions on a set E is called a reproducing

kernel Hilbert space (RKHS) if there exists a reproducing kernel k of H.

The Hilbert space with reproducing kernel k is denoted by Hk. Moreover,〈., .〉Hk
, ‖.‖Hk

denote

the inner product and the norm, respectively.
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Theorem 2.1.4. (Aronszajn, 1950) If a Hilbert space H of functions on a set E

recognizes a reproducing kernel, then the reproducing kernel k (x, y)is uniquely determined

by the Hilbert space H.

Proof : Let k (x, y) be a reproducing kernel of H. Suppose that there exists another

kernel R (x, y)of H. Then, for all x ∈ E, applying the reproducing property for k and R

we get:

‖kx −Rx‖2 = 〈kx −Rx, kx −Rx〉 = 〈kx −Rx, kx〉 − 〈kx −Rx, Rx〉

= (kx −Rx) (x)− (kx −Rx) (x) = 0

Hence kx = Rx, that is, kx (y) = Rx (y), for all y ∈ E. This means that k (x, y) = R (x, y)

for all x, y ∈ E

Theorem 2.1.5. For a Hilbert space H of functions on E, there exists a reproducing

kernel K for H if and only if for every x of E, the Dirac functional δx : g → g (x) is a

bounded linear functional on H.

Theorem 2.1.6. The reproducing kernel k (x, y) of a reproducing kernel Hilbert space H

is a positive definite kernel.

Proof : we have

0 ≤

∥∥∥∥∥
n∑

i=1

αikxi

∥∥∥∥∥
2

=

〈
n∑

i=1

αikxi
,

n∑
i=1

αikxi

〉
=

n∑
i=1

n∑
j=1

αiαj

〈
kxi
, kxj

〉
=

n∑
i=1

n∑
j=1

αiαjk
(
xi
,xj

)
∑n

i=1

∑n
j=1 αiαjk

(
xi
,xj

)
≥ 0

Remark 2.1.7. Let H be a RKHS and its kernel k (x, y) on X, then, for every x, y ∈ X,

we have



18

(i) |k (x, y)|2 ≤ k (x, x) k (y, y)

(ii) Let x0 ∈ E.hence the following are equivalent:

(a) k (x0, x0) = 0.

(b) k (x0, y) = 0 for every y ∈ E.

(c) f(x0) = 0 for every g ∈ H

Proof : (i) By Schwartz Inequality in H we have

|k (x, y)|2 = |〈kx, ky〉|2 ≤ (‖kx‖ ‖ky‖)2 = ‖kx‖2 ‖ky‖2

= 〈kx, kx〉 〈ky, ky〉 = k (x, x) k (y, y)

(ii) From (i) it follows that |k (x0, y)|2 ≤ k (x0, x0) k (y, y) = 0.then k (x0, x0) = 0 is

equivalent with k (x0, y) = 0 for each y ∈ X if and only if f(x0) = 0 for all f ∈ H

Theorem 2.1.8. There exists a uniquely determined Hilbert space Hk of functions on X,

For any positive definite kernel k (x, y) on X, admitting the reproducing kernel k (x, y) .

Proof : look (Aronszajn, 1950).

Theorem 2.1.9. Each sequence of functions f(xn)n≥1 which converges strongly to a

function g in Hk(X), also converges in the pointwise sense, i.e, limn→∞ fn (x) = f (x) ,

for every point x ∈ E. Moreover, this convergence is uniform on every subset of E on

which x 7−→ k (x, x) is bounded.
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Proof : For x ∈ E , utilizing the reproducing property and Schwartz Inequality,

|f (x)− fn (x)| = |〈f, kx〉 − 〈fn, kx〉|

= |〈f − fn, kx〉|

≤ ‖f − fn‖ . ‖kx‖

= ‖f − fn‖ .k (x, x)1/2

Thus, for any point x ∈ E , limn→∞ fn (x) = f (x).

Moreover it is clear from the above inequality that this convergence is uniform on every

subset of E on which x 7−→ k (x, x) is bounded

Definition 2.1.10. As follows we have defined the function space Wm
2 [a, b]:

Wm
2 [a, b] =

{
u : u(i) is Abs.C, j = 1, 2, ...,m− 1, u(m) ∈ L2 [a, b]

}
(2.1.1)

The norm and the inner product in the function space Wm
2 [a, b] are defined as follows

successively, for any functions u1 (x) , u2 (x) ∈ Wm
2 [a, b]

〈u1, v1〉Wm
2 [a,b] =

m−1∑
i=0

u
(i)
1 (a) u

(i)
2 (a) +

∫ b

a

u
(m)
1 (x) u

(m)
2 (x) dx (2.1.2)

‖u‖Wm
2 [a,b] =

√
〈u1, u1〉Wm

2 [a,b] (2.1.3)

Theorem 2.1.11. The function space Wm
2 [a, b] is a Hilbert Space.

Proof : Look (Zhang, 2012).

Theorem 2.1.12. The function space Wm
2 [a, b] is a reproducing kernel space. Its mean-

ing, for every fixed x ∈ [a, b] and any u (y) ∈ Wm
2 [a, b], there exists kx (y) ∈ Wm

2 [a, b],
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y ∈ [a, b] such that 〈u (y) , kx (y)〉 = u (x), and kx (y) is called the reproducing kernel

function of space Wm
2 [a, b].

Proof : Look (Aronszajn, 1950).

2.2 Reproducing Kernel Function

In this section, we will look at The reproducing kernel function and find the formulas for

its algebraic expressions in the space Wm
2 [a, b]. A piecewise polynomial of degree 2m− 1

can be used to represent these expressions. The reproducing kernel function has a unique

representation. Further, we will give some corollaries and remarks related to these kernel

functions. At the end of this section, several examples of such kernel functions are given

in W 1
2 [a, b].

Now, let’s find out the expression form of the reproducing kernel function kx (y) in the

space Wm
2 [a, b]

let kx (y) is the reproducing kernel function of the space Wm
2 [a, b] , then for every fixed

x ∈ [a, b] and any u (y) ∈ Wm
2 [a, b] , y ∈ [a, b] we have 〈u (y) , kx (y)〉 = u (x) . Based on

(2.1.2) and (2.1.3), we have

〈u (y) , kx (y)〉Wm
2 [a,b] =

m−1∑
i=0

u(i) (a) k(i)x (a) +

∫ b

a

u(m) (y) k(m)
x (y) dy. (2.2.1)

Applying the integration by parts for the second scheme of the right-hand of (2.2.1), we

obtain

∫ b

a

u(m) (y) k(m)
x (y) dy =

m−1∑
i=0

(−1)i u(m−i−1) (y) k(m+i)
x (y) |by=a +

∫ b

a

(−1)m u (y) k(2m)
x (y)
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Suppose j = m− i− 1 , the first term of the right-hand side of the above formula can be

rewritten as

m−1∑
i=0

(−1)i u(m−i−1) (y) k(m+i)
x (y) |by=a=

m−1∑
j=0

(−1)m−j−1 u(j) (y) k(2m−j−1)
x (y) |by=a

Equation (2.2.1) was simplified to become

〈u (y) , kx (y)〉Wm
2 [a,b] =

m−1∑
i=0

u(i) (a)
(
k(i)x (a)− (−1)m−i−1 k(2m−i−1)

x (a)
)

+
m−1∑
i=0

(−1)m−i−1 u(i) (b) k(2m−i−1)
x (b) +

∫ b

a

(−1)m u (y) k(2m)
x (y) dy

As kx (y) , u (y) ∈ Wm
2 [a, b] , we have that

k(i)x (a)− (−1)m−i−1 k(2m−i−1)
x (a) = 0, k(2m−i−1)

x (b) = 0, i = 0, 1, ...,m− 1.

then 〈u (y) , kx (y)〉Wm
2 [a,b] =

∫ b

a
u (y) ((−1)m k

(2m)
x (y))dy

Now, for all x ∈ [a, b], if kx (y) realizes (−1)m k
(2m)
x (y) = δ (x− y), where δ is dirace

delta function, so 〈u (y) , kx (y)〉Wm
2 [a,b] =

∫ b

a
u (y) δ (x− y) dy = u (y) clearly, kx (y) is the

reproducing kernel of the space Wm
2 [a, b] .

Hence, kx (y) is the solution of the following generalized differential equation:


(−1)m k

(2m)
x (y) = δ (x− y)

k
(i)
x (a)− (−1)m−i−1 k

(2m−i−1)
x (a) = 0,i = 0, 1, ...,m− 1

k
(2m−i−1)
x (b) = 0, i = 0,m− 1.

(2.2.2)

Whereas x 6= y

(−1)m k2mx (y) = 0 (2.2.3)
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According to the boundary conditions (BCs):

k(i)x (a)− (−1)m−i−1 k(2m−i−1)
x (a) = 0, k(2m−i−1)

x (b) = 0, i = 0, 1, ...,m− 1 (2.2.4)

The characteristic equation of Equation (2.2.3) is λ2m = 0, and their characteristic values

are λ = 0 with 2m multiple roots. So, the general solution of Equation (2.2.3) is expressed

by:

kx (y) =



∑2m−1
i=0 pi (x) y

i, y ≤ x;

∑2m−1
i=0 qi (x) y

i, y > x.

(2.2.5)

On the other side, since (−1)m k
(2m)
x (y) = δ (x− y) ,we have:

k(i)x (x+ 0) = k(i)x (x− 0) , i = 0, 1, ..., 2m− 2 (2.2.6)

Integrating (−1)m k
(2m)
x (y) = δ (x− y) from x − ε to x + ε with respect to y and let

ε→ 0, we have the jump degree of k(2m−1)
x (y) at y = x given by

(−1)m (k(2m−1)
x (x+ 0)− k(2m−1)

x (x− 0)) = 1. (2.2.7)

The equations (2.2.6) and (2.2.7) represent 2m essential conditions for solving the coef-

ficients pi (x) and qi (x) ,where i = 0, 1, ..., 2m − 2 , in equation (2.2.6). Additionally,

equation (2.2.4) provided 2m boundary conditions (BCs), meaning that we have a total

of 2m equations. It is easy to see that these 4m equations are linear with respect to
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the variables pi (x) and qi (x). The unknown coefficients pi (x) and qi (x) in equation

(2.2.5)can be computed using the Mathematica 8.0 package.

The following corollary gives some important properties of the reproducing kernel kx (y)

Corollary 2.2.1. The reproducing kernel kx (y) is symmetric, unique and kx (y) ≥ 0, for

every fixed x ∈ [a, b] .

Proof : By the reproducing property, we have,

kx (y) = 〈kx (.) , ky (.)〉 = 〈ky (.) , kx (.)〉 = ky (x)

Now, let kx (y) and Rx (y) be all the reproducing kernel of the space Wm
2 [a, b] , then

kx (y) = 〈kx (.) , Ry (.)〉 = 〈Ry (.) , kx (.)〉 = Ry (x) .

By the symmetry of Rx (y) , we have the unique representation of kx (y). For the last

condition, we note that

kx (x) = 〈kx (.) , kx (.)〉 = ‖kx (.)‖2 ≥ 0

Now we present some expressions of reproducing kernel function in the space W 1
2 [a, b]

with respect to different norms by using the approaches proposed in this section,

Example 2.2.2. Consider the space

W 1
2 [a, b] = {u : [a, b] −→ R : u (x) is Abs.C and u′ (x) ∈ L2 [a, b]}.The inner product and

the norm in the space W 1
2 [a, b] are given by,

〈u1, u2〉W 1
2
= u1 (a) u2 (a) +

∫ b

a
u′1 (y) u

′
2 (y) dy

and

‖u1‖W 1
2
=

√
〈u1, u1〉, where u1 (x) , u2 (x) ∈ W 1

2 [a, b] .
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To find the reproducing kernel function kx (y) , we apply integration by parts to see that

〈u1, kx〉W 1
2
= u1 (a) kx (a) + u1 (y) k

′

x (y) |by=a −
∫ b

a

u1 (y) k
′′

x (y) dy

Since u1 (y) , kx (y) ∈ W 1
2 [a, b] , we have kx (a)− k

′
x (a) = 0 and k′

x (b) = 0.Thus, we need

to solve the BVP −k′′
x (y) = δ (x− y) subject to kx (a)− k

′
x (a) = 0 and k′

x (b) = 0.

The characteristic equation is λ2 = 0, and the characteristic value is λ = 0 with 2 multiple

roots. So,

kx (y) =


p1 (x) + p2 (x) y, y ≤ x,

q1 (x) + q2 (x) y, y > x,

Also, by using equation (2.2.6) and (2.2.7) we have kx (x+ 0) = kx (x− 0) and k′
x (x+ 0)−

kx (x− 0) = −1,hence the unknown coefficients pi (x) and qi (x) , i = 1, 2,can be obtained

by solve the following equations

kx (a)− k
′
x (a) = 0

k
′
x (b) = 0

kx (x+ 0) = kx (x− 0)

k
′
x (x+ 0)− k

′
x (x− 0) = −1

Applying the First Cds : For y ≤ x :

kx(a) = p1 + p2a, k′x(a) = p2
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Thus,

(p1 + p2a)− p2 = 0

which simplifies to:

p1 = p2(1− a)

Applying the Second Cds : For y > x :

k′x(b) = q2

Since k′x(b) = 0, weobtain : q2 = 0

Applying the Third Cds :

p1 + p2x = q1 + q2x

Substituting q2 = 0 : q1 = p1 + p2x

Applying the Fourth Cds :

k′x(x+ 0)− k′x(x− 0) = −1

q2 − p2 = −1

Since q2 = 0, weget : −p2 = −1 ⇒ p2 = 1

So,

p1 = p2(1− a) = (1− a), p2 = 1

q1 = p1 + p2x = (1− a) + x, q2 = 0
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Thus, the reproducing kernel function is:

kx(y) =


1− a+ y, y ≤ x

1− a+ x, y > x

Remark 2.2.3. Yao (2008) proved that the space W 1
2 [a, b] in Example (??)is a complete

reproducing kernel space and its reproducing kernel function is

kx (y) =


1 + y, y ≤ x,

1 + x, y > x,

Example 2.2.4. Consider the space W 1
2 [a, b] = {u : u (x) is Abs.C and u′ (x) ∈ L2 [a, b]

and u (a) = u (b) = 0}. The inner product and the norm in the space W 1
2 [a, b] are given,

respectively, by

〈u1, u2〉W 1
2
=

∫ b

a

u′1 (y) u
′
2 (y) dy and ‖u‖ =

√
〈u, u〉, where u (x) , u (x) ∈ W 1

2 [a, b] .

Similarly, as in Ex.(??) we have

Rx (y) =


p1 (x) + p2 (x) y, y ≤ x,

q1 (x) + q2 (x) y, y > x,

the unknown coefficients pi (x) and qi (x) , i = 1, 2,can be obtained by solve the following

equations
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1. Rx (a) = 0

2. Rx (b) = 0

3. Rx (x+ 0) = Rx (x− 0)

4. R′
x (x+ 0)−R

′
x (x− 0) = −1

So the reproducing kernel function is given by

Rx (y) =



(b−x)(a−y)
a−b

, y ≤ x,

(a−x)(b−y)
a−b

, y > x,

Remark 2.2.5. Paulsen (2009) proved that the space W 1
2 [a, b] in Example (3.2.2) is a

complete reproducing kernel space and its reproducing kernel function is

Rx (y) =


(1− x) y, y ≤ x,

(1− y) x, y > x,

Example 2.2.6. Consider the space

W 3
2 [0, 1] = {u : [0, 1] −→ R : u (x) is Abs.C and u′ (x) ∈ L2 [0, 1] , u′′

(x) ∈ L2 [0, 1] and

u(0) = u (1) = 0}.

The inner product in the space W 3
2 [0, 1] are given by,

〈u(x), Ry(x)〉ω2
3 =

2∑
i=0

ui(0)R(i)
y (0) +

∫ 1

0

u(3)(x)R(3)
y dx (2.2.8)

the Reproducing Kernel Functions is :
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Ry(x) =


∑6

i=1Ci(y)x
i−1, x < y

∑6
i=1 di(y)x

i−1, x > y

(2.2.9)

the unknown coefficients Ci(y)anddi(y), i = 1, 2, 3, 4, 5, 6canbeobtainedby :

dkR+
y (y) = dkR−

y (y), k = 0, 1, 2, 3, 4 (2.2.10)

d5R+
y (y)− d5R−

y (y) = −1 (2.2.11)

1.Continuity Condition

R+
y (y) = R−

y (y) (2.2.12)

2.Derivatives

6∑
i=1

Ci(y)y
i−1 =

6∑
i=1

di(y)y
i−1

6∑
i=1

(i− 1)Ci(y)y
i−2 =

6∑
i=1

(i− 1)di(y)y
i−2

6∑
i=1

(i− 1)(i− 2)Ci(y)y
i−3 =

6∑
i=1

(i− 1)(i− 2)di(y)y
i−3

6∑
i=1

(i− 1)(i− 2)(i− 3)Ci(y)y
i−4 =

6∑
i=1

(i− 1)(i− 2)(i− 3)di(y)y
i−4

6∑
i=1

(i− 1)(i− 2)(i− 3)(i− 4)Ci(y)y
i−5 =

6∑
i=1

(i− 1)(i− 2)(i− 3)(i− 4)di(y)y
i−5

6∑
i=1

(i− 1)(i− 2)(i− 3)(i− 4)(i− 5)Ci(y)y
i−6 =

6∑
i=1

(i− 1)(i− 2)(i− 3)(i− 4)(i− 5)di(y)y
i−6
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Thus, the reproducing kernel function is:

Ry(x) =
1

11520
· 96y3(10x2− 5xy+ y2)+

8

13x(1− y)

(
120x4− 4x4y3+x4y4− 5(x3− 24)y4

+6(x4−5(x3−24)y+10x(3+x)y2)+2y(15x(−120−40x+x3)+3x4y+10(x3−24)y2+5x(3+x)y3)

−2− 15x4 − 3(600− 25x3 + x4)y + 15(x3 − 24)y2 + 20x(3 + x)y3

−480x2y2(x+ y + |y − x|) + 60xy(x+ y + |y − x|)3 − 3(x+ y + |y − x|)5
)

2.3 Description of Reproducing Kernel Method

This part forms an iterative method to determine and calculate the solution of the gen-

eralized mth-order BVP equation.

Consider the following general mth-order BVP of the following form :

u(m) (x) + a1 (x) u
(m−1) + ...+ am−1 (x) u

′ (x) = F (x, u (x)) , a ≤ x ≤ b, (2.3.1)

subject to the BC’s

u(i) (a) = ci, i = 0, 1, 2, ..., r − 1 (2.3.2)

u(i) (b) = di, i = r, r + 1, ...,m− 1.

here ai (x) , i = 1, 2, ...,m− 1, are continuous real-valued functions, ci, 0 ≤ i ≤ r − 1 and

di, r ≤ i ≤ m− 1 are real constants u (x), is unknown function to be determined, u(m) (x)

denotes the mth derivative of u (x), and F (x, u (x)) is a linear or nonlinear according to

the problem discussed.
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To solve the BVP (2.3.1) and (2.3.2) with RKHS method, We firstly build the reproducing

kernel space Wm+1
2 [a, b] in which every function respects homogeneous BCs of (2.3.2) and

later, we use the space W 1
2 [a, b]. We can derive the inner product and the norm in the

spaceWm+1
2 [a, b] from Equations (2.1.2) and (2.1.3), respectively.

Let kx (y) and Rx (y) be the reproducing kernel functions of the spaceWm+1
2 [a, b] and

W 1
2 [a, b], respectively. Pick a differential operator L : Wm+1

2 [a, b] −→ W 1
2 [a, b] such that

Lu (x) = u(m) (x) + a1 (x) u
(m−1) (x) + ... + am−1 (x) u

′ (x). We can also justify that L is

bounded operator by using the following lemma;

Lemma 2.3.1. if u (x) ∈ Wm+1
2 [a, b] , then |u (x)| ≤M0 ‖u (x)‖Wm+1

2
.

Moreover,
∣∣u(i) (x)∣∣ ≤Mi ‖u (x)‖Wm+1

2
, where Mi are constants, i = 1, 2, ...,m.

Proof : By reproducing property of kx (y) and Schwartz inequality, also since k(i)x (y) ,

i = 0, 1, 2, ...,m is uniformly bounded about x and y, we get

|u (x)| =
∣∣∣〈u (y) , kx (y)〉Wm+1

2

∣∣∣ ≤ ‖kx (y)‖Wm+1
2

‖u (y)‖Wm+1
2

≤M0 ‖u (x)‖Wm+1
2

.

From the representation of kx (y), we can obtain

∣∣u(i) (x)∣∣ = ∣∣∣〈u (y) , k(i)x (y)
〉
Wm+1

2

∣∣∣ ≤ ∥∥k(i)x (y)
∥∥
Wm+1

2
‖u (y)‖Wm+1

2
≤Mi ‖u (x)‖Wm+1

2
.

Hence, after homogenization of the BC’s (2.3.2), the BVP (2.3.1) and (2.3.2) can be

converted into the equivalent form as follows:

Lu (x) = F (x, u (x)) ,a ≤ x ≤ b; (2.3.3)
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u(i) (a) = 0, i = 0, 1, 2, ..., r − 1; u(i) (b) = 0, i = r, r + 1, ...,m− 1. (2.3.4)

where u (x) ∈ Wm+1
2 [a, b] and F (x, u) ∈ W 1

2 [a, b].

Now, we construct an orthogonal function system of the space Wm+1
2 [a, b]. For a count-

able dense set {xi}∞i=1 of [a, b], let φi (x) = Rxi
(x), where Rx (y) is the reproducing kernel

of W 1
2 [a, b] . So, from the properties of Rx (y) for every ,u (x) ∈ W 1

2 [a, b], it follows that

〈u (x) , φi (x)〉W 1
2
= 〈u (x) , Rxi

(x)〉W 1
2
= u (xi). Additionally, let ψi (x) = L∗φi (x) where

,L∗ is the adjoint operator of L.

Obviously, ψi (x) ∈ Wm+1
2 [a, b]. In terms of the properties of kx (y), we have

〈u (x) , ψi (x)〉Wm+1
2

= 〈u (x) , L∗φi (x)〉Wm+1
2

= 〈Lu (x) , φi (x)〉W 1
2
= Lu (xi) , where i = 1, 2, ...

Lemma 2.3.2. ψi (x) can be written as ψi (x) = Lykx (y) |y=xi
. The partial symbol y in

the operator L denoted that the operator L holds the function of y.

Proof : It is clear from the above hypothesis that

ψi (x) = L∗φi (x) = 〈L∗φi (y) , kx (y)〉Wm+1
2

= 〈φi (y) , Lkx (y)〉W 1
2
= Lykx |y=xi

Theorem 2.3.3. Assume that the inverse operator L−1in Equation (2.3.3) exist. And,

so on {ψi (x)}∞i=1 is the complete function system of the space Wm+1
2 [a, b] ,if {xi}∞i=1 is

dense in [a, b] .
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Proof : For every fixed u (x) ∈ Wm+1
2 [a, b] ,let 〈u (x) , ψi (x)〉 = 0, i = 1, 2, ..., that is

〈u (x) , ψi (x)〉Wm+1
2

= 〈u (x) , L∗φi (y)〉Wm+1
2

= 〈Lu (x) , φi (x)〉W 1
2
= Lu (xi) = 0.

Note that {xi}∞i=1is dense in [a, b], So , Lu (x) = 0. It follows that u (x) = 0 from the

existence of L−1 and the continuity of u (x)

Using the Gram-Schmidt orthogonalization method of {ψi (x)}∞i=1, we will now create an

orthonormal function
{
ψi (x)

}∞
i=1

of the space Wm+1
2 [a, b] as follows:

ψi (x) =
i∑

k=1

βikψk (x) , i = 1, 2, ... (2.3.5)

where βik are orthogonalization coefficients and is given by

β11 =
1

‖ ψ1 ‖
, βii =

1√
‖ ψi ‖2 −

∑i−1
k=1 c

2
ik

, βij =
−
∑i−1

k=j cikβkj√
‖ ψi ‖2 −

∑i−1
k=1 c

2
ik

, j < i, (2.3.6)

where cik = 〈ψi, ψk〉Wm+1
2

.

Theorem 2.3.4. For every u (x) ∈ Wm+1
2 [a, b] , the series

∑i
k=1

〈
u (x) , ψi (x)

〉
ψi (x) is

convergent in the terme of the norm of Wm+1
2 [a, b] . Alternatively, if {xi}∞i=1is dense in

[a, b] then the solution of the BVP (2.3.1) and (2.3.2)is unique and given by

u (x) =
∞∑
i=1

i∑
k=1

βikF (xk, u (xk))ψi (x) , (2.3.7)

Proof : Applying Theorem (2.3.3), it is easy to see that
{
ψi (x)

}∞
i=1

is the complete or-

thonormal basis of the space Wm+1
2 [a, b]. Therefore, u (x) can be expanded into a Fourier

series about the orthonormal system
{
ψi (x)

}∞
i=1

as follows u (x) =
∑∞

i=1

〈
u (x) , ψi (x)

〉
ψi (x)
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Further, the space Wm+1
2 [a, b] is Hilbert space, so the series

∑∞
i=1

〈
u (x) , ψi (x)

〉
ψi (x) is

convergent in the sense of the norm of Wm+1
2 [a, b] . As long as 〈v (x) , φi (x)〉 = v (xi) for

all v (x) ∈ W 1
2 [a, b], we have:

u (x) =
∞∑
i=1

〈
u (x) , ψi (x)

〉
Wm+1

2
ψi (x)

=
∞∑
i=1

〈
u (x) ,

i∑
k=1

βikψk (x)

〉
Wm+1

2

ψi (x)

=
∞∑
i=1

i∑
k=1

βik 〈u (x) , ψk (x)〉
Wm+1

2

ψi (x)

=
∞∑
i=1

i∑
k=1

βik 〈u (x) , L∗φk (x)〉
Wm+1

2

ψi (x)

=
∞∑
i=1

i∑
k=1

βik 〈Lu (x) , φk (x)〉
W1

2

ψi (x)

=
∞∑
i=1

i∑
k=1

βik 〈F (x, u (x)) , φk (x)〉
W1

2

ψi (x)

=
∞∑
i=1

i∑
k=1

βikF (xk, u (xk))ψi (x)

We symbolize the n-term approximate solution to u (x) by

un (x) =
n∑

i=1

i∑
k=1

βikF (xk, u (xk))ψi (x) , (2.3.8)

Theorem 2.3.5. For each u (x) ∈ Wm+1
2 [a, b], u

(i)
n (x) are uniformly convergent to

u(i) (x) ,

i = 0, 1, ...,m.
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Proof : By using Lemma (2.3.1), for each x ∈ [a, b] , We obtain

∣∣u(i)n (x)− u(i) (x)
∣∣ =

∣∣∣〈u(i)n (x)− u(i) (x) , kx (x)
〉
Wm+1

2

∣∣∣ = ∣∣∣〈un (x)− u (x) , k(i)x (x)
〉
Wm+1

2

∣∣∣
≤

∥∥k(i)x (x)
∥∥
Wm+1

2
‖un (x)− u (x)‖Wm+1

2

≤ Mi ‖un (x)− u (x)‖Wm+1
2

−→ 0, as n −→ ∞.

Hence, the approximate solution un (x) and u
(i)
n (x) converge uniformly to u (x) and its

derivative u(i) (x) , respectively



CHAPTER 3

System of Integro-differential Equations of

Fractional Derivative
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In this chapter, we will apply the RKHS method to approximately solve the system of

fractional Volterra integro-differential equations (FVIDS) of first and second order with

initial conditions. The fractional derivative used is of the Caputo type. The approximate

solution to the studied system is provided in the Hilbert space H2
2 [a, b] in the form of a

series that converges uniformly to the analytic solution.

3.1 Solving FVIDS System of order 0 < α ≤ 1

Consider the following system of first-order FVIDS:

CDαrur(x) = Gr(t, u1(x), . . . , un(x)) +

∫ x

a

Kr(x, y, u1(y), . . . , un(y)) dy (3.1.1)

Subject to the initial conditions:

ur(a) = cr (3.1.2)

where r = 1, . . . , n, a ≤ t ≤ b, and CDαr is the Caputo fractional derivative of order αr,

where 0 ≤ αr ≤ 1, and u1, u2, . . . , un(y) are the unknown functions to be determined.

Definition 3.1.1. The function space H2
2 [a, b] is defined as follows:

H2
2 [a, b] =

{
u(y) | y is absolutely continuous, u′ ∈ L2[a, b], u(y) = 0

}

It is associated with the inner product:
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〈u1, u2〉H2
2
= u1(a)u2(a) + u′1(a)u

′
2(a) +

∫ b

a

u′′1(y)u
′′
2(y) dy

and the norm:

‖u‖H2
2
=

√
〈u, u〉H2

2

where u1, u2 ∈ H2
2 [a, b].

Theorem 3.1.2. The reproducing kernel P2(x, y) attached to the space H2
2 [a, b] is stated

as follows:

P2(x, y) =


∑4

i=0 ai(y)x
i for x < y,

∑4
i=0 bi(y)x

i for y ≤ x.

(3.1.3)

Proof: Let P2(x, y) be the reproducing kernel of H2
2 [a, b]. For every u(y) ∈ H2

2 [a, b], we

have:

u(y) = 〈u(τ), P2(τ, y)〉 = u(a)P2(a, y) + u′(a)P ′
2(a, y) +

∫ b

a

u′′(τ)P ′′
2 (τ, y) dτ (3.1.4)

By integrating by parts twice, we obtain:
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u(y) = 〈u(τ), P2(τ, y)〉

= u′(a) (P ′
2(a, y)− P ′′

2 (a, y)) + u′(b)P ′′
2 (b, y)− u(b)P

(3)
2 (b, y) +

∫ b

a

u(x)P
(4)
2 (x, y) dx

(3.1.1)

Now, consider the following conditions:



P ′
2(a, y)− P ′′

2 (a, y) = 0,

P ′′
2 (b, y) = 0,

P ′′′
2 (b, y) = 0,

P2(a, y) = 0.

(3.1.6)

Due to the reproducing property, from equation (3.1.5), we obtain:

−P (4)
2 (x, y) = δ(x− y) (3.1.7)

For x 6= y, the equation becomes:

−P (4)
2 (x, y) = 0 (3.1.8)

Thus, the general solution of equation (3.1.8) is:
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P2(x, y) =


∑4

i=1 ci(y)x
i−1 for x ≤ y,

∑4
i=1 di(y)x

i−1 for y < x.

From equation (3.1.7), we can deduce that:



P2(x, y + 0) = P2(x, y − 0),

P ′
2(x, y + 0) = P ′

2(x, y − 0),

P ′′
2 (x, y + 0) = P ′′

2 (x, y − 0),

P
(3)
2 (x, y + 0) = P

(3)
2 (x, y − 0) = 1.

(3.1.9)

Now, from equations (3.1.6) and (3.1.9), we can determine the unknown coefficients ci(y),

di(y), for i = 1, . . . , 4. The expression for P2(x, y) becomes:

P2(x, y) = −1

6


(a− x)(2a2 − x2 + 3y(2 + x)− a(6 + 3y + x)), x ≤ y,

(a− y)(2a2 − y2 + 3x(2 + y)− a(6 + 3x+ y)), y ≤ x.

In order to apply the RKHS technique to obtain analytical and numerical solutions to

the system (3.1.1)-(3.1.2), we need to transform it into an equivalent system with homo-

geneous initial conditions. To do this, we set:

ur(x) = νr(y)− cr, r = 1, 2, . . . , n.

Thus, system (3.1.1)-(3.1.2) becomes:
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CDαrur(y) = Gr(y, u1(y), . . . , un(y)) +

∫ y

a

Kr(y, τ, u1(τ), . . . , un(τ)) dτ (3.1.10)

Subject to the initial conditions:

ur(a) = 0, r = 1, 2, . . . , n. (3.1.11)

As a first step in the RKHS algorithm, we define the operators Sr : H
2
2 [a, b] → H2

1 [a, b],

for r = 1, 2, . . . , n, by Sr(ur(y)) =
CDαr(ur(y)).

If ur(y) ∈ H2
2 [a, b], then Sr(ur(y)) ∈ H2

1 [a, b]. Therefore, Sr are linear bounded operators

over [a, b].

Next, we construct an orthogonal basis for H2
2 [a, b] by setting:

θri (y) = S∗
rP2(y, yi),

where {yi}∞i=0 is a countable dense subset of [a, b], and S∗
r are the adjoint operators of Sr,

for r = 1, 2, . . . , n.

Using the Gram-Schmidt orthonormalization process, we can derive the orthonormal basis

{θri (y)}∞i=1 for r = 1, 2, . . . , n by:

θri (y) =
Xr∑
j=1

γr,ijθ
r
j (y),

where γr,ij are the orthogonalization coefficients.

Using the properties of the reproducing kernel, we can conclude the following result.
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Theorem 3.1.3. Let {yi}∞i=1 be a countable dense subset of [a, b] and assume that S−1
r

exists for all r = 1, 2, . . . , n. Then {θri (y)}∞i=1 forms a complete system of functions in

H2
2 [a, b].

Proof: For each r = 1, 2, . . . , n, let ur(y) ∈ H2
2 [a, b] such that:

〈ur(y), θri (y)〉 = 0.

This gives:

〈ur(y), θri (y)〉 = 〈ur(y), S∗
rP2(y, yi)〉 = 〈Srur(y), P2(y, yi)〉 = Srur(yi).

Since {yi}∞i=1 is dense in [a, b], we obtain:

Srur(y) = 0.

Furthermore, because S−1
r exists, we conclude that:

ur(y) = 0.

Thus, {θri (y)}∞i=1 is a complete system in H2
2 [a, b].

Theorem 3.1.4. Let {yi}∞i=1 be a countable dense subset of [a, b]. If the solution of

system (3.1.10)(3.1.11) is unique, then the exact solution is given by:

ur(y) =
∞∑
i=1

i∑
k=1

γr,ik Srur(yk) θ
r
i (y), (3.1.12)
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where γr,ik are the orthogonalization coefficients.

Proof: Since {θri (y)}∞i=1 forms a complete orthonormal basis of H2
2 [a, b], we have:

ur(y) =
∞∑
i=1

〈ur(y), θri (y)〉θri (y)

=
∞∑
i=1

〈
ur(y),

i∑
k=1

γr,ikθ
r
k(y)

〉
θri (y)

=
∞∑
i=1

i∑
k=1

γr,ik〈ur(y), θri (y)〉θri (y)

=
∞∑
i=1

i∑
k=1

γr,ik〈Srur(y), P2(y, yk)〉θri (y)

=
∞∑
i=1

i∑
k=1

γr,ik Srur(yk) θ
r
i (y).

An approximate solution urN(y) can be obtained by truncating the series in (3.1.12):

urN(y) =
N∑
i=1

i∑
k=1

γr,ik Srur(yk) θ
r
i (y). (3.1.13)

Theorem 3.1.5. The approximate solution urN(y) given in (3.1.13) and its derivative

u′rN(y) converge uniformly to u(j)r (y), where j = 0, 1.

Proof: By using the reproducing property of P2(x, y) and the CauchySchwarz inequality,

we have:

|urN(y)− ur(y)| =
∣∣∣〈urN(y)− ur(y), P2(x, y)〉H2

2

∣∣∣
≤ ‖P2(x, y)‖H2

2
‖urN(y)− ur(y)‖H2

2
≤M0 ‖urN(y)− ur(y)‖H2

2
,

where M0 is a positive constant.
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Similarly, for the derivative:

|u′rN(y)− u′r(y)| =
∣∣∣〈u′rN(y)− u′r(y), P2(x, y)〉H2

2

∣∣∣
≤ ‖P2(x, y)‖H2

2
‖u′rN(y)− u′r(y)‖H2

2
≤M1 ‖u′rN(y)− u′r(y)‖H2

2
,

where M1 is a positive constant.

Theorem 3.1.6. Let erN denote the error between the exact solution ur(y) and the

approximate solution urN(y). Then the sequence {erN}∞N=1 is monotonically decreasing

in H2
2 [a, b].

Proof: We have:

‖erN‖2 = ‖ur(y)− urN(y)‖2 =

∥∥∥∥∥
∞∑

i=N+1

i∑
k=1

γr,ik Srur(yk) θ
r
i (y)

∥∥∥∥∥
2

=
∞∑

i=N+1

i∑
k=1

γr,ik Srur(yk).

Similarly:

‖er,N−1‖2 =

∥∥∥∥∥
∞∑

i=N

i∑
k=1

γr,ik Srur(yk) θ
r
i (y)

∥∥∥∥∥
2

=
∞∑

i=N

i∑
k=1

γr,ik Srur(yk).

It is clear that:

‖erN‖ ≤ ‖er,N−1‖.

Thus, the error sequence {erN} is decreasing.
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3.2 Numerical Examples

In this section, we investigate the influence of the Caputo fractional derivative on a system

of Volterra FIDEs. To illustrate the behavior, efficiency, and applicability of the RKHS

method in solving such systems, several examples are provided.

In implementing this method, we select the grid points as xl = l
N

, for l = 1, 2, . . . , N ,

and perform the computations using the Mathematica software package.

Example 3.2.1. Let us consider the following linear system of Volterra FIDEs:

CDα1u1(x) = 1 + x+ x2 − u1(x)−
∫ x

0
(u1(y) + u2(y))dy,

CDα2u2(x) = −1− x+ u2(x)−
∫ x

0
(u1(x) + u2(x))dx,

u1(0) = 1, u2(0) = −1.

(3.2.1)

The RKHS method was applied to the system given in (3.2.1), using N = 35 points

and a regularly spaced grid. Numerical computations were performed for the system with

fractional orders α1 and α2 varying within the interval (0, 1].

The numerical results for different values of the fractional order α are presented in Tables

3.1 and 3.2, while Figure 3.1 illustrates the approximate behavior of the solutions u1(x)

and u2(x) along with the absolute error when α = 1. Additionally, A comparative curve

illustrating the behavior of the approximate solutions for Example (3.2.1) at different

fractional orders α, with N = 35, is presented in Figure 3.2.

The numerical and graphical results are summarized as follows:

• Table 3.1: Presents a detailed comparison between the exact and approximate

solutions, including the calculation of the absolute error for the system in Example
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(3.2.1) at α = 1 and N = 35.

• Table 3.2: Shows the numerical results of the approximate solutions obtained by

the RKHS method for N = 35, highlighting the behavior of the solutions for different

fractional orders.

• Figure 3.1: Displays plots of the exact and approximate solutions as well as the

absolute error at α = 1 and N = 35.

• Figure 3.2: Shows a comparative plot of the approximate solutions for different

fractional orders α with N = 35.

Table 3.1: Numerical outcomes for u1(x) and u2(x), with α = 1, N = 35 for Example (3.2.1).

xi u1(x) u2(x)

Exact Approx Abs. Error Exact Approx Abs. Error

0.0 1.00000 1.00000 0.00000 -1.00000 -1.00000 0.00000
0.1 1.20517 1.20517 1.2e-5 -1.00517 -1.00518 1.1e-5
0.2 1.42140 1.42141 9.8e-6 -1.02140 -1.02141 1.2e-5
0.3 1.64986 1.64987 1.4e-5 -1.04986 -1.04987 1.3e-5
0.4 1.89182 1.89183 2.0e-5 -1.09182 -1.09183 1.4e-5
0.5 2.14872 2.14873 2.7e-5 -1.14872 -1.14873 1.5e-5
0.6 2.42212 2.42214 3.1e-5 -1.22212 -1.22213 1.5e-5
0.7 2.71375 2.71377 3.3e-5 -1.31375 -1.31376 1.6e-5
0.8 3.02554 3.02556 3.6e-5 -1.42554 -1.42555 1.7e-5
0.9 3.35960 3.35963 3.7e-5 -1.55960 -1.55961 1.7e-5
1.0 3.71828 3.71831 3.8e-5 -1.71828 -1.71829 1.8e-5

Example 3.2.2. Let us consider the following nonlinear system of Volterra FIDEs:

CDα1+1u1(x) = 1− x2

3
− 1

2
u′21 (x) +

1
2

∫ x

0
(u21(y) + u22(y))dy,

CDα2+1u2(x) = −1 + x2 − xu1(x) +
1
4

∫ x

0
(u21(y)− u22(y))dy,

u1(0) = 1, u′1(0) = 2,

u2(0) = −1, u′2(0) = 0.

(3.2.2)
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Figure 3.1: Plots of Exact and Approximate Solutions and Their Absolute Errors for Example
(3.2.1) at α = 1 with N = 35 for Example (3.2.1).

Figure 3.2: Comparative Study of Approximate Solutions u1(x) and u2(x) with Varying α
at N = 35 for Example (3.2.1)

Applying the RKHS method to the system (3.2.2) where N = 35 and α1, α2 ∈ (0, 1]. Then,

the exact and approximate solutions with different values of α are listed in Tables 3 and 4.

Moreover, Figure (3.4) shows how the solution curves changes with changing the values of

the fractional parameter α. Also, it presents the absolute error of approximation at α = 1.
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Table 3.2: Numerical outcomes for u1(x) and u2(x) for Example (3.2.1) using RKHS method
when N = 35.

xl u1(x) u2(x)

α = 1 α = 0.9 α = 0.85 α = 0.8 α = 1 α = 0.9 α = 0.85 α = 0.8

0.0 1.00000 1.00000 1.00000 1.00000 -1.00000 -1.00000 -1.00000 -1.00000
0.1 1.20490 1.34725 1.42220 1.48600 -1.00912 -0.98599 -0.90641 -0.76075
0.2 1.42120 1.55100 1.62410 1.69750 -1.02457 -1.00870 -0.99771 -0.80106
0.3 1.65050 1.76450 1.83230 1.91200 -1.05372 -1.03290 -1.02119 -1.02908
0.4 1.89500 1.99000 2.05000 2.13800 -1.09826 -1.06104 -1.04839 -1.05491
0.5 2.15200 2.22800 2.28000 2.37700 -1.15882 -1.15371 -1.15310 -1.15843
0.6 2.42300 2.48100 2.52500 2.63000 -1.23636 -1.23036 -1.24668 -1.26177
0.7 2.70900 2.75000 2.78800 2.89800 -1.33153 -1.32552 -1.35859 -1.37136
0.8 3.01100 3.03500 3.06700 3.18200 -1.44462 -1.44482 -1.45734 -1.49439
0.9 3.33200 3.33800 3.36900 3.48500 -1.57649 -1.57707 -1.63114 -1.66431
1.0 3.72100 3.75700 3.77600 3.80100 -1.72854 -1.72930 -1.81439 -1.84799

Table 3.3: Numerical outcomes for u1(x) and u2(x), with α = 1, N = 35 for Example (3.2.2).

xi u1(x) u2(x)

Exact Approx Abs. Error Exact Approx Abs. Error

0.0 1.00000 1.00000 0.00000 -1.00000 -1.00000 0.00000
0.1 1.10517 1.10517 4.1×10−6 -1.10517 -1.10517 1.4×10−6

0.2 1.22140 1.22141 1.1×10−5 -1.22140 -1.22141 4.2×10−6

0.3 1.34986 1.34988 2.1×10−5 -1.34986 -1.34987 8.2×10−6

0.4 1.49182 1.49186 3.5×10−5 -1.49182 -1.49184 1.4×10−5

0.5 1.64872 1.64878 5.6×10−5 -1.64872 -1.64874 2.1×10−5

0.6 1.82212 1.82220 8.4×10−5 -1.82212 -1.82215 3.0×10−5

0.7 2.01375 2.01388 1.2×10−4 -2.01375 -2.01379 4.1×10−5

0.8 2.22554 2.22572 1.8×10−4 -2.22554 -2.22560 5.5×10−5

0.9 2.45960 2.45985 2.5×10−4 -2.45960 -2.45968 7.2×10−5

1.0 2.71828 2.71863 3.5×10−4 -2.71828 -2.71838 9.3×10−5

The results demonstrate the capability of the RKHS method to provide accurate approx-

imate solutions for the studied system of Volterra FIDEs, with a small absolute error

that decreases as the number of discretization points increases, reflecting the efficiency

and reliability of the method. The absolute error serves as a key indicator of the quality

of the numerical solutions, showing a progressive decline as N increases. The behavior

of the approximate solutions is significantly influenced by changes in the fractional order
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Figure 3.3: Plots of Exact and Approximate Solutions and Their Absolute Errors for Example
(3.2.2) at α = 1 with N = 35.

Figure 3.4: Comparative Study of Approximate Solutions u1(x) and u2(x) with Varying α
at N = 35 for Example (3.2.2)

α, underscoring the importance of analyzing the impact of these parameters on the sys-

tem dynamics. These findings encourage the application of the RKHS method to more

complex models and pave the way for its extension to higher-dimensional problems and

applications in various fields such as engineering and physics.
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Table 3.4: Numerical outcomes for u1(x) and u2(x) for Example (3.2.2) using RKHS when
N = 35.

sl u1(x) u2(x)

α = 1 α = 0.9 α = 0.85 α = 0.8 α = 1 α = 0.9 α = 0.85 α = 0.8

0.0 1.00000 1.00000 1.00000 1.00000 -1.00000 -1.00000 -1.00000 -1.00000
0.1 1.20517 1.21086 1.21498 1.21889 -1.00517 -1.01077 -1.01511 -1.01945
0.2 1.42140 1.43488 1.44366 1.45209 -1.02140 -1.03589 -1.04532 -1.05479
0.3 1.64986 1.67093 1.68417 1.69678 -1.04986 -1.07280 -1.08736 -1.10198
0.4 1.89182 1.92072 1.93824 1.95476 -1.09182 -1.12295 -1.14273 -1.16261
0.5 2.14872 2.18543 2.20707 2.22725 -1.14872 -1.18765 -1.21277 -1.23805
0.6 2.42212 2.46701 2.49235 2.51602 -1.22212 -1.27036 -1.30102 -1.33186
0.7 2.71375 2.76703 2.79558 2.82212 -1.31375 -1.37156 -1.40784 -1.44444
0.8 3.02554 3.08647 3.11841 3.14772 -1.42554 -1.49328 -1.53576 -1.57836
0.9 3.35960 3.42667 3.46160 3.49338 -1.55960 -1.63776 -1.68593 -1.73476
1.0 3.71828 3.79032 3.82782 3.86178 -1.71828 -1.80732 -1.86205 -1.91743



CHAPTER 4

Conclusions
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Conclusions

In this masters thesis, an efficient numerical framework was developed to solve FIDE

systems involving the Caputo fractional derivative using the RKHS method. This ap-

proach allows constructing approximate solutions as uniformly convergent series to the

exact solution, ensuring high accuracy and fast convergence. The numerical results ob-

tained from various applied examples demonstrated the effectiveness and high precision

of the method in addressing fractional systems. Furthermore, the impact of the fractional

derivative order on the solution behavior was highlighted, emphasizing the importance

of fractional models in representing memory-dependent phenomena. This study confirms

that the RKHS method is a powerful and promising mathematical tool for solving com-

plex fractional systems. Additionally, the method can be extended to other types of

fractional derivatives (such as Atangana or Prabhakar), higher-dimensional systems, and

problems with more complex initial and boundary conditions.
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