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Abstract

This thesis aims to study the Drazin inverse of bounded linear operators in Banach
spaces, focusing on its algebraic and spectral properties, as well as its applications in
solving differential equations and linear systems.

The thesis is divided into four chapters:

e Chapter 1: Preliminaries
Covers fundamental concepts such as linear operators, spectrum, ascent and de-
scent, and the Riesz projection.

e Chapter 2: Drazin Inverse
Defines the Drazin inverse, conditions for its existence, its relation to the spectrum,
and special cases.

e Chapter 3: Generalized Drazin Inverse
Involves operator decomposition, additional spectral properties, and key partial
order relations.

e Chapter 4: Applications
Uses the Drazin inverse to solve differential equations and demonstrates computa-
tional methods with illustrative examples.

The thesis highlights the importance of the Drazin inverse in extending the concept of
invertibility and providing effective analytical tools for linear systems in applied mathe-
matics.



Résumé

Cette these a pour objectif d’étudier 'inverse de Drazin des opérateurs linéaires bornés
dans les espaces de Banach, en mettant I'accent sur ses propriétés algébriques et spec-
trales, ainsi que sur ses applications dans la résolution d’équations différentielles et de
systémes linéaires .

La these est divisée en quatre chapitres :

e Chapitre 1 : Préliminaires Présente les concepts fondamentaux tels que les
opérateurs linéaires, le spectre, la montée et la descente, ainsi que la projection de
Riesz.

e Chapitre 2 : Inverse de Drazin
Définit I'inverse de Drazin, les conditions de son existence, sa relation avec le spectre,
et des cas particuliers.

e Chapitre 3 : Inverse de Drazin Généralisé
Aborde la décomposition des opérateurs, des propriétés spectrales supplémentaires,
et des relations de pré-ordre clés.

e Chapitre 4 : Applications
Utilise I'inverse de Drazin pour résoudre des équations différentielles et illustre des
méthodes de calcul & travers des exemples concrets.

La these souligne I'importance de I'inverse de Drazin pour étendre le concept d’inversibilité
et fournir des outils analytiques efficaces pour les systémes linéaires en mathématiques
appliquées.
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Introduction

The concept of inverse operators has long played a central role in the development of
functional analysis and operator theory. As early as the early 20" century, mathemati-
cians such as Fredholm and Hilbert laid the foundation for modern operator theory while
studying integral and differential equations. However, not all linear operators admit a
classical inverse, which led to fundamental difficulties in both theoretical and applied
mathematics.

To address these issues, several notions of generalized inverses have been introduced over
time, allowing mathematicians to extend the idea of invertibility to a broader class of
linear operators. Among these, the Drazin inverse, introduced by M.P. Drazin in 1958,
holds a prominent place due to its wide applicability in systems theory, control problems,
and differential equations where operators or matrices are not necessarily invertible.

Later developments led to the introduction of the generalized Drazin inverse, which ex-
tended the classical Drazin inverse to a wider range of operators, offering even more flexi-
bility and utility in various mathematical settings. These concepts have become essential
tools in studying singular systems, index theory, and spectral properties of operators in
Banach and Hilbert spaces.

This dissertation consists of four chapters.

The first chapter presents general definitions and essential notions concerning functional
spaces and bounded linear operators that are crucial for the subsequent development.

The second chapter focuses on the classical Drazin inverse of bounded operators, exploring
its properties, uniqueness, and algebraic characterizations.

In the third chapter, we deal with the generalized Drazin inverse and its relation to the
spectral theory of operators.

Finally, the fourth chapter is devoted to applying the Drazin inverse in solving various
types of equations and systems, demonstrating its effectiveness in theoretical and practical
contexts.

In this work, we relied on a collection of previous references and studies to gain a deeper
understanding of the Drazin inverse in its various forms, and to highlight its importance
and applications in several areas of both theoretical and applied mathematics.



Chapter 1

(Generalities and preliminaries

1 Bounded Linear Operators

e X is a Hilbert space.
e B(X) denotes the complex Banach algebra of all bounded linear operators on X.

Definition 1.1. An operator A € B(X) is said to be bounded if there exists a constant
C' > 0 such that, for every x € B(X), the following inequality holds:

1Az By < Cllzl| s

The set B(X) denotes the Banach algebra of all bounded linear operators from X into
itself.

The norm of an operator A € B(X) is defined by:

A
1A] = sup 1321

220 | B(H)

Definition 1.2. An operator A € B(X) is said to be nilpotent if there exists an integer
p € N such that:
APV 40 and AP =0.

Dual Space. The dual space X* of a normed space X is the set of all bounded linear
functionals z* defined on X. The space X* is itself a Banach space when endowed with
the norm:

[2"lx+ = sup{la™(2)] - x € X, [la]| =1},

Definition 1.3 (Adjoint of an Operator). Let A € B(X), where X is a normed vector
space. The adjoint of the operator A, denoted by A*, is the unique linear operator from
X* to itself that satisfies the relation:

Vo€ X, Ve X*, (A*(0)(z) = ((Ax).

In other words, A* is the operator such that composing £ with A is equivalent to evaluating

A*(0) at x.

10



In the special case where X is a Hilbert space endowed with an inner product (-,-), the
adjoint A* € B(X) is characterized as the unique operator satisfying:

(Az,y) = (x, A%y) for all x,y € X.

2 Resolvent and Spectrum

Let A € B(X) and let I be the identity operator on X. We define:
e The spectrum o(A) of A by:

o(T) ={X € C| A— A is not invertible}.

e The resolvent set p(A) of A by:
p(A) = C\a(A).

e The resolvent operator R(\, A) of A by:

R\ A) = (A=)t e B(X), VAepA).
e The spectral radius r(A) of A by:
r(A) := inf [|[A"||Y™ = lim ||A"|Y".
neN n—00

Note that the spectrum of a self-adjoint operator A € B(X) is real, and if A is quasi-
nilpotent, then:

o(A)={0} or r(A)=0.
The point spectrum of A:
op(A) :={A € C| A— Al is not injective}.

The surjectivity spectrum and the approximate spectrum of A are respectively
defined as:

osu(A) :={A € C| A— Al is not surjective},
oap(A) :={X € C| A— A is not injective or Im(A — AI) is not closed}.

We recall that:
Oap(A") = 05u(A) and 04, (A") = g4p(A).

Moreover:

0(A) = 04p(A) Uosu(A).

Some important results regarding the spectrum and the resolvent operator are presented in the follow

Theorem 1.1. Let A € B(X). Then:

11



1. If X € p(A) and [N — u| < ||R(A, A)|| 7Y, then p € p(A). Hence, the resolvent set
p(A) is open in C.

2. For all \, i € p(A), the resolvent operator satisfies the following identity:
Moreover, R(\, A) commutes with both A and R(u, A).

Theorem 1.2. Let A, B € B(X). Then, I — NAB is invertible if and only if I — ABA s
wwertible for all A # 0. In this case, the following identities hold:

(I =ABA)™ =1+ AB(I-XAB)'A (1.1)

and
(I = AAB)™' = I + AA(I — ABA)"'B.
Corollary 1.1. Let A,B € B(X). If \™' € p(AB), then:

(I —AAB) A= A(I — ABA)™".

3 Some Algebraic Properties

Let A € B(X). The kernel of A is defined as N(T') = {z € X : Ax = 0}, denoted by
N(A), and the range (or image) of A, denoted by R(A), is given by R(A) = A(X).
1.3.1 Ascent and Descent of an Operator

For a linear operator A on X, the sequence of kernels N(7™) forms an increasing chain,
while the sequence of ranges R(T™) forms a decreasing chain.

o Kernel
=N(A)=CSeBH);AS)=0C ...
e Range—=
R(A) =C A(s)/SinB(H) C
as follows:

e Kernel chain:

e Range chain:

We define:

12



e The ascent of A, denoted a(A), as the smallest non-negative integer n such that:

N(A™) = N(A™).

e The descent of A, denoted d(A), as the smallest non-negative integer n such that:
R(A™) = R(A™).

It is straightforward to observe that a(A) = 0 if and only if A is injective, and d(A) =0
if and only if A is surjective.
Theorem 1.3. Let A € B(X) and m € N. The following statements are equivalent:

1. a(A) <m < oo if and only if R(A™) N N(A™) = {0} for every integer n > 1;

2. d(A) <m < oo if and only if R(A™) & N(A™) = X for every integer n > 1;

3. If both a(A) and d(A) are finite, then necessarily a(A) = d(A).
Moreover, for each k € N*, define the restriction:

Alk] = Alp(ar),

then the following statements are equivalent:
Lemma 1.1. 1. The ascent a(A) is finite;

2. There exists k € N such that A[k] is injective;

3. There ezists k € N such that a(A[k]) < 0.
Proof 1.1. (i) < (ii). If p=a(A) < oo, using Theorem 1.3, we have:

N(AP) = R(AP) N N(A) = {0}.
Conversely, suppose that N(A*) = {0} for some k € N. If x € N(A*Y), then A(AFz) =
0, so A*r € N(A) N R(A*) = N(4%) = {0}.

Therefore, x € N(AF). This shows that N(A¥) C N(AF), thus N(A*1) = N(AF).
Hence, a(A) < k.

(ii) < (iii). The implication (ii) = (iii) is obvious. To show the reverse implication,
assume that m = a(A[k]) < co. By Theorem 1.3, we get:

{0} = N(A[EDNR(A™) = (N(A)NR(ANNR(A™H) = N(ANR(A™H) = N(A)NR(A™TF) = N(A™HF

Similarly, the following result for descent can be shown.

Lemma 1.2. Let A € B(X). Then the following properties are equivalent:
1. d(A) < oo;
2. There ezists k € N such that A[k| is surjective;
3. There ezists k € N such that d(A[k]) < co.

13



1.3.2 Nullity and Deficiency
Let A € B(X). Then:

e The nullity of A is the natural number a(A) = dim N(A), where N(A) denotes
the kernel of A.

e The deficiency of A is the natural number S(A) = codim R(A), where R(A)
denotes the range of A.

Theorem 1.4. Let A € B(X). If R(A) is closed, then:

(A7) = B(A) and a(A) = B(A").

The following theorem provides the fundamental relationships between the quantities
a(A), d(A), a(4), and H(A).

Theorem 1.5. Let A € B(X). Then:
(1) If a(A) < oo, then a(A) < B(A).
(i1) If d(A) < 0o, then B(A) < a(A).

(111) If a(A) = d(A) < oo, then a(A) = (A).
() If a(A) = B(A) < 00, and either a(A) < 0o or d(A) < oo, then a(A) = d(A) < co.

4 Operators with Closed Range

Theorem 1.6. Let A € B(X). The following assertions are equivalent:
e R(A) is closed.
o R(A*) is closed.
e R(A)= N(A")*.
e R(A*) = N(A)*.

Lemma 1.3. Let A € B(X) be injective. Then R(A) is closed if and only if there exists
a constant ¢ > 0 such that:

|z|| < c||Az||  for all x € X.

An operator A € B(X) is said to be bounded below if it is injective and has closed range.

Definition 1.4. The reduced minimum modulus (also called the conorm) of an operator
A € B(X) is defined as:

[ Az
A) = —_—.
7(A) a:géljrvl(A) dist(x, N(A))
Theorem 1.7. Let A € B(X). Then:

v(A) > 0 if and only if the range of A, R(A), is closed.

14



Lemma 1.4. Let A € B(X). Then:
(i) A is bounded below if and only if its adjoint A* is surjective.

(i1) If A is bounded below (respectively, surjective), then for every A\ € C with |A| <
v(A), the operator A — X\ is also bounded below (respectively, surjective).

Proposition 1.1. Let A € B(X) be an operator with closed range, and letY be a subspace
of X (not necessarily closed). If the sum'Y + N(A) is closed in X, then the image A(Y)
15 also closed in X.

5 Riesz Projection

Let A\g € 0(A). The complex number )\, is said to be an isolated point of the spectrum
o(A) if there exists a positive number ¢ > 0 such that

g(A)N{A e C: A= X| <e} ={ o}
The collection of all such isolated spectral points is denoted by isoo(A), whereas the set
of accumulation points is denoted by acco(A).

Consider a positively oriented circle I'y, in the complex plane, centered at Ay with radius
g, given by:
Ly ={AeC: A= X| =€}

The Riesz projection associated with Ay, defined via the contour integral over Iy, is:

1
P, =— A—X)"ta. 1.2

This projection operator satisfies the following key properties:

Proposition 1.2. Let T' € B(X), and suppose \g and pgy are isolated points in o(T).
Then:

1. The null space N(A — X\oI) is contained in the range of the Riesz projection:

N(A—=XI) C R(Py,).

2. The space X admits a direct sum decomposition:

X = R<P)\0> D N(P)@)’

3. If Ao # o, then the associated Riesz projections are orthogonal in the algebraic
sense:

PAOPMO :PMOPAO =0, and P{Ao,uo} = Py, +PM0'

4. If X is a Hilbert space and A is self-adjoint, then Py, coincides with the orthogonal
projection onto N(A — \oI).

15



Chapter 2

Drazin Inverse of Bounded Operators

1 Drazin Inverse in L(X)

keN

Definition 2.1. If A € L(X), the Drazin inverse of A, denoted by A%, is an operator
that satisfies:

o AAY= AdA,
o AFH1Ad — Ak
o ATAAT = Ad

where k is the smallest positive integer such that R(AF) = R(A*); this number is known
as the Drazin index and is denoted by ind(A) = k.

Remark 2.1. If the Drazin index k exists for an operator A, then the restriction A|gar)
15 wnvertible, and the Drazin inverse is given by:

A? = (Algiamy) ™"

1 Equivalent Definitions of the Drazin Inverse

For A € L(X), the following conditions are equivalent to the existence of the Drazin
inverse with index £ > 0:

(i) A? exists and ind(4) = k.

(i) a(4) = d(4) = k.

(iii) Zero is a pole of order k for the resolvent function R(\, A).

(iv) The space X decomposes as a direct sum:

X = R(A") @ N(AR),
where K(A) = R(A*) and Hy(A) = N(AF).

(v) There exists a projection P such that X = R(P) @ N(P) with:

R(A*) = N(P), N(A*) = R(P).

16



(vi) The operator A decomposes as:
A=A @ A,

where Ay = A|gar) is invertible and Ay = Aly(4» is nilpotent.

2 Drazin Spectrum

The Drazin spectrum of an operator A is defined as:

op(A) ={A € C| A— A is not invertible in the Drazin sense}.

3 Right and Left Drazin Inverses

An operator A is said to be right-invertible if there exists an operator S such that:
AS =1.
In this case, S is called the right inverse of A, and we have:
X =R(S)® N(A).
Similarly, A is left-invertible if there exists an operator L such that:
LA=1.
Here, L is the left inverse of A, with the decomposition:

X =R(A)® N(L).

Right and Left Drazin Inverses: Based on the definition of the Drazin inverse, one
can relax the invertibility condition by replacing it with right or left invertibility. Thus,
we say that an operator A has a right or left Drazin inverse if:

A:Al@A27

where A; is right (or left) invertible and A, is nilpotent.

Proposition 2.1. For A € L(X), the following hold:
(a) If a(A) is finite and R(AYANTL) is closed, then A has a left Drazin inverse.
(b) If d(A) is finite and R(T*?) is closed, then A has a right Drazin inverse.

4 Left and Right Drazin Spectra

The left and right Drazin spectra are defined as:
o (A) = {\ € C| A — X is not left-invertible in the Drazin sense},

op(A) ={A € C| A— M is not right-invertible in the Drazin sense}.

17



2 Special Cases and Generalizations

1 Drazin Inverse for Square Matrices

Definition 2.2. Let A be a square matriz. The index of A, denoted by ind(A), is the
smallest positive integer k such that:

Rank(A") = Rank(A**).

Definition 2.3. Let A be a square matrix with index k. The Drazin inverse of A,
denoted by A?, is a square matriz that satisfies:

ATAA = A,
A%A = AAY
AdAk+1 _ Ak:

where k is the index of A.

2 Drazin Inverse in Banach Algebras

Definition 2.4. Let B(x) be a Banach algebra. An element a € B(x) is said to be Drazin
invertible with index k if there exists an element b € B(x) satisfying:

ab = ba,
bab = b,
a® = a*ba

Proposition 2.2. Let A be an algebra and suppose that a € B(x) is Drazin invertible
with index k. If b € B(x) is the Drazin inverse of a, then the condition

a — aba € N(B(x))

15 equivalent to

a® = a"ba.

3 The Group inverse

Definition 2.5. If the index of A is 1, then the Drazin inverse of A, denoted by A¥, is
called the Group inverse of A.

Definition 2.6. The Group inverse of a square matriz A is a square matriz, denoted
by A9, that satisfies the following conditions:

1. AIAA9 = A9,
2. AIA = AA9,
3. AAIA = A.

18



Remark 2.2. If A is an idempotent matrix, then
A= A9,
Theorem 2.1. Let A be a matriz in C*". The group inverse of A, denoted by A¥,

exists if and only if:
rank(A) = rank(A4?).

Theorem 2.2. If A is a matriz in C"*™ with index 1, then:

rank(A) = rank(A%).

Corollary 2.1. If A is an invertible matrixz in C"*", then its index satisfies:

ind(A) = 0.

Corollary 2.2. If A is an idempotent matrix, then its index satisfies:
ind(A) = 1.
Theorem 3.3:
If A is a symmetric matrix in C"*" with index 1, then the group inverse of A is self-adjoint,
meaning:
A% = (A7)*,
Corollary 2.3. For any matric A € C™" such that ind(A) = 1, we have:

(A*)# = A.

4 Additional Results in Algebras

Lemma 2.1. Let B(x) be an algebra, and a,b € B(zx). If b € {a}' and bab = b, then for
all k € N, we have:

(a —bab)* =0 if and only if o = a"ba.

Lemma 2.2. Let B(x) be an algebra, a € B(z), and let b be the Drazin inverse of a. If
a has index k, then a has index k + 1.

Proposition 2.3. Let a® be the Drazin inverse of a with index k. Then, the following

holds:
a® ((ad))kJrl =
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3 Properties of the Drazin Inverse

Proposition 2.4. 1. If A is invertible, then its index is ind(A) = 0.

2.

10.

If A is a non-singular matriz, then ind(A) = 0.

3. A and AA? are projection operators onto R(A).
/.
5
6

If A is idempotent, then A = A,

. (AN? = A if and only if ind(A) = 1.

. The Drazin inverse satisfies:

((Ad)d)d — Ad.
The Drazin inverse of the conjugate transpose is given by:
(A7) = (A
The Drazin inverse of a power satisfies:
(AHY = (ADE VI=1,2,3,....
If A has index k, then A has index 1 and:
(A# = (A%

If A has index k, then for all | > k, the range and null space remain the same:

Rank(A%) = Rank(A"), ker(A%) = ker(A").

1 Some Properties in B(x)

Lemma 2.3. For any operator A in B(z), the range R(A) is closed if and only if there
exists X € B(x) such that:

AXA=A

Lemma 2.4. Let A € B(x). If there exists a positive integer k and an operator X € B(x)
such that:

AX = XA, XAX =X, AMIX = AF

then the rank of A¥ is equal to the rank of A¥*1 and the range R(AF) is closed.

Lemma 2.5. Let A € B(z) with ind(A) = k. If A? denotes the Drazin inverse of A,

then:

Rank(A?) = Rank(A*).
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2 Additional Results for Matrices

Theorem 2.3. Let A € C™" with ind(A) = k. Then, the index of A is equal to the
index of its conjugate transpose, i.e.,

ind(A) = ind(A").
Theorem 2.4. If A € C™" and ind(A) = k, then the rank of A is equal to the rank of
its Drazin inverse, 1i.e.,

rank(A) = rank(A%).
Proof 2.1. First, we have the inequality:
rank(A%) = rank(A?AA%)
< rank(A?AA)
<rank(A) ...(1)

Similarly, we have:

rank(A) = rank(AYAA?)
< rank(A%A)
< rank(AY) ...(2)
By combining inequalities (1) and (2), we conclude that:

rank(A) = rank(A?).

3 The Fundamental Properties of the Matrix Index
Corollary 2.4. Let A € C*™™ be a matriz with ind(A) = k > 1. Then,

ind(A) = ind(AT).

Theorem 2.5. Let A € C™*™ be a Hermitian matriz with index k. Then,
ind(A) = ind(A*) = ind(A*A).
Corollary 2.5. Let A € C™*™ be a normal matriz with index k. Then,
ind(A) = ind(A*) = ind(AA") = ind(A*A).
Theorem 2.6. Let A € C™*™ be a symmetric matriz with index k > 1. Then,

Al = (ANT.

Theorem 2.7. If X is an eigenvalue of A € C" ", then % is an eigenvalue of A,
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Proof 2.2. Assume \ is an eigenvalue of A with corresponding eigenvector x (x # 0);
that is,
Ax = dz.

Then:
AlAr = \NA%r =  AA% = A%,

Applying A¢ again,
ACAAY = NAY Ay,

Setting y = Az, we deduce
1

Ay = —y.

) )\y

Thus, % is an eigenvalue of A?.

Lemma 2.6. Let A be an algebra. The Drazin inverse of any element a € A is unique.

4 Factorization Method
This method is used to find the Drazin inverse of a singular square matrix.

Lemma 2.7. Let B,C € C™". If a matriz A can be factorized as
A = BC,
then its Drazin inverse is given by:
A% = B(CB)*C.

Proof 2.3. We first note that for any square matrix A and any positive integers m,n
with m > n,

(Ad)mAn — (Ad)m_n,
and if m > k (with k = ind(A)), then:
An+m(Ad)n — (Ad)n

Now, we aim to prove:

(BC)d _ (Bc)kz-i-l (((Bc)d)k—i-Q) )
Indeed, observe that:

k

(BOY ((BOY)?) = (BOY - (BO) - ((BO)) - ((BOY)
Through appropriate algebraic manipulation, we ultimately obtain:
(BOY! = (BCY ((BOY)*2).
Thus, it follows that:

Al = (BO) = B((BC)d)ZC.
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5 The Drazin Inverse and the Power

Lemma 2.8. Let A € B(x), a € B(x). An element b € B(z) is said to be the Drazin
inverse of a if there exists k € N such that b* is the group inverse of a* in B(z).

Proof 2.4. Assume that b is the Drazin inverse of a in B(x). We wish to show that b*
is a group inverse of a* in B(x).

We have:
a"t* = (ab)* = (ba)* = b*a*,
and
b" = (bab)® = b*aV*.
Also,

a® = " = a*(ba) = a*(ba)* = a*bFa”.

Conversely, suppose that for a given k € N, the operator a* has a group inverse (a*)? = c.
Then it can be verified that ca*' is a Drazin inverse of a with index k. In particular:

a(ca”™') = ca® = (ca")a,
and
(ca* Na(ca™™) = ca®(ca*™') = ca*!
Moreover,
a*(ca" a = a*ca® = a*

Corollary 2.6. Let A € B(x), and a € B(z) be a Drazin invertible element with index
k. Then a* is also Drazin invertible with some index p (where p > 1), and it satisfies:

Furthermore, a® satisfies:

a® = (a™)%"',  for alln € N.

Theorem 2.8. Let a,b,c € B(x) satisfy:
aba = aca.

Let n,m € N. Then:

1. First Case: If (ac)" is Drazin invertible,
then (ba)™ is also Drazin invertible. In this case:

o I[fn>m+1:

((bay™)* = b((ac)") a(ba) =,
o [fn<m+1:

d) (m+2_n)a(ba) (n—1)(m+1-n)

(bay™)* = b(((ac)")
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2. Second Case: If (bc)" is Drazin invertible,
then (ac)™ is also Drazin invertible. In this case:

o I[fn>m+41:

((acy™)* = a((be)") "elac) .

o [fn<m+41:

(m+2_”)c(ac) (n—1)(m-+1-n)_

(ac)™)" = a|((ba)")’]

Proof 2.5. If n > m + 1, then by applying previous theorems and lemmas, we have:

((ba)™)* = ((ba)")™ = (b((ac)")*a)™
Through repeated multiplication and algebraic manipulation, we eventually arrive at:

d

((ba)™)d = b((ac)") (ac)™ ™ La.

Simalarly, if n < m+ 1, then we obtain:

(m+2—n) (ac)(n_l)(m+1_”)a.

(ba)™)" = b[ ((ac)")’]

In the framework of Banach algebras, assuming aba = aca, the following theorem provides
an explicit formula for the generalized Drazin inverse of (ac)™ and (ba)™.

Theorem 2.9. Let a,b,c € A satisfy the condition aba = aca, and let n,m € N. Then:

1. If (ac)™ admits a generalized Drazin inverse, then (ba)™ also has a generalized
Drazin inverse. In this case:

o Whenn>m+ 1:

((ba)™)" = b((ac)")" a (ba)" """,

o Whenn <m+1:

((ba)™)* = b (((ac)")")"™"* " a (ba) "D Om 1,

2. If (be)™ admits a generalized Drazin inverse, then (ac)™ also possesses a generalized
Drazin inverse. In this case:

o Whenn>m+ 1:

((a)™)* = a (b)) ¢ (ac)" ™.

o Whenn <m+1:
((ae)™)* = a (((ba)")") ™™ " e (ac)r- D),
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6 Representation of the Drazin Inverse by a Block Matrix

Let A be a matrix given in the following block form:

0 B
(e 0)

B e Cr<m=p)  and ¢ e Cpxp,

where

The following result provides the Drazin inverse A? in terms of the Drazin inverse of the
product BC.

Theorem 2.10. Let A € C*™™ be the block matriz

0 B
1= o),

with B € CP*("=P) qnd C € C""P*P_ Then, the Drazin inverse of A is given by

= (ewer ")

Moreover, if ind(BC) = s, then
ind(A) < 2s+ 1.

Definition 2.7. Let B(x) be a Banach algebra. An element a € B(x) is said to be Drazin
invertible with index k if there exists an element b € B(x) satisfying:

ab = ba,
bab = b,
a® = a"ba.

Proposition 2.5. Let B(x) be an algebra and suppose that a € B(x) is Drazin invertible
with index k. If b € B(x) is the Drazin inverse of a, then the condition

a—aba € N(A)

18 equivalent to

a® = a*ba.

Theorem 2.11. o Whenn>m+1:
((ac)™)* = a((be)")? ¢ (ac)" ™",
o Whenn <m+1:
((ae)™)* = a (((ba)")") ™™ " e (ac)r- D),

25



7 The Index of A and the Index of BC

Counsider the matrix
0 B
A= )
(¢ o)

BC 0
A2 = .
<o GQ

More generally, for any positive integer j:

lﬁ:<wm1 o>’

Then,

0 (CB)’
and . :
A2 _ ( 0 (BC)]B) _ ( 0 B(C’B)J)
(CB)IC 0 (CB)IC 0 '
Thus, we obtain the following rank relations:
rank(A*) = rank((BC)?) + rank((C' B)?), (1)
rank(A*¥*!) = rank((BC)’ B) + rank(C (CB)). (2)

These relations allow us to express the index of A in terms of the indices of BC and C'B.

Lemma 2.9. Let U € C™** V € C**", and W € C"*P. Then, the following equality
holds:
rank(UV) 4+ rank(VW) = rank(V') + rank(UVW).

Theorem 2.12. Let A be the matrix

4=(c o)

If ind(BC) = s with s > 1, then the index of A satisfies:
ind(A) € {25 — 1, 2s, 25+ 1}.

Proof 2.6. According to previous results, we have:
ind(A) < 2s+ 1.
Using Lemma 2.13 (which states that (BC)‘B = B(CB)?), we deduce:
rank (B(CB)*~") + rank ((CB)*~'C) < rank ((CB)*') + rank ((BC)®)
< rank ((CB)*™") 4 rank ((BC)*™') .
Using equations (1) and (2), we obtain:
rank (A2j_1) < rank (AQj_2) ,

which implies
ind(A) > 2s — 2.
Thus, the possible values for the index of A are:

ind(A) € {25 — 1, 2s, 25+ 1}.
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Theorem 2.13. Let A be as above, and suppose ind(BC) = s with s > 1. Then:
ind(A) =2s—1
if and only if the following conditions hold:
1. rank((BC)*) = rank((BC)*~'B) and rank((C'B)*) = rank((C'B)*~'C).
2. rank((BC)*) = rank((C'B)*~'C) and rank((C'B)*) = rank((BC)*"'B).
Lemma 2.10. If ind(BC) = s, then the following ranks are all equal:

Theorem 2.14. Let A be a matriz of the form

0 B
A:
(e o)

such that ind(BC) = s > 1. Then, ind(A) = 2s if and only if ind(CB) = s and at least
one of the following conditions holds:

e rank((BC)*) < rank((BC)*"'B),
e rank((C'B)*) < rank((CB)*~'C).
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Chapter 3

(Generalized Drazin Inverse

Definition 3.1. An operator A € L(X) is said to be g-Drazin invertible if there exists a
unique operator B € L(X) such that:

AB = BA, BAB =B, A— ABA is quasi-nilpotent.

The operator B is called the generalized Drazin inverse of A, denoted by A°.

1 Generalized Drazin Decomposition

Definition 3.2. If A is g-Drazin invertible, based on the decomposition of X = N(I —
AAY @ R(I — AAY), the matriz forms of the operators A and A? are as follows:

(A0 e (ATV 0
a= () =

where Ay is invertible and As is quasi-nilpotent.
Theorem 3.1. Let a,b,c € A satisfy the condition aba = aca, and let n,m € N. Then:

1. If (ac)™ admits a generalized Drazin inverse, then (ba)™ also has a generalized
Drazin inverse. In this case:

o Whenn>m+1:
((ba)™) = b((ac)™) a (ba)"~™ .

o Whenn <m+1:
((ba)™)* = b (((ac)")*)"™"* " a (ba) "D 0m 1,

2. If (be)™ admits a generalized Drazin inverse, then (ac)™ also possesses a generalized
Drazin inverse. In this case:

o Whenn>m+1:
((ae)™)? = a((be)")? ¢ (ac)™ ™",
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o Whenn <m-+1:

((ae)™)* = a (((ba)")") ™™ " e (ac)r- D),

Lemma 3.1. Let a,b,c € R satisfy the relation
aba = aca.

Then, ac possesses a generalized Drazin inverse if and only if ba does. In this case, we
have the following formulas:

2

(ba)?* =b- ((ac)?®)” - a,
(ac)? =a - ((bc)gd)2 - C.
Theorem 3.2. Let a € R and n € N.

1. If a™ admits a generalized Drazin inverse, then a also admits a generalized Drazin
mverse, and we have:

agd — (an)gd . CLn_l.

2. If a admits a generalized Drazin inverse, then a™ also admits a generalized Drazin
wnverse, with the relation:

(") = (at)".
2 Core Quasi-Nilpotent Decomposition of Operators

Definition 3.3. Let A € L(X) be a bounded linear operator. It can be written as the
sum of two operators, Ac and Ag, such that:

4, 0 o o
do= |5} 4= A

A=Ac+ Ag.

and thus,

This decomposition is known as the core quasi-nilpotent decomposition of the operator A.
o Ac is called the core part of A
o Ag is called the quasi-nilpotent part of A.

3 Quasi-Nilpotent Part Hy(A)

Definition 3.4. The Quasi-Nilpotent Part Hy(A) is the set of elements = € X such
that

lim ||A"z|Y" = 0.

n—oo

It represents the elements that are asymptotically sent to zero by the higher powers of the
operator A.
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4 Analytical Core K(A):

Definition 3.5. The Analytical Core K(A) is the set of elements x € X for which
there exists a sequence (x,) C X and a constant § >0 such that:

1
Avy =z, Atppr =20, ond o] <

It represents elements that can be expressed by a rapidly converging sequence under the
action of the operator A.

{ A(K(A)) = K(A),
A(Hy(A)) € Hy(A).

Definition 3.6. Let A € L(X). If the range R(A) is closed and ker(A™) C Im(A) for
alln € N, then A is called semi-regular.

Theorem 3.3. Let A € L(X). The following statements are equivalent:
1. A is g-Drazin invertible;
2. X =K(A)® Hy(A);
3. A=A, ® Ay, where:
o Ay = Alka € L(K(A)) is invertible,
o Ay = Alpyay € L(Ho(A)) is quasi-nilpotent.

Theorem 3.4. Let F' be a closed subspace of X and A € L(X). If A(F) = F, then
FCK(A).

5 Left and right pre-orders on L(X)

We begin with the following definitions of left and right generalized Drazin invertible
operators.

Definition 3.7. An operator A € L(X) is called left g-Drazin invertible if there exists a
subspace L4 C X such that Hy(A) is complemented in X, and A(L?) is complemented
within LA.

The collection of all subspaces L* associated with an operator A that satisfies this defini-
tion is denoted as {L4}.

Definition 3.8. An operator A € L(X) is right g-Drazin invertible if:
o K(A) is complemented in X by a subspace Ra with
A(R4) € Ra C Ho(A).
o N(A)N K(A) is complemented in K(A).

The collection of all subspaces associated with an operator A that satisfies Definition 2.10

is denoted as {Ra}.
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Proposition 3.1. e left g-Drazin invertible their objective of study is simplify and
analyze the image and we used it with non zero eigenvalues

e right g-Drazin invertible their objective of study is understande the kernel and we
used it with zero or near zero eigenvalues

Next, we provide a characterization of left generalized Drazin invertible operators through
the use of a generalized Kato decomposition.

Corollary 3.1. Let A € L(X). Then A is g-Drazin invertible if and only if A is both left
g-Drazin invertible and right g-Drazin invertible.

In the following, we introduce new binary relations defined using the left and right g-
Drazin inverses of a bounded linear operator on a Banach space.

Definition 3.9. Let A, B € L(X) be left g-Drazin invertible operators. We say that
A =D B if there exist subspaces L € {L*} and LP € {LB} and the subspace L is closed
in x such that:

1. L? is complemented in L”,

2. There ezists a B-stable subspace L of X (i.e., B(L) C L),

3. Restricting B to L4 gives the same result as restricting A to L 4.
jLD

It is now possible to define the properties of the binary relation

Theorem 3.5. Let A, B € L(X) be left g-Drazin invertible operators. Then the following
statements are equivalent:

1. A=EP B,
2. There exist topological direct sum decompositions X = X, ® Xy and Xy = X1 & X3,
such that:
1A 0 A 0
A= {0 AJ’ b= {0 B;@Bg]’
where:

e Ay € L(X,) and B € L(X;) are left invertible operators.
o Ay € L(Xs) and B2 € L(X3) are quasi-nilpotent operators.
In general, the binary relation LD is not antisymmetric, as shown by the following result.

Remark 3.1. If A <P B, then

Ho(A) =L & Ho(B),

where L is a subspace of X satisfying the following conditions:
e L is stable under the action of B, i.e., B(L) C L;
e L is complemented in Lg, meaning Lo & L = Lp;
o The relation BL, = AL 4 holds.

This expression illustrates how the null space Hy(A) is constructed by adding the subspace
L to H()(B)
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Corollary 3.2. Let A, B € L(X) be left g-Drazin invertible operators. If A <*P B and
B =P A then there exists a topological direct sum decomposition.

X=X0X,

(A O (A O
A= ) 5=(0 5)
where:

o Ay € L(Xy) is left invertible,

such that:

o Ay By € L(X3) are quasi-nilpotent.
Proof 3.1. Since A is left Drazin equivalent to B, Remark 3.1 implies that:

Ho(A) =L & Ho(B),
0 where L is a subspace.

Similarly, since B is left Drazin equivalent to A, there exists a subspace L' such that:

Ho(B) = L' & Hy(A).

From these two equations, we conclude that:

Ho(A) = Ho(B),

which implies L = L' = {0}, and therefore Ly = Lg.
The final conclusion follows directly from the proof of Theorem 3.4

Theorem 3.6. The relationA <P B satisfies the properties of a pre-order when applied
to the set of all left generalized Drazin invertible operators in L(X).

Definition 3.10. Let A, B € L(X) be right generalized Drazin invertible operators. If
the subspace is closed in X, we say that A <P C if:

e The kernel K(A) has a complement L in K(B) that is preserved by B.
e The operators B and A act the same way on K(A).

Theorem 3.7. Let A, B € L(X) be right generalized Drazin invertible operators. Then
the following are equivalent:

o AP B,

o There exist decompositions X = X1 ® Xy and X, = X5 & X3 such that:

4, 0 (40
e I

where:
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— Ay and B3 are right invertible.
— Ay and B2 are quasi-nilpotent.

Corollary 3.3. Let A, B € L(X) be right g-Drazin invertible operators. If A <%P B and
B =P A then there exists a topological direct sum decomposition.

X=X18X,

(A O (A O
A‘(o AQ)’ B‘(o Bz)’
where:

o Ay € L(Xy) is right invertible,

such that:

e Ay B, € L(X,) are quasi-nilpotent.
Proof 3.2. Since A <%P B, by Definition 3.11, we have

K(B) = L& K(A).

Similarly, from B <BP A, we obtain
K(A)=L® K(B),

where L' is some subspace.

From these two equations, it follows that
K(A)=K(B) and L=1L"={0}.

Therefore, the conclusion follows directly from the proof of Theorem 3.6.
Results similar to Theorem 3.6 can also be derived as a consequence of Theorem 3.2.

Theorem 3.8. The relation A <P B is reflexive and transitive on the set of all right
g-Drazin invertible operators in L(X), making it a pre-order.

Theorem 3.9. Let A, B € L(X) be generalized Drazin invertible operators. Then the
following are equivalent:

o A=<P B.
o There exist decompositions X = X, ® Xy and X, = X5 & X3 such that:

4, 0 (40
4= a) B=[0 mes

where:
— Ay and B3 are invertible.
— Ay and B2 are quasi-nilpotent.

Theorem 3.10. Let A, B € L(X). Then the following statements are equivalent:
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(a) A=P B;
(b) A=EP B and A <P B.

Definition 3.11. Let A, B € L(X) be left g-Drazin invertible operators, and let ¥ be a
fized but arbitrary partial order on the set of quasi-nilpotent operators in L(X). We say
that A <FP-P B if the following two conditions hold:

1. Ac =P Be (i.e., the analytical cores of A and B satisfy the left LD relation,).
2. Ag =P Bg (i.e., the quasi-nilpotent parts of A and B satisfy the partial order P).

Since =*P is a pre-order and P is a partial order, it follows that <*P¥ defines a pre-order

on L(X).

Theorem 3.11. The relation <*P-* defines a partial order on the set of all left g-Drazin
invertible operators in L(X).

Proof 3.3. To prove that the relation =<*P P is a partial order, it suffices to verify
the antisymmetric property. Assume that Ac =<'P Be and Bo <P Ao, From
Corollary 3.3, we conclude that Ac = Be. Additionally, the quasi-nilpotent parts Ag
and Bg can be expressed in matriz form as:

0 0 0 0
AQ_(O Ag)’ BQ_(O BQ>’

where X = X; & Xo and Ay, By € L(X5) are quasi-nilpotent operators. If Aq =¥ Bg
and Bg <P Ag, then the antisymmetric property of P implies Ay = By. Consequently,
A = B, which establishes the antisymmetric property for the relation <*P P.

An operator A € L(X) is called regular (or relatively reqular) if there exists an operator
B € L(X) such that ABA = A. The operator B is referred to as an inner generalized
tnverse of A. The set of all regular operators in L(X) is denoted by Le,(X).

The minus partial order (denoted by —) was introduced for reqular elements in rings.
For A, B € L,,(X), we say A — B if there exists an inner generalized inverse A~ of A
such that AA~ = BA™ and A—A= A"B.

When the relation < in Definition 3.12 is specialized to the minus order <=, a specific
characterization is obtained.

Theorem 3.12. Let A, B € L(X) be left g-Drazin invertible operators, and let <~ denote
the minus order on L,.,(X). Then the following statements are equivalent:

(a) Ag, Bg € Lyey(X) and A <FP~ B;

(b) There exist topological direct sum decompositions

X :Xl@XQ and X2 :Xgl@XQQ

(A0 (A0
A—(O A2) and B—(321 B22),

such that

where:
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o Ay € L(Xy) and By, € L(Xs1) are left invertible operators,
o Ay, By € L(Xay) are relatively reqular and quasi-nilpotent operators,
o Ay — Bay is quasi-nilpotent.

Proof 3.4. (a) = (b):
Assume A <pp_ B. By Theorem 3.4, there exist topological direct sum decompositions
X =X18 X, and Xy = Xy, & Xo, such that

(A O (A 0
A_<0 Ag) and B—(O 321@322),
where:

- Ay € L(Xy) and By, € L(Xs,) are left invertible operators, - Ay € L(X3) and Bs, €
L(Xs,) are quasi-nilpotent operators.

From this, we have:

0 0 0 0
AQ“(O fb) and BQ“(O 0€5Bb)'

0 O
T‘(o B)

By hypothesis, Ag — Bg is regular, which implies Ay — T is reqular. Consequently:

Let

R(As) C R(T), and N(T) C N(As).

This forces the structure of As to satisfy:

0 0
@_Q)&)’

where Ay, € L(Xs,) and As, — Bs, is quasi-nilpotent.

Finally, since Ag, Bg € Lyy(X), it follows that Ay, and B, are relatively reqular. This
completes the proof of (a) = (b).

(b) = (a):

It is trivial.
Analogously, we can define the following pre-order on L(X).

Definition 3.12. Let A, B € L(X) be right g-Drazin invertible operators, and let < be
any fized but arbitrary partial order on the set of quasi-nilpotent operators in L(X). We
say that A <BPF B if and only if Ac 2P B and Ag <¥ Bg.

In a similar way to left pre-order we can prove the following results.

Theorem 3.13. The relation <P constitutes a partial order on the set of right g-
Drazin invertible operators within L(X).
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Theorem 3.14. Let A, B € L(X) be right g-Drazin invertible operators, and let <~
denote the minus order on L,.4(X). Then the following statements are equivalent:

(a) Ag,Bg € Ley(X) and A <D= B,
(b) There exist topological direct sum decompositions X = X;1® Xy and Xo = Xo1 ® Xo

such that y "
_ 1 0 . 1 0
A—(O A2> and B_<O 321@322>7

where A1 € L(X1), Asy € L(Xa2), and By € L(Xy;) for i = 1,2, with the following
conditions:

- Ay and B} are right invertible.

- A3 — B2 is relatively reqular.

- A2 and B2 are quasi-nilpotent.

Remark 3.2. o If A <rp B, then the quasi-nilpotent parts are related as:
Ho(A) = L& Ho(B),

where L is a B-invariant subspace. This shows how the null space of A expands
over that of B.

o [fboth A=<rp B and B =<pp A, then:
Ho(A) = Ho(B), and L = E’ = {0},

which implies equality of the associated subspaces and stabilizes the relation.

e The core component of the operator (i.e., the analytical part) plays a decisive role:

A=<p B < Ac =Lp Be, A=<rp B <= A¢ =rp Bc.

Therefore, partial orders on the quasi-nilpotent parts combined with pre-orders on the core
yield a full partial order structure for g-Drazin invertible operators.
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Chapter 4

Solving Equations and Systems
Equations Using the Drazin Inverse

1 Solution of the Differential Equation ¢/ + Ay = f
Consider the differential equation:
y+Ay=f.

The general solution is given by:

y(t) = eAt/eAtf(t) dt.

e If A is invertible, then
/e‘At dt = A~ le ™ 4+ G,
where G is an arbitrary n X n matrix.

e If A is non-invertible, we use the following theorem to solve the problem using the
Drazin inverse.

Theorem 4.1. Let A be a singular matriz in C™™ with index k. If A% denotes the Drazin
wmverse of A, then the integral of the matrix exponential is given by:

A A2 A3 Ak—1
/eAtdt =AM L (T —AADE [T+ =t + 2+ P+ + ——tF 1 1 G,
2 3! 4! k!
where G is an arbitrary n X n matrix.
Proof 4.1. Differentiate the expression:
A A2 Alc—l
F(t) = A% 4 (I — AAY) [I + 5t gtz 4+t Tt’“] + G.

Upon differentiation, one verifies that F'(t) = e,
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Corollary 4.1. If f(t) is a constant vector b, then the differential equation
y+Ay=b

has the solution:

3 k-1
0= [t - ant (14 e A 220

2 The Differential System Equation Ay’ + By = f

Theorem 4.2. Consider two singular matrices A and B in C"*™ that commute (i.e.,
AB = BA). A solution to the differential equation

Ay + By =0
for any vector q is given by:

y(t) = exp (—ABt) AAq.

Proof 4.2. Let’s start with the given function:
Y = exp (—AdBt) AA%

Now, let’s differentiate y with respect to t:
Ay = —AA’Bexp(—A?Bt)AA%
= —BAAYexp(—A’Bt)AA%
— —Bexp(—A’Bt)AAAA%
— —Bexp(—A'Bt)AA%Y
— By

This shows that the function y satisfies the differential equation:

Ax' + Bx =0

which confirms the validity of the solution.

Corollary 4.2. If AB = BA and AYAf = f, then

y(t) = exp(—A"Bt) / exp(A’Br) f(1)dr

0

1s a particular solution to the differential equation

Ay'(t) + By(t) = f(1).
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Proof 4.3. Let .
y(t) = exp(A?Bt) / exp(—ABr) f(r) dr,
0

with the condition A?Af = f. Then,
Ay (t) = —AA’Bexp(—A'DBt) /Ot exp(—A'Br) f(r)dT + f(2).
Since A?Af = f, this becomes:
Ay (t) = —Bexp(—A’Bt) /Ot exp(—ABr) f(r)dr + f(t) = =By(t) + f(1).
Thus, y(t) satisfies the differential equation.

Lemma 4.1. Suppose that AB = BA and ker(A) Nker(B) = {0}. Then:

(I — AAYBB® =1 — AA“.

Proof 4.4. Suppose AB = BA and N(A)N N(B) = {0}. Let

P A
aerfl U

where J is invertible and M is nilpotent such that M* =0 for some k. Also, let

B=T {Bl BQ] T

B; By
From AB = BA:
Al 0B Ba| 1 JBy JBs | 1
AB=T [O M} [Bg BJ =T [MBg MBJ ™,
o |B1 Be| |J 0 0 | Bid BaJ|
oa-r i ][0 2] e[ b
Equating AB and BA gives:
JBl = Blj,
MB, = B4M,
JBQ — BQJ,
M B3 = BsJ.

Using the assumptions:

J*By, = B,M* — B, =0,
B3J* = M*B; — B; =0.
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Now, compute:

BBd:T[Ble ’ 1T1,

0 BB

Cad o [00]
I AA_T[O I}T.

If By is invertible, then B = B}, so:

0 0 B,BY 0
I — AANYBBY =T Tl | T }T‘l
( ) { } [ 0  BuBf{

If M = 0, then N(A) N N(B) = {0} implies N(By) = {0}. If M # 0 and there ezists
v # 0 such that v € N(By), then

MPv € N(By), Vp>0.

Since M is nilpotent, there exists | such that M'™' = 0. Hence,
0# M'v e N(A)NN(B),

a contradiction. Thus, N(By) = {0} and By is invertible.

Theorem 4.3. Let A and B be n x n matrices satisfying AB = BA. Then, a general
solution of the differential equation

Ay'(t) + By(t) = 0

15 given by
y(t) = exp(—AdBt) AA%q,  for any ¢ € C".

Proof 4.5. Assume that y(t) is a solution of

Ay (t) + By(t) = 0,
with f = 0. We want to show that any solution y can be written in the form

y(t) = exp(—AdBt) AAlyq,

for some q € C".

Since
N(A) N N(B) = {0},

it follows from Lemma 4.1 that B is injective on the range of A. (Here, the range of A
is AA?, as I — AA? projects onto the null space of A.)

If y is a solution of the homogeneous equation, we eventually deduce through an iterative
process (using the fact that N(A) N N(B) = {0}) that any component x5 orthogonal to
the range of A must vanish. Hence, we have

y = AA%Yy = exp(—AdBt)q,

for some q € C™. This proves the assertion.
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Theorem 4.4. Let A and B be n X n matrices such that:
e A and B commute, i.e., AB = BA;
e The null spaces of A and B intersect only at the zero vector, i.e., N(A) N N(B) =
{0}.
Let k = ind(A) and let f € C". Then the differential equation
Ay'(t) + By(t) = f(t)

admits a particular solution of the form:

kol

y(t) = A% exp(—A"Bt) / | exp(A?Bs) f(s) dy + (I — AA?) _1(—1)”(ABd)"Bdf(”) (1),

n

I
o

where B¢ denotes the Drazin inverse of B, and the sum accounts for the generalized
solution in the presence of non-invertibility.

Proof 4.6. Assume that AB = BA and N(A) N N(B) = {0}.
Define
t
y = A? eXp(—AdBt) / exp (AdBt)f(s) dy,
0

N
—_

yo = (I = AAD) 37 (—1)(ABY" B,

n

Il
o

and set y =y + yo.

We want to prove that:
Ay, + By = (AAYf (1)

and

Ays+ Byo = (I — AAY [ (2).
Step 1: Proving (1)
Differentiate vy :
Ayp = A (—A’Bay + A% exp(—A’Bt) exp(A?Bt) f(t)) .
Simplifying the exponentials:
Ay, = —AABx, + AAYY.

Since AB = BA, we have
Ayi =-B T+ AAdf

Step 2: Proving (2)
Differentiate yo:

N
—_

Ayh = A(I — AAD)Y " (=1)"(ABH)"Bdfn+D),

S
I
o



By appropriate factorization and index shifting in the summation, one eventually obtains:

Ayy=—Buys + (I — AAd)f.

Thus, combining the two results for x1 and x4 yields the general solution for the differential
equation.

Theorem 4.5. Assume that AB = BA and N(A) N N(B) = {0}. Then, the general
solution of the differential equation

Ay'(t) + By(t) = f(t)

18 given by:

t
y(t) = eXp(—AdBt)AAdq + A¢ exp(—AdBt)/ exp(AdBt)f(s) dy
0
k—1
(1= AA") Y (—=1)"(AB)"B*f"(¢t),
n=0

where ¢ € C" is an arbitrary constant vector and k = ind(A).

Corollary 4.3. Suppose AB = BA and N(A) N N(B) = {0}. Then, there ezists a
solution z(0) = xq to the equation
Ay'(t) + By(t) = f(t)

if and only if
k—1

= AAYq + (I — AAY) Z "(ABH"Bf™)(0),
=0
for some q € C"™. Moreover, this yy is unique.

Lemma 4.2. Let ¢ be a constant such that the matriz cA + B is invertible. Then, the

matrices
(cA+B)'A and (cA+B)'B

commute; that 1s,

(cA+B) '"A(cA+B)'B=(cA+B)'B(cA+ B) A

Proof 4.7. Let ¢ be a constant such that cA + B is invertible. We wish to prove:
c[(cA + B)—lA] + [(CA + B)—lB] ~ I
A detailed computation shows that this identity holds under the stated assumptions.

Theorem 4.6. Let A and B be given matrices, and consider the differential equation
Ay (t) + By(t) =0,

subject to the initial condition

y(0) = o.
Then, the equation admits a unique solution if and only if there exists a scalar ¢ € C
such that the matriz cA + B is invertible.
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Proof 4.8. Assume cA+ B is invertible. Since
N(A)NN(B) = {0},
it follows that
N(A)=N((cA+B)"A) and N(B)=N((cA+ B)'B).

Thus, the equation
(cA+ B) Ay (t) + (cA+ B) 'By(t) =0

has a unique solution. Conversely, if cA + B is not invertible for any c, then for each c
there exists p. # 0 such that (cA+ B)p. = 0. In this case, the function

wo(t) = exp(ct)pe
satisfies Ay, + Byo = 0.

Theorem 4.7. Consider the differential equation

Ay (t) + By(t) = f(t), y(0) = yo. (1)

This equation has a unique solution if and only if there exists a scalar ¢ such that (cA+ B)
1s invertible.

We define the matrices:

A, = (cA+ B)'A,
=(cA+B)™'B
f. = (cA+ B)f.

Let ind(A) denote the index of A.

Then, the equation (1) has a solution if and only if the initial value xy is given by:

??‘

-1

= AA"Aq + (I = AAY) Y (=1)"(AB)"B"f{")(0), (2)

i
o)

for any vector q. A particular solution is:

??‘

-1

y(t) = Ale 4 / B p(s) ds + (1 — AAY) S (<1 (ABYBLO @), ()

n

I
o

where q is arbitrary. Consequently, the general solution of (1) is:

k‘

t —1
i) = A IAg A7 [ ABCIB () ds (1= AXY) Y (-1 (ABY B0,

(4)

3
Il
=)

for any q € C™.

Theorem 4.8. Let A and B be matrices in C"*™ such that (cA+ B) is invertible for all
c. Then the following expressions are independent of c:

A?A.  A’B., AYcA+B)™', BYcA+B)™', ABY  and ind(A.).

C c)
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Proof 4.9. Assume that A. and B. are defined as above, and that A.B. = B.A.. Then,
by a series of algebraic manipulations and by inserting the identity (cA + B)(cA + B)™*
appropriately, one can show that

AYNA+ B) ™t = A4cA+ B)

implying that A%(cA+ B)~! is independent of c. The same argument applies to B4(cA +
B)~Y. Moreover, for any integer k, one shows that

rank(A¥) = rank [(AA. + B.) *AY]

which implies that ind(A.) does not depend on c.

3 Calculate the Drazin Inverse Using Eigenvalues

Assume that zero is an eigenvalue of A with multiplicity 1, and let the nonzero eigenvalues
be \; with multiplicities n; for ¢ = 1,2,...,r. Define

m=mn;+ng+ -+ ny,

and suppose that
m-+1l=n,

where [ is the multiplicity of the zero eigenvalue.

We can compute the Drazin inverse if the eigenvalues commute :
p(A) =N (ap+ A+ +a, 1 A") .

The coefficients «; are determined by solving the system of equations derived from the
polynomial, starting with:

and, for higher-order derivatives,

(=)™ (n; — 1)!

(=1 (\.) =

Once the coefficients are determined, they can be used to construct the Drazin inverse.
This method is particularly useful when A is singular (due to the presence of zero as an
eigenvalue).

Theorem 4.9. If p(A) is defined by (1) and (2), then

Al = p(A).
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4 Examples

Example 4.1. Let
c(A) = (N + 51+ 1),

so that the characteristic equation of C' is:

AN E5A+1=0.
We have:
1=-X =5\ XN'=-X-5 Xx?=-5x1—-1=5\x+24
Then,
PA) =A3=54+24\"1 =5+ 24(—\ —5) = =24\ — 115.
Thus,

A% = A?P(A) = A*(—24A — 115).

Example 4.2. Let
cAN) = XN E NN E A,

Since A # 1, we have:

4 3 2 -1
AN HFAN+H A+ 1= .
A—1
Thus,
N=1, AP°=1 pA)=1x3=)\
and hence,

Example 4.3. Let
c(A) = AN —1)%

Then,
PA)=X2"=[1+(\-1)]".

Since (A —1)*> =0, by the binomial theorem we obtain:
p(A) =1—-5A—1)+ 151 — 1)

Thus,
A% = A'p(A) = A1 —5(A —1) +15(A — 1)2.
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Conclusion

In this thesis, we have explored the concept of the Drazin inverse and its generalized
form in the context of bounded linear operators on Banach spaces. Through a system-
atic approach, we have highlighted the algebraic and spectral properties of such inverses
and demonstrated their significant applications in solving singular systems of linear and
differential equations.

We began by introducing the necessary preliminaries, including key notions such as the
spectrum, ascent, descent, and Riesz projection. Then, we discussed the classical Drazin
inverse, its characterization, and its spectral implications. The generalized Drazin in-
verse was then treated with deeper analysis involving operator decompositions and local
spectral theory.

Finally, we showed the practical power of these concepts by applying them to solve
differential equations and other operator-based systems. The computational methods
and illustrative examples confirmed the utility of the Drazin inverse as a robust analytical
tool in both pure and applied mathematics.

This work contributes to a deeper understanding of generalized inverses in functional
analysis and offers a solid foundation for further research, particularly in the study of
spectral theory, generalized solutions, and applications in control theory and system
dynamics.

We hope that this thesis serves as a useful reference for students and researchers interested
in operator theory and its numerous mathematical and engineering applications.

46



Bibliography

1]

2]

3]

4]

[5]

6]

17l

18]

19]

[10]

[11]

[12]

[13]

P. Aiena and S. Triolo, Local spectral theory for Drazin invertible operators, J. Math.
Anal. Appl., 435 (2016), pp. 414-424.

A. Belhadi, Solvabilité de certaines classes d’équations d’opérateurs dans les espaces
de Banach, PhD Thesis in Mathematics, University of Badji Mokhtar Annaba, Aca-
demic Year 2018-2019.

A. Belhadi, A. Mansour, and A. Selms, Some Drazin invertible elements in Banach
algebras and applications to operator equations solutions, Italian Journal of Pure and
Applied Mathematics, No. 42, July 2019 (to appear).

M. Benharrat, K. Miloud Hocine, and B. Messirdi, Left and right generalized Drazin
wnwertible operators and Local spectral theory, arXiv preprint arXiv:1512.02623v2
(2015).

R. Bhaskara and C. Meyer, The Theory of Generalized Inverse over Commutative
Rings, London and New York, 2002.

S. L. Campbell, C. D. Meyer, and N. J. Rose, Application of the Drazin inverse to
linear systems of differential equations with singular constant coefficients, SIAM J.
Appl. Math., 31 (1976), pp. 411-425.

S. L. Campbell, The Drazin inverse and systems of second order linear differential
equations, Linear Multilinear Algebra, 14 (1983), pp. 195-198.

G. Cassier, Generalized Toeplitz operators, restriction to invariant subspaces and
similarity problems, J. Operator Theory, 53 (2005), no. 1, pp. 49-89.

N. Castro-Gonzalez and J. J. Koliha, New additive results for the g-Drazin inverse,
Proc. Roy. Soc. Edinburgh, 134 (2004), pp. 1085-1097.

M. Catral, D. D. Olesky, and P. Van Den Driessche, Block representations of the
Drazin inverse of bipartite matrices.

J. Chen and H. Zhu, Drazin invertibility of product and difference of idempotents in
a ring, Department of Mathematics, Southeast University, Nanjing 210096, China.

M. P. Drazin, Left and right generalized inverses, Linear Algebra Appl., 510 (2016),
pp. 64-78.

D. E. Ferreyra, M. Lattanzi, F. E. Levis, and N. Thome, Left and right general-
ized Drazin invertible operators on Banach spaces and applications, Operators and
Matrices, 13 (2019), no. 3, pp. 569-583.

47



[14] M. Hocine Kouider, On the Drazin inverse of a matriz operator and its applications,

PhD Thesis in Mathematics, University of Oran 1 Ahmed Ben Bella, Academic Year
2016-2017.

[15] M. Houmidi and H. Zghitti, Propriétés spectrales locales d’une matrice carrée des
opérateurs, Acta Math. Vietnam., 25 (2000), pp. 137-144.

48



