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Résumé

e Les équations intégrales de Fredholm et de Volterra occupent une place im-
portante dans les mathématiques en raison de leurs nombreuses applications dans

divers domaines scientifiques.

e Dans ce mémoire, nous intéressons particuliérement & une forme spécifique de

I’équation intégro-différentielle non linéaire, non standard de Volterra.

e Grace au théoreme du point fixe de Schauder, nous établissons l’existence
et 'unicité de la solution de cette équation intégro-différentielle de Volterra sous

certaines conditions précises.

e Par la suite, nous appliquons la méthode de Fibonacci Wavelet Colloca-
tion, afin d’obtenir une solution approximative de cette équation intégro-différentielle,

accompagnée de quelques exemples concrets illustrant les résultats obtenus.

Mots clés
e Equation intégro-différentielle de Volterra ; Equation non standard ; Théoréeme
du point fixe de Schauder ; Solution approchée; La méthode de Fibonacci Wavelet

Collocation.



Abstract

e Fredholm and Volterra integral equations hold a significant position in mathe-

matics due to their wide-ranging applications across various scientific fields.

e In this thesis, we focus on a specific form of the non linear, non standard,

integro-differential Volterra equation.

e Using Schauder fixed point theorem, we establish the existence and unique-
ness for the solution of this integro-differential Volterra equation under well-defined

conditions.

e We then apply the Fibonacci Wavelet Collocation method to obtain an
approximate solution to this integro-differential equation, followed by illustrative

examples demonstrating the obtained results.

Keywords
e Volterra integro-differential equation ; Non standard equation; Schauder fixed

point theorem ; Numerical approximation ; Fibonacci Wavelet Collocation method.



Introduction

At the beginning of the 20th century, the Italian mathematician Vito Volterra
constructed a new type of mathematical equation which called the Volterra integral
equation [I], where he also laid the theoretical foundations of these equations. These
integral equations play a very important role in many scientific fields [2], [3], 4, [5] :
Physique, biologic, electronic, mechanic and others. Moreover, many researchers have

developed different methods [0, [7, [§] to treat these integral equations.

For this reason, our thesis is dedicated to study a new kind of Volterra integral

equation that given by :

u(t) = /0 k(t, $)(u(t), u(s), o/ (s))ds + g(£), V¢ € [0,1].

This equation describes a new form of the non-standard Volterra equations, where
we can see that the integral operator contains inside the unknown function u and its

derivative u/'.

We will treat the proposed equation from the analytical and numerical side, and
in such a way that our study will be easy to understand, we have divided the thesis

into three chapters :
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Chapter 1 (Notions and preliminaries) : We recall some concepts in the functio-

nal analysis and the numerical analysis in order to use them in the following chapters.

Chapter 2 (Analytical study) : We add to our integral equation the necessary

hypotheses that allow us to judge that this equation has a unique solution.

Chapter 3 (Numerical study) : We apply the Fibonacci Wavelets Collocation

method to find the approximate solution of the proposed equation.



Chapitre 1

Preliminaries

In this part, we recall some fundamental concepts in order to use in the next

chapters.

1.1 Banach spaces
1.1.1 Normed space

Definition 1.1.1
We say that the application ||.||y defined from the vector space V' to RT, is a norm,

if the following three properties are satisfied :
1.YveV, |v|ly =0 v=0.
2. VAXe R, Yo eV, || M|y = |A||v]lv-
8. Vo,w eV, |lv+wl|v < lvllv + [Jwllv. (Triangle inequality).

Then, (V,||.|lv) becomes a normed vector space (n.v.s).

Example 1.1.1

Let C([a,b],R) be the vector space of continuous functions on [a,b] with real values.

10
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We set for all f € C([a,b],R) :

b
1Al = / \f(@)|dz,
flle = sup [f(@)]

z€[a,b]

The applications ||.||1 et ||.||c are considered as norms on the space C([a,b], R).

Definition 1.1.2 (Cauchy sequence)

The sequence (Up)nen € V is called a Cauchy sequence for the norm ||.||v if :
Ve>0, IN>0,Vn>NVp>0, Uy, —U,lv <e.

Proposition 1.1.1
1. Every Cauchy sequence is a bounded sequence.
2. FEvery convergent sequence is a Cauchy sequence.

3. Warning ! Fvery Cauchy sequence is not necessarily convergent.

1.1.2 Banach spaces

Definition 1.1.3 (Banach space or complete normed vector space)
We say that the normed vector space (V, ||.||v) is complete (or Banach space) if any

Cauchy sequence of V' is convergent in V' according the norm ||.||v.

Example 1.1.2
We consider C°([a, b],R) the space of continuous functions on [a,b], we equip this

space with the following norm :

Ifllo = sup [f(z)], Vfe€ Ca,b],R).

z€la,b]

Then, (C°([a,b],R),||.]|s) is a Banach space.

11
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Example 1.1.3
We consider C([a,b],R) the space of continuous and differentiable functions on |a,b],

we equip this space with the following norm :

[flloe = Sup}!f(%’)lﬂL sup |f'(z)l, Vf € C'([a,b],R).

xz€[a,b z€[a,b]

Then, (C*([a,b],R),|.]|s) is a Banach space.

1.2 Fixed Point Theorems

Fixed point theorems play an essential role in studying nonlinear equations, for

this reason we recall some types of these theorems.

Definition 1.2.1
Let X be a Banach space and T' an operator defined from X to itself (T : X — X).
We say that x is a fixed point of T if and only if :

x=T(x).

1.2.1 Banach fixed point

Theorem 1.2.1 [9/
Let X a Banach space and the operator T : X — X. If the operator T is a contrac-

tion, then we say that it has a unique fixed point.

1.2.2 Schauder fixed point

Theorem 1.2.2 [9/
Let S be a non-empty, closed and convex subset of the Banach space X . If the operator
T:S5 — S verifies :

12
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1. T 1s continuous,
2. T(S) is relatively compact,

then, T admits at least one fized point in S.

1.2.3 Krasnoselskii fixed point

Theorem 1.2.3 [9/
Let M be a non-empty, closed and convex subset of the Banach space X. If the two
operators A and B wverify the following properties :

1. Ve,y e M, Av+ By € M,
2. A 1is continuous and compact,
3. B 1s contraction,

then, there exists at least one fized point of the operator A + B, which means that :
dx e M, r = Az + Bx.

Theorem 1.2.4 (Arzéla-Ascoli)
Let S be a subset of the Banach space C([a,b], R). We say that S is relatively compact

if and only if the following conditions must be satisfied :
1. The subset S is bounded.

2. The subset S 1s equicontinuous.

Definition 1.2.2 (Uniformly equicontinuous)
Let S be a subset of the Banach space C([a,b],R). We say that S is uniformly equi-

continuous if :
Ve > 0,30 >0, Va,y € [a,b], |t —y| <d=|fulzx) — fuly)] <€ V[, €S

13
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1.3 Some used properties

Definition 1.3.1 (Lipschitz function)
Let f be a function defined on the interval [a,b] with values in R. We say that f is

Lipschitz function if there exists a constant L € RT satisfies :

Va,y € la,b], |f(z) = fy)| < Llz -yl

Remark 1.3.1
1. The previous function f is said contraction if we can choose 0 < L < 1.

2. The definition of a contraction function in a Banach space X, remains the
same previous definition, but we use the distance associated with the norm of

this space ||x — yl|x-

Theorem 1.3.1 (Mean value theorem)
For any continuous and differentiable function defined on the interval [a,b] with va-

lues in R, (f :[a,b] — R), then there exists a constant ¢ in |a,b| such that :

f(b) = fa) = f'(c)(b — a).

Remark 1.3.2

The definition of a Lipschitz function is closely related to the differentiable function.
Moreover, according to the mean value theorem, a differentiable function on interval
[a,b] is a Lipschitz function, if and only if its derivative is bounded on |a,b], we
write :

Ve, y e [abl, |f(e) = )| < Llz—yl, where L= sup |f'(1)].

t€[a,b]

14
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Lemma 1.3.1
Let f(z), g(z) be functions in the Banach space C'([a,b], R). If there exists Ay, Ay, By, By €
R such that |f(z)| < Ay, |f(z)] < Ag|g(z)| < By and |¢'(x)| < By for all

x € [a,b], then we have :

Va,y € ab], |f(z)g(z) — f(y)g(y)| < (A1By + Ay By)|x —y|.

Proof 1.3.1
It is clear that for all x, y € [a,b] :

[f(@)g(@) = fwgWw)l = [f(x)g(x) — fl@)g(y) + f(x)g(y) — fy)g(y)l,
< [f(@)g(z) = f(@)gW)] + | f(@)g(w) — fW)gw)l,
< [f@)llg(@) = g@)| + g f (@) = f()l,
< Ailg(z) — g(y)| + Bilf(z) — f(W)l,
< AiBoz — y| + BiAs|z — gy,
< (A1By+ AyBy)|x — .

Lemma 1.3.2 (10

Let y(t) be a continuous positive function on [a,b] verifying :

t
L0, 4(1) <L / A(s)ds,

then,
v(t) =0, Vt € a,b)].

Proof 1.3.2
As the function y(t) is continuous over interval [a,b], then In > 0 such that v(t) <
n, ¥t € la,b]. So, we get :

t

() < L/’y(s)ds < Ln(t —a).

a

15
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Also,

IN
h
N
3

By repeating n times, we obtain :

MO e [l

n! n—00
1.4 Orthogonal polynomials

In this section, we address the topic of orthogonal polynomials, and explore some

of their basic properties [11].

Definition 1.4.1
We say that the functions f(x) and g(x) are orthogonal with respect to the weight

function w(z) on [a,b] if :
b
(f,9) =/ w(x) f(z)g(x)dx = 0.

Proposition 1.4.1
Let (P;);>0 be a family of orthogonal polynomials. Then, there is a recurrence relation

between P, .1, P, and P,_, given by :

Vn € N* Ja,, by, cn €R,  Poii(x) = (apx + b,) Po(x) + ¢ Pa1().

16
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1.4.1 Legendre polynomials

Definition 1.4.2

The Legendre polynomials take the following form by the Rodrigués formula :
1 a n
Ln () = —— (@ =1)"),

Conl2ndan
or can be given by the following recurrence formula

(n+1)Lypt1(z) = 2n+1)zL,(x)—nL,—1(z), with Lo(x)=1, Li(z)=x,n>1.

Example 1.4.1

Forn =4 we get the following siz polynomials of Legendre :

Lo(z) =1,

Li(z) = =,

Lofr) = 5(32° ~ 1),

() = 5(50° — 32),

Ly(z) = %(353:4 — 302 + 3),
1

Ls(x) = §(63x5 — 702° + 157).

Proposition 1.4.2

Legendre polynomials are orthogonal on [—1,1] and satisfy :
1 2 .
a5 4 =17
-1 Oa 2 7& j
Corollary 1.4.1

The Legendre polynomials can be defined by a differential equation for any integer n,

such that L, (z) is a solution for the following differential equation :
(1 —2%)y"(z) — 22y (x) + n(n + 1)y(x) = 0.

17
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1.4.2 The first kind of Chebyshev polynomials

Definition 1.4.3

The Chebyshev polynomials of the first kind are given by the Rodrigués representation

Un(.ilj) _ (_1)71 V ﬂ-(l - I2) . d" (1 . x2)n7% ’

2 (n— DI dan

as ;

or by :
Up(z) = cos (ncos™(z)), Vre[-1,1],

also can be defined by the following recurrence formula :
Uni1(x) = 22U, (x) — Up_1(z), with Uy(z) =1,Ui(x) = z,n > 1.

Proposition 1.4.3
These polynomials are orthogonal with respect to the weight function w(zx) = 1/v/1 — x?

on the interval [—1,1], and

L m, ifn=m=0,
[ 0@ U@ Un@yde = S 5 ifn=m #0,
- 0, ifn#m.

Corollary 1.4.2
The Chebyshev polynomial of degree n represent a solution for the following differen-

tial equation :
(1 —2H)y"(z) — zy/(2) + ny(x) =0, Vo e[-1,1].

1.4.3 The second kind of Chebyshev polynomials

Definition 1.4.4

The Chebyshev polynomials of the second kind U, (x) are given by the following for-

18
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mula :

Un(x):( D'+ DV s (1_$2)n+%’

gn+1 (n + )

or can defined by the following recurrence formula :
Upi1(x) = 22U, (z) = Up—1(x), with Up(x)=1,Us(z) =2z,n > 1.

Example 1.4.2

The first six Chebyshev polynomials of the second kind are :

Proposition 1.4.4

The present polynomials are orthogonal with respect to the weight function w(z) =

V1 =22 on the interval [—1,1]. Moreover, we have :

' )5 =,
/_lw(x) Ui(xz)Uj(x) dt = {0’ it

Corollary 1.4.3

The Chebyshev polynomials of the second kind of the degree n represent a solution

for the following differential equation :

(1 —2)y"(z) — 3z (x) + n(n + 2)y = 0.

19



Echahid Cheikh Larbi Tebessi University Department of Mathematics

1.4.4 Hermite polynomials

Definition 1.4.5

The Hermite polynomials can be defined by the Rodrigués formula :

H,(z)= (—1)"ex2d—n (e"”‘g) ,

dz™

or by the following relation :
20H,1(x) = Hypo(z) +2(n + 1)Hy(x), with Hy(z) =1, Hi(x) = 2z,n > 0.

Example 1.4.3

The first siz Hermite polynomials H,(z) are :

Proposition 1.4.5

These polynomials are orthogonal on the interval R with respect to the weight function

2
" Moreover we have :

/_l w(z) Ho () Hy () de = {”! 2m m= "

1

w(z) =e”

Corollary 1.4.4

The Hermite polynomial Hy(x) is a solution for the following differential equation :

y'(x) = 2y (x) + 2ny(z) = 0.

20
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1.4.5 Laguerre polynomials

Definition 1.4.6
The Rodrigués representation for Laguerre polynomials is :

er d"

Ln(‘x) = ﬁdlﬁn (Ineix) )

also, The Laguerre polynomials satisfy the recurrence formula :
(n+2)Ly0(x) = 2n+3—x) L1 (x)—n+1L,(z), with Lo(z) =1, Li(x) = —z+1,n > 0.

Example 1.4.4

The first six Laguerre polynomials are :
Lo(z) =1,
Li(z) = -z +1,

1
Ly(z) = 51‘2 — 4z + 2,

1
Li(x) = 6 2% +92% — 187 + 6,
1
Ly(z) = ﬂx‘* — 162 + 722* — 962 + 24,
1
Ls(x) = o0 2° 4 252* — 2002° + 6002* — 6002 + 120.

Proposition 1.4.6
The Laguerre polynomials are orthogonal with respect to the weight function w(x) =

—X

e~ " on the interval [0, 4o00[. Moreover, we have :

/OOO € L () Lm(z) dz = {1= n=nm,

0, n#m,
Corollary 1.4.5

The Laguerre polynomial L, (x) satisfies the following differential equation :
zy"(x) + (1 — )y () + ny(z) = 0.

21
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Remark 1.4.1

We can see that an alternative polynomials employed in engineering and scientific
applications can be listed as follows :

Bernoulli polynomials [12], Fibonacci polynomials [13], Genocchi polynomials [T)],
Hosoya polynomials [15)], Lucas polynomials [16], Pell polynomials [17[, Touchard
polynomials [18]. For more detail see [19].

22



Chapitre 2

Analytical study of the proposed
equation

In this chapter, using the fixed point techniques, we will demonstrate the existence

and uniqueness of the solution for the proposed integro-differential equation.

2.1 Existence of the solution

We consider the nonlinear Volterra integro-differential equation given by the fol-

lowing formula :

u(t) = /0 k(t, $)o(u(t), u(s), u/(s))ds + g(t), it € [0,1], (2.1)

where k € C1([0,1]%,R), ¢ € C'(R3 R), g€ C([0,1]) and u(t) is the solution that
we want to find in the space C'([0,1]). We point out that the unknown solutions
u(t),u(s) and u/(t) are nonlinearly founded inside the kernel of equation, which is

called a general non-standard integro-differential equation.

For technical reason, we need to derive equation ([2.1)) with respect to variable ¢

to get an alternate equation that provides additional insight into the solution wu(t)

23
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as follows :
u'(t) = i %(t,s)qb(u(t),u(s),u'(s))ds+u'(t)/0 k:(t,s)%(u(t),u(s),u'(s))ds
+ k(t, t)p(u(t), u(t),u'(t) + ¢'(t). (2.2)

To begin to study the system of equations ([2.1)-(2.2)), we must impose the following
hypothesis :

(Vt,s € 0,1], Vz,y, 2 € R,3AK, M, G, R € R", such that :
o max {k(t,s), 2(t,s)} <K,
(H): e max{gzﬁxy, ),%xy, z)} < M,
° max{g }SG,
‘u \<R

Theorem 2.1.1

If the hypothesis (H) is satisfied, then equation (2.1)) has at least one solution in the
space C*([0,1]).

Proof 2.1.1

Consider the Banach space X = C'([0,1]) equipped with the standard norm :

Vue X, ||ul| = sup |u(t)] + sup |u'(¢)].
t€[0,1] t€[0,1]

We define the operator A from the space X into itself by :

A(U)(t)z/o k(t, s)¢(u(t), u(s), u'(s))ds.

It’s clear that if the operator A admits at least one fized point, then equation (2.1))
admits at least one solution in X. For this reason, we will demonstrate that the ope-

rator A satisfies the conditions of Schauder fized point theorem [11], according to the

24
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following steps :

Step 1 : We must verify that for allu € F, then A(u) € F, where F' is a subset
of X, given by :

F:={ueX, |ul| <3KM+ RKM + 2G}.

First, we can see that the subset F' is non-empty, closed, and convex. For any u € F

and t € [0, 1], we have :

[A(w)®)] = ,

/0 B(t, 5)b(u(t), uls), o/ (s))ds + g(t)

/0 K(t, $)b(u(t), uls), u/(s))ds| + g(t)]

< KM +d.

Similarly, one may find :

@Ol < [ G906 v [

+ |k Do(u(t), ut),u' ()] + 19 ()],
< KM+ RKM + KM + G.

IN

k(t, 3)%(u(z€),u(s),u’(s)) ds

Therefore, we deduce that ||A(u)|| < 3KM + RKM + 2G, which means A(u) € F.

Step 2 : We must verify that operator A is compact and continuous.
It is clear that A is continuous. To study the compactness of operator A, it remains
to prove that the set A(F) is uniformly bounded and equicontinuous. From Step 1,
we find directly that A(F) is uniformly bounded. Going now to prove that A(F) is
equicontINUoOUS.

For any u € F, for all ty,ty € [0,1], with t; > ty, we have :
|A(u)(t1) — A(u)(t2)| < I + I,

25
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where,

L, =

9

| bt stuten) ). s = [ ke s)ofu(ta). ). (9)ds

Iy = |g(t1) —g(t2)].

Then,

)

| kit syotuten) ) s = [t s)otu(t). ute). ()

< / (t, 8)(u(ty), uls), o (5)) — k(ta, 8)d(ults), u(s), o (s))]| ds
n / " k(ta, 8)b(ult). uls), o' ()] ds.

and by using Lemma |1.5.1], we obtain :

I, < (KMR+ KM)|t; —to] + (KM)|t; — ts,

= (KMR+2KM)|t, — taf.
Also, the mean value Theorem gives us :
Iy = |g(t1) — g(t2)] < Gt — to].
So, we conclude that :
|A(u)(t1) — A(u)(t2)] < (KMR+2KM + G)|t; — ta.
In the same way, we can get :

[A'(u)(h) = A'W)(t)| < i+ b+ Iy + L+ I,
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where,

L = [k(ty, t)d(ult), u(ty),u' (t)) — k(ta, t2)p(ults), u(ts), o (t2))],

I = /01 %(tl,S)¢(U(t1)7u(3)aul(8))_%(t% s)p(u(ta), u(s),u'(s))| ds,
i = / O (. 8)0(u(ts),uls) 1/ (5) | ds.

u'(tl)/o1k(tl,s)%(u(tl),u(s),u'(s))ds—u'(tg)/ k)(tz,S)E(U,(tg),U(S),U,(S))dS ,

Is = |g'(t) — g (t2)]-

By applying Lemma[1.3.1], we obtain :
I, < (KMR+ KM)[ty —ty].

Also, we have :

i - / O (i, 0(u(t), u(s) 1 (5)) — (1, ) (u(ts),uls) 1 (s) | ds.
< / ‘Z,’j(za,) (ultr), u(s), () — Sults), uls), (5))] ds
[ otute |\ (1.9) = 21y, )] as.
< KMR|t1—t2|+M/ —(t1,8) — g]z(tg,s) ds,

on the other hand, the function %%(t, s) is continuous over the interval [0,1], so it is

uniformly continuous, which permits us to write :

ok ok

ot (tl, ) ot (tz, ) < (51(’t1 _tQD —0 as t1 — t2,

so, we obtain :

I, < KMR|ty — to| + Moy (|t; — ta]).
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It is clear that :

I3 < KMty —ty).

Now, For the term E, we have :

i, - u’(tl)/o1k’(tl,5)%(u(t1),u(s),u’(s))ds—u’(tz)/OQk(tQ,s)
< Iit) 1%%)%(@)<>wm@—4%®,@%mmmww@m5
b)) — (s |/ F(ta, 3) 22 (u(t), u(s), w/(s))]| ds,
to @gb

< R

/0 k(t, s )8t( ulty), u(s), u'(s))ds — | k(ta, )50 (ulta), u(s), u'(s))ds

+ KM [u'(t)) —u'(t2)],

and as we have done before, we find :

Iy

also, the functions

write :

9¢

(), u

< R [ k(e 91 G o). u(s)(s) - Gt uls), ()

o¢
ot

(u(tz), u(s), u'(s))ds

ds

+ R/Ol %(U(tg) u(s),u'(s))ds| |k(t1,s) — k(ta, s)| ds
b R [ k() G ) u(s) o (5))ds|

+ KM u'(ty) —u(tz)\

< B [ |Gt uls). 0 (5) = G utta).uls) ' (5)
+ RMK]|t, — t2| + RMK|t; — to| + KM |/ (t1) — v/ ()],

99
ot

u(s), u'(s)) — g—f(U(tz),U(SM’(S)) < Ol —1a]) = 0

[ (t) — /' (t2)] < O3(]t1 —ta]) = 0O
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so, we get :
I, < 2KMR|ty — to] + KRs(|t1 — ta]) + KMs(|t, — ta)).
According to the uniformness continuously of the function ¢'(t), we have :
lg'(t1) — ¢'(t2)] < da(Jt1 —ta]) = 0 as t; — to,

then
I5 < 64(Jt1 — ta)).

Consequently,

+ KMobs(|t1 — ta]) + da(|t1 — ta]).
Finally, we conclude that :
+ KM(53(|t1—t2|)+54(‘t1—t2|)—>0 as t1 — to,

which confirms us that A(F) is equicontinuous. From the Steps 1 and 2, the operator
A has at least one fized point, i.e. the equation (2.1) has at least one solution.

2.2 Uniqueness of the solution

In the previous section, we have demonstrated that equation (2.1) has at least

one solution. Now, we will prove that this solution is unique, but we must first add
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the new hypothesis :

(‘v’a:, y, z, 'y, 2 € R,JA;, Ay, Az, By, By, B3 € RT, such that :

o [6(2,9,2) — 31/, )] < Al — 2| + Aly — y/| + Aslz — 2],
() 3o [2(ap.2) - 2o/, 2)| < Bulo — /| + Buly — | + Bl - 2|,

o KA <1,

e KA+ KM < 1.

\
Theorem 2.2.1
If hypotheses (H) and (ﬁ) are satisfied, then the solution of equation (2.1)) is unique.

Proof 2.2.1
Let u(t),v(t) be two different solutions of equation (2.1)). We define the function y(t)
by :
V() = [ut) —o(@)] + [u'(t) =" (1)], Vte[0,1].
First, equation (2.1) gives us :

t

u(t) —o(@)] =

ke s)otute) o). ' (s)is = | (e, )0(0(t), u(s), o (5))ds]
< / k(2. )] [B(ult), u(s), /() — D(0(t),v(s), /(5))] s

and from (H), (H

ut)—o(t)] < K / B(ut), u(s),u()) — o(u(t), (s), /(5))|ds

< K / (Aifu(t) = o] + Aalu(s) — v(s)| + Asld(s) - v/(5)]) ds,
< KAl\u(t)—v(t)|—|—Kmax{A2,A3}/0t’y(s)ds

then
(1— KADu(t) — ()] < Kmax{Az,Ag}/Otv(s)ds
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and according to KA, < 1, we obtain :

u(t) = o(t)] < Kﬁaf{;i{f}

i ~v(s)ds. (2.3)

In a similar way, we get :
W'(t) = ' (1)] < 51+ G2+ S,
where,

Su = kL Dllou) u(t) 1) — o), (1), (B),
S — / K (1, )| b(u(t), uls), ' (s)) — Su(t), v(s),v'(s))]ds,

E(tvs)
S3 = u'(t)/o k:(t,s)g—(f(u(t),u(s),u'(s))ds—v'(t)/o k(t,s)%(v(t),v(s),v'(s))ds.

It’s clear that :

S1 = ’k(tv t)”(b(u(t)? u(t>7 u/<t)) - (b(’l}(t), U(t), Ul(t))‘,
< K(Ai|u(®) —o@)] + Azlu(t) — v(t)] + As[u'(t) —v'(1)]),
= K(A; + Ay)|u(t) —v(t)] + KAs|u'(t) — v'(t)].

Also,

ok
E(ta 5)

t
s -
0

K / B(u(t), uls), /() — S(u(t), v(s), v/ (s))lds,

|(u(t), u(s), u'(s)) — o(v(t), v(s), v'(s))lds,

IN

IN

K/O (Avfu(t) —v(®)] + Azlu(s) — v(s)| + Aslu'(s) = v'(s)])ds,

IN

KAj|u(t) — v(t)| + K max{As,, Ag}/o v(s)ds.
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For the term S3, we have :

S; = u’(t)/o k(t,s)%(u(t),u(s),u'(s))ds—v'(t)/o k‘(t,s)%(v(t),v(s),v’(s))ds,
< ol | |k<t,s>|‘i—fm(t),u(s),u'(s))—%(v(t)w@)w'@)) s

b0 =0l [ kel G, o660

ds,

_ 9

< KMu/(t) = v'(t)] + RK / 20 ut), u(s), () — 22 0(1), v(5), V(5)

ds,

and from hypothesis (H), we get :

Sy < KM'(t)—'(t)| + RK /Ot(Bl|u(t) —u(t)] + Ba|u(s) — v(s)| + Bs|u'(s) — v'(s)|)ds,
< KM() — o' (8) + REKByJu(t) — v(t)| + RK max{By, By} /0 o (s)ds,

so, we conclude :

[W'(t) = ()] < Si+ 5 +5,
= (KA + KM)[u/(t) = /()] + (2K A, + KAy + RKBy) [u(t) — v(t)|

t
+ (K max{As, A3} + RK max{Bs, Bg})/ v(s)ds,
0

and by using the condition KAs + KM < 1 and the previous inequality (2.3)), we

obtain :

t
‘u/(t) _ U/(t)l S (2KA1 + KAQ -+ RKB1>K maX{A27 A3} / ’y(s)ds
0

(1—KA;— KM)(1— KA;)

(Kmax{/ﬁ,z_‘lgl]; ZSIiKKHE);{B%Bﬁ) /O v(s)ds,  (2.4)

by combining the inequalities (2.3) and (2.4)), we find :

t
3L >0, such that, ~(t) < L/ v(s)ds,
0
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where,

I - K max{As, A3} K max{A,, A3} + RK max{By, B3}
(1-KA) (1-KAs— KM)
(2KA; + KAy + RK By) K max{A,, A3}
(1-KA3— KM)(1 - KA) '

Thus, by applying Lemma|1.3.9 described above, we get y(t) = 0, i.e. u(t) = v(t) and
' (t) = '(t). Therefor, the equation (2.1)) has a unique solution.
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Chapitre 3

Numerical study of the proposed
equation

In general, there are no analytical methods for solving integral equations. There-
fore, numerical approximation techniques must be used to approximate these equa-
tions. In this chapter, we will use the Fibonacci Wavelets Collocation method [20] to

determine the approximate solution of our integral equation.

3.1 Fibonacci Wavelet and its properties

3.1.1 General Wavelets’ Family

To build a family of functions, the mother wavelets dilate and translate them-
selves. We coined the term wavelets to describe them. The family’s wavelets are as

follows :
_1 t—q
Vpq(t) = [p|720 (T) ., p,qER, p#O0.

The dilation and translation parameters are indicated by the letters p and ¢, respec-
tively. Furthermore, ¢ varies continuously.

If we choose p = pak, q= npakqo, po > 1, qo > 1, and n and k are positive integers,
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the discrete wavelet family is introduced as :

Vrn(t) = pol*? ¥ (pit — ngo)

where ., (t) is the wavelet basis in L*(R).

3.1.2 Fibonacci Polynomials

First, the Fibonacci polynomials are defined in terms of the recurrence relation

for every t € R+ as follows :
Phio(t) = tPyni1(t) + Pu(t), ¥Ym >0,

with initial conditions Py(t) = 1, P;(t) = t. They can be defined similarly using the

following general formula :

tPy—1(t) + Pp_a(t), m > 1.
3.1.3 Fibonacci Wavelets

Now, we define the Fibonacci Wavelets ¢, ,,,(t) = ¢(k,n,m,t) On the interval
[0,1] by :

k1 7 A+l
272 k—1 ~
Yty = o D (=) g <

0, otherwise,

where,

e P, (t) are the Fibonacci polynomial of degree m = 0,1, ..

e [ is the level of resolution k = 1,2, ...,

e 7 and n are the translation parameters n =n — 1, n =1,2,..., 281,

e t is the normalized time,

° \/q}ﬁ is a normalization factor, w,, = fol <Pm(t))2 dt.
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3.1.4 Function Approximation Using Fibonacci Wavelets

Let 1; ; be the sequence of Fibonacci Wavelets for m = 0,1,...,. M — 1 and n =
1,2,...,2F"1. For every fixed n, there is a Fibonacci space spanned by the elements
of the sequence v ;. So, we fairly accurate the function w(x) under the Fibonacci

Wavelet as follows :

u(z) = Z Z Crm Ynm (T)-

n=1 m=0

By truncating this series, we get :

2k=1 pr—1

u(@) ~ > Y Comtnm(z) = CTU(), (3.1)

n=1 m=0

where C' and W(x) are 2"1M x 1 vectors given as :
T
C - [CLQ, ey Cl,M*l; CQ’O, ey CQ’Mfl, ey CQk—l’O, ceey Cgk—17M_1],

\I/((L’) = ['lbl’o(x), « ey 1/117M_1(l’), wg,o(l’), <y 1/)27M_1(I>, c ey Q/JQk—lﬁ([E), <oy pok—le_l((L’)].

We point out that then Fibonacci Wavelet Expansion of the function u(x) is uni-

formly converges to it.
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3.1.5 Integration Operational Matrix of Fibonacci Wavelets

Consider the Fibonacci Wavelet basis which tackled for K =1 and M = 10 :

Y1o(t) =1,
w1,1<t) = \/§t>
1 /15
Pra(t) = 3 7(1 +t2),

V13(t) = ,/%(215 + %),

35
Vra(t) = 3\/%(1 + 3t + 1),

3 [ 385
t) = A/ o= (3t + 483 + 17

5005
_ 1 2 4, 46
P16(t) =3 1268209( + 6t° + 5% +t°),
5005
— 4 1 3 5 7
Y1 7(t) =3 2827883( t+10t° +6t° +t'),

3 [ 85085
= - —1 1 2 1 4 6 8
V1 5(t) 5 28195421( + 1082 + 15t 4 715 4+ %),
1616615
1) =34/ ————— (5t + 20t% + 21t° + 8" + 7).
Pro(t) 3\/5016284989(5 + 3208+ + 87+ )

Let W(t) = Wyo(t) be basis given as :

Uio(t) = [W10(t), 11(t), Yra(t), via(t), Yra(t), ¥is(t), Yie(t), Yir(t), Yis(t), ¥io(t)]".
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Now integrate the above first ten basis concerning variable s, limit from 0 to ¢, then

express as a linear combination of Fibonacci Wavelet basis Wy,(t) as follows :

¢ -

1
§)ds=10—=00000000]Ty(t),
nate) s = o - ] o)
tqp (s)d 1 \/70000000\1/()
5)ds = | ——=
; 11 \/§ 10(t
t \/5
ds=10 Y2029 500000| w £,
; V19(s) ds 6 = 12 10(2)
t /105 /1943
Ura(s)ds = | — = 0 00000| Wy(t),
0 " |2 535 \/ ANTIT
t [ VTIT 42532
Ura(s)ds= 000 — 0 0000] T(t),
0 _ 51043 521373
t [ /385 21373 1263209
by 5(s)ds = 000 — v 0 v 000] Ti(t),
o | 41/2582 24y/2582  24+/33566
t [ 4/33566 98195421
Yr16(s)ds= (00000 v 0 v 10(?),
0 _ 7/1268200  41/43074011
t [ 3./5005 V1268200 /28105421
/ Ura(s)ds = | —0_ 00000 0 0] Wio(t),
0 | 41/2827883 812827883  41/48074011
! [ VAR07T4011 /5016284989
drs(s)ds= 10000000 0 Wio(t).
0 _ 18v/28195421 18535712999

Moreover, the base function ¢4 ¢(s) is a polynomial of degree 9. So, we must define

its integral from 0 to ¢ using the new base 1 10(t) by the following formula :

! 323323 V535712999 V11041544471
/ Pro(s)ds = | =3y = 0000000 0] Wyo(t)+ Pr10(t),
0 25081424945 5v/5016284989 10v/5016284989

where,
1616615
t) =3¢/ ——————— (1 + 15t> + 35¢* + 28t% + 9¢® + t19).
Yri0(t) \/11941544471( + + + +9t7+ 1)

38




Echahid Cheikh Larbi Tebessi University

Department of Mathematics

Hence, we conclude that :

t
/ \1110(8) dt = BlOXqullo(t)
0

where, the matrix Bjgxi is given by :

+ \IJIO (t)a
0 0
0 0
0 0
0 0
41/2582 0
5121373
0 /1268209
24/33566
4/33566 0
7+/1268209
0 /1268209
81/2827883
0 0
0 0

V11941544471

1
0 & 0 0 0
V3
S 0 /I 0 0
0 20 ¥z 0
105 0 7 0 V/1943
2v/239 2v/239 4VTIT
B 0 0 0 T 0
10x10 — 4\/? 0 0 0 _ /21373
V2582 244/2582
0 0 0 0 0
3v/5005
4+/2827883 0 0 0 0
0 0 0 0 0
L =3 \V 2503821?1132243945 0 0 0 0
and the vector basis Wy,(t) by :
U(t)=1000000000

10\/5016284989%’10

o O o o o o

V28195421
44/48074011

0

V48074011
18128195421

0

()

In a similar manner, we can generate matrices for our handiness by :

/t U(s)ds = BU(t) + U(t).

0
0
0
0

0
0

0
/28195421
4+/48074011
0

V535712999
5v/5016284989

o O OO o o o o

0

V5016284989

18/535712999
0

(3.2)

3.2 Description of Approximate Solution’s Method

The primary goal of this part is to approach the solution of the system of equations

(2.1)-(2.1)), using the Fibonacci Wavelets. We mention that we need to add the initial

condition u(0) = gg and we will use just the second equation of the previous system :

L Ok

u'(t) = a(t,s)qb(u(t),u(s),u'(s))ds+u'(t)/0 k(t,s)

+ k(D) (u(t), u(t), w'(1)) + g'(1).

39
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First, we approach the function «'(¢) by using (3.1) the approximate formula of

Fibonacci Wavelets :

u'(t) = CTU(t). (3.3)

Then, we integrate (3.3)) from 0 to ¢, when the operational matrix formula (3.2)) gives

us that :
/Ot u'(s)ds = /Ot CTW(s)ds,
u(t) —u(0) ~ CT /Ot\If(s)ds,
ult) ~ oo+ C7 [B\If(t) +W} . (3.4)

Now, substitute and in , we obtain :

CTu(t) = Ot%(t, s)o (QO+OT [Bxp(t>+W] oo+ CT [B\If(s)%—m] , (JT%)) ds
v ooTu(t) /t k(t, s)% (00 +C" [BUW) +TD|, 00+ CT [BU(s) + V(5] |, CTU(s)) ds
+ k()6 (00 + CT [BYW) +UD)|, 00+ CT [BUW) + F(E)], W) + (1),

By collocating this equation on the uniform following grids points :

1+ 1

ti= s
F—1(0M + 1)

1=0,1,2,...,M —1,
we obtain the following nonlinear algebraic system :

cTA= DT, (3.5)
where A is a matrix given by :

A= (ai,m)OSLmSQk—lM,l y  Qim = ¢k,m(tz)a
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and the vector D = [d;]yc;con-137_1 DY

d = /Oti %(ti, 5)o (go T [B\Il(ti) + W} oo+ CT [B\If(s) +W} , C’T\I/(s)> ds

+ CTU(t) /Oti k(ti,s)g—f <go T [B\I/(ti) +W] , 00+ CT [B\p(s) +W] , C’T\IJ(S)> ds

+ k(tit)6 (00 + CT [BUE) + U)o+ CT [BU(E) + T(E)|, CTU(E) ) + g (t).

We solve the above algebraic system ({3.5)) using MATLAB Software to determine the
values of the coefficients CT, then by substituting them in formulas (3.3]) and ([3.4))

we get the approximate solution u(t) and its derivative u'(t), respectively.

3.3 Numerical Examples

In this section, we provide two illustrative examples to show the efficacy of the
Fibonacci Wavelets Collocation method. First, we take k£ = 1 and varying the para-
meter M € {1,2,...,9} in order to find an approximate solution wu,,(t) with its de-
rivative uj,(t) of the given examples according to the system described above.
Moreover, to compare between the exact solution u.,(t) and its derivative u/, (t) with

the approximate solutions we define the error function E as :
E = Juea(t) = ttap(t)lloo + [tea () — (1) oo

3.3.1 Example 1

Consider the following equation :

where,
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and the exact solution and its derivative are given by :

ult) =e " +1, u(t)=e"

M E [teration CPU time (sec)
2 8.27E-2 9 0.28
3 1.10E-2 10 0.28
5 8.63E-5 11 0.31
7 3.12E-7 12 0.35
9 1.66E-9 20 3.21

TABLE 3.1 — The error function E of example 1.

Interpretation : Table shows us that the error function F converges to zero
quickly by increasing the values of M, which means that the approximate solution
and its derivative close to the exact solution and its derivative (Figures [B.1}3.2),
respectively. So, these numerical results confirm the efficiency and validity of the

Fibonacci Wavelets Collocation method.
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191 —_— uex(t): Exact solution s

A uap(t): Approximate solution

1.8

17r

1.6

14

FIGURE 3.1 — Exact and approximate solution of example 1 with M = 8.
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1

o

15
T

1

o

~
T

u'ex(t): Exact derivative

-0.8 0o (t): Approximate derivative

u
ap

0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

FIGURE 3.2 — Exact and approximate derivative of solution of example 1 with M = 8.

3.3.2 Example 2

Consider the second equation :

sin(s — t)

u(t) = /0 w(®2(Ru(s)? —w/(s) + R +

1ds + g(t),

where,

sin(Rt) — cos(t) cos(Rt)
cos(Rt)

gty =1+ , R>0, 00=0, te]0,1],

and the exact solution and its derivative are given by :

R

u(t) = tan(Rt), u'(t) = o2 (BRI
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M R=0 R=t R=2 R=2 R=n R=1%
3.05E-16 2.18E-2 3.68E-1 4.18E132 233E11 251E133
1.85E-16 1.83E-3 1.11E-1 4.18E+32 2.79E133 1.39E{32
5.55E-16 3.96E-5 1.23E-2 4.18E132 9.46E+33 1.25E+34
2.92E-15 T.06E-7 1.16E-3 4.18E+32 3.15E+34 1.39E+32

1.78E-14 8.97E-9 1.00E-4 4.18E+32 1.11E+35 1.39E+32

O J Tt W N

TABLE 3.2 — The error function E of example 2 by varying the values of R.

Interpretation : First, wa have found in the theoretical analysis of our equa-
tion that the boundedness of the derivative of its solution is a necessary condition
for the existences and uniqueness study. However, in example 2, we have chosen
u'(t) = ﬁ, ie. |v/(t)] < 3.5R, then we vary the values of R in order to see its

influence.

Table shows us that for R < 7, the error function £ vanishes by increasing
the values of M. As well as, the graphical representations of the exact solution with
its derivative and the approximate solution with its derivative given in Figures |3.3

and are nearly identical, respectively, for R = § and M = 8.
Regarding to R > 7, Table 3.2 and Figurd3.5[show that the approximate solution

completely diverges for any value of M. So, we conclude that the boundedness of

solution’s derivative is very important condition to study these types of equations.
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08 — uex(t): Exact solution

0.7 A uap(t): Approximate solution

0.5r

0.3

0.2r

0.1

FIGURE 3.3 — Exact and approximate solution of example 2 for R = 7 and M = 8.
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15F

14F — u’ex(t): Exact derivative

1.3F o u;p(t): Approximate derivative

0 0.1 0.2 0.3 04 0.5 0.6 0.7 08 0.9

FIGURE 3.4 — Exact and approximate derivative of solution of example 2 for R =
and M = 8.
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x 10*

The error function E

Values of: M

Values of: R

FIGURE 3.5 — The error function E of example 2 by varying of R and M.
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Conclusion

o In this thesis, we studied a specific form of the non standard integro-differential

Volterra equation.

e Our study started with establishing the existence and uniqueness for the

solution of this equation based on the Schauder fixed point theorem.

e Alternatively, Fibonacci Wavelet Collocation method is employed to obtain
an approximate solution for this integral equation, where the numerical results show

its effectiveness and performance.

49



Bibliographie

[1] A.M. Wazwaz : Linear And Nonlinear Integral Equations Methods and Applica-
tions. Springer Heidelberg, Dordrecht Londen, 2011.

[2] R.P. Kanwal : Integral Equations Theory And Technique. Pennsylvania State
University, 1971.

[3] P.J. Collins : Differential and Integral Equations : Part II. University of Oxford
Mathematical Institute, 1988.

[4] A. Jerri : Introduction to integral equations with applications. John Wiley, Sons,

1999.

[5] M. Rahman : Integral Equations and Their Applications, Dalhousie University.
Canada, 2007.

[6] J.A. Nohel : Analytical and Numerical Methods for Volterra Equations. Society
for Industrial And Applied Mathematics, 1985.

[7] H. Brunner : Collocation Methods for Volterra Integral And Related Functional

Differential Equations. Cambridge University Press, 2004.

[8] F. Abdel Aziz, M. Salameh : Analytical And Numerical Solutions of Volterra
Integral Equations of the Second Kind. An-Najah National University Faculty of
Graduate Studies. Thesis, 2014.

50



Echahid Cheikh Larbi Tebessi University Department of Mathematics

[9] E.R. Shamash : Fixed point theory : Banach, Brouwer and Schauder theorems.
Doctoral dissertation, California State University, Northridge, 2000.

[10] H. Guebbai, M.Z. Aissaoui, I. Debbar, B. Khalla : Analytical and numerical
study for an integro-differential nonlinear Volterra equation. Appl. Math. Com-

put. 229, 367-373, 2014.

[11] Y. Henka : Numerical Processing of Nonlinear Fredholm Integro-Differential

Equations by Applying Projection Techniques (Doctoral dissertation). 2024.
[12] S. Singh, V.K. Patel, V.K. Singh, E. Tohidi : Application of Bernoulli matrix

method for solving two-dimensional hyperbolic telegraph equations with Dirichlet
boundary conditions. Comput. Math. Appl. 75, 2280-2294, 2018.

[13] A. Kurt, S. Yalginbas, M. Sezer : Fibonacci collocation method for solving linear

differential-difference equations. Math. Comput. Appl. 18(3), 448-458, 2013.

[14] A. Isah, C. Phang : Operational matrix based on Genocchi polynomials for
solution of delay differential equations. Ain. Shams. Eng. J. 9(4), 2123-2128,
2018.

[15] P.C. Jayaprakasha, H.C. Shashikumar : Numerical solution of non-linear integro-
differential equations using operational matrix based on the Hosoya polynomial
of a path graph. Indian. J. Sci. Technol. 16(15), 1159-1167, 2023.

[16] N.B. Savasaneril : Lucas polynomial solution of a single degree of freedom sys-
tem. Sci. Res. Commun. 3(1), 1-10, 2023.

[17] S. Cayan, M. Sezer, M. Cevik : Pell matrix collocation method for solving dam-
ped wave equation. In. 3rd Int. Students. Sci. Congr. Proc. Izmir. 281-289, 2019.

[18] S. Sabermahani, Y. Ordokhani : A computational method to solve fractional-

order Fokker-Planck equations based on touchard polynomials. Comput. Math.

Comput. Model. Appl. 1(2), 65-73, 2022.

51



Echahid Cheikh Larbi Tebessi University Department of Mathematics

[19] M. Qevik, N.B. Savasaneril, M. Sezer : A Review of Polynomial Matrix Colloca-
tion Methods in Engineering and Scientific Applications. Arch. Comput. Methods
Eng. 1-19, 2025.

[20] S. Kumbinarasaiah, M. Mulimani : A novel scheme for the hyperbolic partial
differential equation through Fibonacci wavelets. J. Taibah Univ. Sci. 16(1), 1112-
1132, 2022.

52



	Introduction
	Preliminaries
	Banach spaces
	 Normed space
	Banach spaces

	Fixed Point Theorems
	Banach fixed point
	Schauder fixed point
	Krasnoselskii fixed point

	Some used properties
	Orthogonal polynomials
	Legendre polynomials
	The first kind of Chebyshev polynomials
	The second kind of Chebyshev polynomials
	Hermite polynomials
	Laguerre polynomials


	Analytical study of the proposed equation
	Existence of the solution
	Uniqueness of the solution

	Numerical study of the proposed equation
	Fibonacci Wavelet and its properties
	General Wavelets' Family
	Fibonacci Polynomials
	Fibonacci Wavelets
	Function Approximation Using Fibonacci Wavelets
	Integration Operational Matrix of Fibonacci Wavelets

	Description of Approximate Solution's Method
	Numerical Examples
	Example 1
	Example 2



