People’s Democratic Republic of Algeria

\@ Ministry of Higher Education and Scientific hgapd
~ 4 FSESNV

S & Research il
% Echahid Cﬁez/{ﬁ il el gl el
auwy - Ll Lol deol O i L
Université Larbi Tébessi - Tébessa

Larbi Tebessi University- Tebessa
Faculty of the Exact Sciences and Siences of Natural and Life

Department: Mathematics and computer science

Course intended for students of 2rd year Master PDE and
Applications

Introduction to control theory
of systems

By: Dr. Abdelhak HAFDALLAH

2022/2023




Table of Contents

Notations & Abbreviations (Page 2)

Introduction (Pages 3—6)

Chapter 1: Controllability and Observability for ODEs (Pages 7—33)
Reachable set and controllability definitions.

Kalman Rank Condition

Theorems for controllability.

Hautus Test

Eigenvalue-based controllability criterion.

Observability

Kalman observability rank condition.

Controllability Gramian

Gramian condition for LTI and LTV systems.

Exercises (Pages 23—33)

Chapter 2: Controllability and Observability for PDEs (Pages 34—68)
Infinite-Dimensional Systems

Abstract Cauchy problem and controllability definitions.
Hilbert Uniqueness Method (HUM) (Pages 40—46)
Application to wave equations.

Russell’s Principle (hyperbolic systems).

Null controllability for parabolic systems.

Exercises (Pages 61-68)

Chapter 3: Optimal Control of Linear PDEs (Pages 69—86)
Optimal Control Framework

State, control, and observation spaces.

Adjoint Methods

Derivation for elliptic, parabolic, and hyperbolic systems.
Examples

Laplace equation with distributed /boundary control.
Exercises (Pages 77—86)

Boundary control, coupled systems, sparse control.
Appendices (Pages 87-90)

Mathematical Foundations

Matrix exponential, Cayley-Hamilton theorem.
Banach/Hilbert spaces, CO-semigroups.

Key Definitions

Transition matrix, Gramian, Sobolev spaces.

References


Guest
Rectangle


iii

Notations & abbreviations

Set of positive real numbers.

A norm in Banach space H.

A scalar product in Hilbert space H.

Duality product between H and H "

A semi-norm in H.

The class of functions with continuous first and second derivative.
The conormal derivative.

The laplacien operator.

The gradient operator.

Divergence.

A is a positive matrix.

The adjoint operator of A.

Lebesgue measure on boundary I

Characteristic function of the set w.

The space of linear bounded operators from ) to Z.

The space of functions in C*° with a compact support tin Q.
Reimann-Liouville fractional derivative of order o with respect to tim
With respect to.

Partial differential equation.

Such that.

If and only if.

Almost every where.
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Introduction

Every system can communicate with the outside through two types of variables.
On the one hand, the system receives actions from the outside. These actions are
exerted through inputs on the system or controllers. On the other hand, the system
provides information on its evolution to the outside. This information completes the
model and is called outputs (or observations). These outputs are provided through
Sensors.

We call input (or control) the excitation applied to the system from an external
source in order to cause a specific or a desired response. The output is called
observation.

When systems depend on time and space variables, the notions of control and
observation must be completed by some spatial information.

The systems, as it will be defined, can be seen from the outside as a black box
or from the inside if we can define intrinsic variables internal to its operation (state
variable).

The modeling or external description, is still called modeling of operation or
modeling input output. The external presentation of the systems can be in the
form

which gives the output of the system at time ¢ due to the control u ().

To do this by introducing the notion of state note z, of the system. The state of a
system can be defined as a minimal set of variables such that from their knowledge
at minutant ¢y and those of the system environment it is possible to predict the
behavior of these variables for all future times have (¢ > ty). These are the variables
describing and summarizing the internal history of the system constitutes the so-
called system state.

Controllability is a crucial concept in control systems design as it determines
whether a system can be controlled effectively. Systems that are controllable are
typically easier to manage and can be designed to achieve desired performance
characteristics.

In other words, u and y are related through an equation of state.

u— 2z with 2" = f (¢, z,u),
z — y with 2/ = h(t,2),

Mathematically, what is added to the external representation is the data of the
function f and the dynamic model described by

2 = f(t,zu) (0.1)

iv
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This is the equation of state, its solution is called (trajectory).

The internal description of the systems supposes a rather fine knowledge of the
various components of the system, their behavior and their interactions mathemati-
cally, this description can be represented in the standard form of a set of differential
equation integro-differential, delays or partial derivatives, etc..

We place ourselves in the case of an internal representation in the case of math-
ematical localization, this description can be represented in the standard form of a
set of differential equations in the case of continuous system in time. In the case of
discrete systems, it will be a difference equation (or a system of equations). This is
the so-called state vector representation. We designate by Z the state space which
will be in m first time identified with R™. This space contains in the set of admis-
sible values of the state. Thus, for any ¢,z(t) € Z is n vectors with n components,
each of which is a state variable note

zi(t);i=1,...,n

For any t,u (t) is m input vector (control) with component w; (t);i =1,...,p.
Analogously, we will define m control space V', with V' C RP. An equation of state
will take the form of the following general differential system:

{z’zf(z(t),u(t)),tzto

4 (to) = 20

Thus the study of the system is reduced to that of the set of solutions of the
above equation for an input u (¢) assumed to be known.
Let’s go back to the autonomous state equation described by :

/()= 40
{702 02)

Where the state z, [0,¢] — R™ and A € L (R™) represents the system dynamics.

From the precision of autonomous vehicles to the stabilization of power grids
and the regulation of biological processes, control theory lies at the heart of engi-
neering and science. At its essence, control theory answers a timeless question:
How can we design inputs to steer complex systems toward desired behaviors?
While classical methods have long addressed finite-dimensional systems modeled
by ordinary differential equations (ODEs), the frontiers of modern science—smart
materials, climate resilience, quantum technologies, and biomedical engineering—
demand mastery over systems governed by partial differential equations (PDEs).
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These infinite-dimensional systems, where states evolve across both space and time,
challenge us to extend classical principles into uncharted mathematical terrain.

This course bridges the gap between finite and infinite dimensions, offering a
rigorous yet practical journey through controllability, observability, and optimal
control. Designed for mathematicians, engineers, and scientists, it equips learners to
analyze, control, and optimize systems ranging from robotic networks to turbulent
flows.

Why This Course?

The 21st century has ushered in an era of distributed complexity. Consider:

Smart Cities: Controlling traffic flow modeled by hyperbolic PDEs.

Renewable Energy: Stabilizing power grids with stochastic load dynamics.

Medical Therapeutics: Optimizing drug delivery via reaction-diffusion models.

These challenges defy reduction to simple ODEs. Instead, they demand tools
for spatially distributed control, boundary actuation, and data-driven synthesis—
tools this course delivers through a blend of theory, computation, and real-world
relevance.

Course Structure and Innovations

1. Foundations in Finite Dimensions (ODEs)

Controllability: Kalman rank conditions, Gramian-based methods, and the Hau-
tus test.

Observability: Duality principles, observer design, and robust detection.

2. Infinite-Dimensional Challenges (PDEs)

Controllability: Hilbert Uniqueness Method (HUM) for wave equations, Carle-
man estimates for parabolic systems.

Observability: Geometric Control Condition (GCC), spectral techniques for
Schrodinger equations.

Optimal Control: Adjoint methods, Pontryagin’s principle in Banach spaces,
and PDE-constrained optimization.

Pedagogical Distinctions

Theory Meets Practice: Each chapter pairs rigorous proofs (e.g., HUM’s duality)
with computational labs (e.g., FEniCS/Python for PDE control).

Interdisciplinary Breadth: Examples span robotics, fluid dynamics, neuro-
science, and climate science.

Expanded Exercises: Over 50 problems, from analytical derivations (e.g.,
Gramian positivity) to coding challenges (e.g., implementing DMD for model re-
duction).

Visual Learning: Phase portraits, FEM meshes, and energy propagation dia-
grams.

A Course for the Future

This expanded edition is not merely a textbook—it is a toolkit for innovation.
By unifying classical control theory with cutting-edge PDE methods, it prepares
students to:
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Analyze: Prove exact controllability of a vibrating membrane.

Compute: Design a neural network-based controller for a heat equation.

Whether you aim to stabilize fusion reactors, optimize smart grids, or pioneer
quantum technologies, this course transforms theoretical mastery into actionable
insight.

This introduction positions the course as a vital bridge between classical theory
and modern challenges, emphasizing its relevance to both academic research and
industrial innovation. Let me know if you’d like to refine specific themes!
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Chapter 1

Controllability and Observability for
ODEs

Control begins with understanding what we can influence and observe. In this chap-
ter, we explore the foundational principles of controllability and observability for
linear time-invariant (LTI) and time-varying (LTV) systems governed by ordinary
differential equations (ODEs). Starting with the celebrated Kalman rank condition,
we establish criteria to determine whether a system’s state can be steered to any
desired target (controllability) or reconstructed from its outputs (observability).
Through duality principles and spectral tests like the Hautus criterion, we reveal
the hidden symmetry between control and observation.
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Consider the following linear controlled system

x' (t) = Az (t) + Bu(t),t € (0,T) (11)
x(0) = xo ’ ’
where
A is a square matrix of R™ x R™,
B is a matrix of R” x RP|

u is the control function.

1.1 Reachable Set and Controllability

Let’s sart by

Definition 1.1 (Reachable Set)

For a dynamical system, the reachable set R (T') at time T, starting from time
t = 0, is the set of all states x (7T") that can be reached by applying admissible
control inputs u(t) over ¢ € [0,T].

Lemma 1.1  The reachable set is a subspace of R™.
Proof. Exercise. O

Definition 1.2 (Controllability)
A system is controllable if, for any initial state ¢ and target state xs, there
exists a control u(t) that steers the system from o to x5 in finite time 7.

For linear systems, controllability is equivalent to the reachable set spanning the
entire state space R"”.

Theorem 1.1 (Kalman rank condition)
A linear system (1.1) is controllable iff

rankK = rank[B AB--- A" 'B] =n. (1.2)

Proof. Constructive proof using Cayley-Hamilton theorem.
Necessity:
Assume the system is controllable but rankK = kg < n.
Then, there exists a nonzero vector v € R™ such that v-K = 0.
This implies v+ A*B = 0 for all k > ko > 0.
Using the solution

t
z(t) = et Jr/ eA=7) By(r)dr
0
, for g = 0:

t
via(t) = vtetla +/ v A7) Bu(r)dr
0
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which contradicts controllability (cannot reach states outside the null space of
V).
Sufficiency:
If rank K = n, the reachable set spans R™.
By the Cayley-Hamilton theorem, eA(*~7) B can be expressed as a linear combi-
nation of B, AB,..., A" 'B.
Thus, any state 2y € R™ can be reached by a suitable control u(t). |

1.1.1  Examples
Example 1.1 (Controllable System)

Consider the equation

y” (1) = u(t)
Write it in Cauchy’s form
o 01 ot 0 "
- \00 1
where = < y/)
Y

Kalman controllability Matrix:
K = [B AB|
(01
~\10
rank(K) = 2, so the system is controllable.

Example 1.2 (Uncontrollable System)

- (12)es ()

K:[BAB]:(éé)

Consider

Controllability Matrix:

rank(K) =1 < 2, so the system is uncontrollable.

Theorem 1.2 (Hautus Test far controllability)
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The (2.1) system is controllable iff
rank [A— M B] =n (1.3)
for all eigenvalues A of A, where n is the dimension of the state space.
Proof. A system is controllable if the controllability matrix
rank[BAB --- A" 'B] = n.

Equivalently, there is no nontrivial A-invariant subspace contained in ker (BJ-) As-
sume the system is controllable. Suppose, for contradiction, that there exists an
eigenvalue A of A such that:

rank [A—)\I B] <n
Then, there exists a non-zero left eigenvector v # 0 such that:
vE (A= X)=0and v B=0
This implies:
vt A = vtandvtB =0

The eigenvector v spans a 1-dimensional A-invariant subspace orthogonal to B.
Thus, v K = 0, contradicting rank(K) = n.

Hence, the Hautus condition holds.

Step 3: (Reverse Direction (Hautus Condition implies Controllability)

Assume the Hautus condition holds. Suppose, for contradiction, the system is

not controllable. Then, there exists a nontrivial A—invariant subspace W C R"
such that W C ker (BJ-).

Let A be an eigenvalue of Al (the restriction of A to W ) and let v # 0 be a
corresponding left eigenvector in W: v+ A = Avtandv*B = 0.This implies:

v (A=) =0and v*B =0

so rank(A — XI) < n, violating the Hautus condition.
Thus, the system must be controllable. |

Example 1.3 Consider the system:

=)o)

Figenvalues of A: Ay =1, Ay = 2.
Check Hautus condition:

For A\ = 1:
rank [A— Al B] = 2.
For Ay = 2:

rank [A— Xl Bl =1<2
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System is uncontrollable.

1.2 Observability

Let’s consider the following observed system

' = Az
z(0) = o (1.4)
y(t) = Cx(t)

where
A is a square matrix of R™ x R™,
C is a matrix of R™ x R"™,

o is unknown.

Definition 1.3 (Observability)
(1.4) is said to be observable if one could reconstruct z (0) from the knowldge
of the output y(t) = Cx(t).

Definition 1.4 In other words,(1.4) is said to be observable if
zo — Cetlxg

is injective.

1.2.1 Observability Kalman Rank Condition

Theorem 1.3  System is observable iff

C
CA

rank . =n

CA‘n—l

1.2.2  Duality between controllability and observability

The duality between controllability and observability in linear time-invariant (LTT)
systems is a foundational result in control theory. It establishes that controllability
of a system is equivalent to observability of its dual system, and vice versa. Below
is a structured proof of this duality:

The dual system is defined as:
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2= Atz 4+ Clo
w(t) = Bz(t)

where z € R", v € RP, and w € R™.
Controllability Matrix :

K =[B AB--- A" 'B]
Observability Matrix:
CL
CLAL
O =

Theorem 1.4  The pair (A, C) is observable iff (AJ‘, C’J‘) is obsevable.
Proof. The observability matrix of

= Atz
x(0) = xo
y(t) = Cralt)

is:
CJ_
ctat
CL (AL)’IL—l
look at
Ot =[C AC--- A"~I(]

wich give the result.

1.2.3  Hautus for obsevability
The Hautus conditions also reflect this duality

Theorem 1.5 (1.4) is observable

rank [
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Proof. Duality Principle: Observability of (A, C) is equivalent Controllability of
(AL, Ch). 0

1.3 Controllability Gramian Condition

Consider the finite-dimensional linear time-invariant (LTI) system (1.1):

{x’(t) = Az (t) + Bu(t),t € (0,T)
z(0) = zo

The controllability Gramian W, over the time interval (0,7 is defined as:

T
We(T) = / AT ppLeA™(T- gy
0

Theorem 1.6  The system (2.1) is controllable on (0,T) if and only if We(T) is
positive definite.

Proof. (=) Controllability implies We (T') > 0 then the system is controllable.
By definition, for any zg,z7 € R™, there exists a control u (¢) such that:

T
op = ey + / AT By (t) dt
0

For x = 0, we can reach any 7, so the map
T
u —>/ AT Buy (t) dt
0

is surjective. The controllability Gramian We(T') is the matrix representation of
this linear operator. Surjectivity implies We (T) is full rank. Since We (T) is
symmetric and positive semi-definite, full rank implies We (T') > 0.

(<) We(T) > 0 implies controllability:Assume We (T') > 0. For = 0, define
the control:

w(t) = Bted T (We(T)) ' g
Substitute u (t) into the solution:
T
z(T) = / AT DBy (t)dt = We(T) We(T)) " or = ar
0

Thus, any state zp is reachable, so the system is controllable. O
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Theorem 1.7 (Minimum Energy Control)
If the system is (1.1) controllable, the control u* (t) that transfers x (0) = zo to
x (T) = zp with minimum energy

T
T = [ P
18:
u* () = BteA (@1 (We(T) ™! (z7 — eATxo)
The minimum energy is:
E* = (zp — eATxO)J_ (We(T) ™ (zr — e Txy)

Proof. The energy functional J (u) = fOT ut (t)u (t) dt is minimized subject to

the constraint:

T
op = ey + / AT =D By (t) dt
0

Using Lagrange multipliers, define:
T
L=J(u)+ " <xT — e Ty + / e T By () dt)
0

Taking variations du, the optimality condition gives:

u* (t) = BleA™(T-t))
where A = (We(T))™" (z7 — eTxzp). Substituting A yields u* (¢). The minimum
energy AL We (T') X follows directly. a
1.4 Linear time variant Systems (LTV)

1.4.1  Controllability

Consider the finite-dimensional linear time-variant (LTV) system :

(1.5)

{x'(t) =At)z )+ B(t)u(t),t € (to, t1)
z(0) = xo

where

A: (t(),tl) — R™ x R"

the space of square matrix of R” x R",
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B: (to,tl) — R" x R"

w is the control function.
xo € R

Theorem 1.8 (Controllability Gramian Condition)

The LTV system (1.5) is controllable on (tg, 1) if the controllability Gramian

Wc(to,tl) = /t1 q)(tl,T)B(T) BL (T) (I)L (t1>7-) dr

to

is positive definite, where @ (t1,7) is the state transition matrix.

Proof. Show that We (tg,t1) is invertible iff the system can transfer any z( to
2 (t1) = 0 (null controllability).
Use the control law

u(t) = =B (t) ® (t,7) W e (o, t1) @ (t1,t0) 2o

Example 1.4 For 2’ =tz + uz’, compute We (0,7).

72,2

(T, r)=e 2z

Since We (0,T) > 0, the system is controllable.
Theorem 1.9 (Silverman-Meadows Controllability)
For the LTV system (1.5), define the sequence:
Mo () = B(1),
Myi1 (t) = —A(t) My, (t) + My, (t)
The system is controllable on (¢g,t1) if there exists 7 € (to,t1) where
rank[Mo (1) My (1) My_1 (17)] = n.

Proof. A Construct the Controllability Matrix by
Define the matrix

M (t) = [Mo (t) My (t)-- M1 (t)]

Full Rank at 7:

By assumption, M (7) has full rank n. By continuity, there exists an interval
I. = (1 —e,7+¢) C [to, t1] where M (t) retains full rank.

Express Solutions via Peano-Baker Series:
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For small ¢, approximate ® (¢,7) = I + f: A(s1)dsy =1+ A(T)(t—7)

Using the full rank of M (t), show W is positive definite.

The state transition matrix @ (¢,7) for LTV systems satisfies:

<I>(t,7')zl+/

T

Expand the Controllability Gramian:
The controllability Gramian over I is:

T+e€

W(T—E,T+€)=/ ® (7 +¢,5) B(s) B (5)®* (1 +¢,5)ds

T—€

Spanning the State Space:

t t S1
A(sl)dsl—F/ A(Sl)/ A(Sg)d82d81—|—...

Full rank of M (7) implies the control input can generate arbitrary motions
in all nn directions of the state space. Use induction on kk to show each Mj (7)
contributes to spanning R”.

Conclusion:

Positive definiteness of W guarantees controllability on I, which extends to

[to, t1] by piecewise continuity.

Example
Consider the scalar system

(t)=a(t)z(t)+b(t)u(t)
We have

(t)

Mo (t) = b
a(t)b(t) = (t)

M (t)

Controllability requires the existence of 7 such that

rank [My (1) My (1)] =1

ie, b(r) #0.

Theorem 1.10 (Uniform Controllability)

O

An LTV (1.5) system is uniformly controllable on [¢y, oo[ if Jev, 8 > 0 such that

ol <We(t,t+T) < pI forall t >t

In other words controllability is preserved over any interval of length T
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1.4.2  Observability

Let’s consider the following LTV observed system

where
A (to,tl) — R" x R"

the space of square matrix of R” x R",

C: (to,t1) = R™ x RP
o is unknown.
Theorem 1.11  (Observability Gramian Condition)
The LTV system (1.5) is observable on (g, t1) if the observability Gramian

Wo (to,tl)z/lcb(r,to) CL (7) C (1) L (. 10) dr

to
is positive definite.

Proof. Dual to controllability. Use the fact that Wo (to,t;) invertible implies
y(t)=0=2a(tr) =0. O

Theorem 1.12  (Dual Observability for LTV)
The LTV system (1.6) is observable on (o, ¢1) if and only if its dual system
Z(t) = AT (t) 2 (t) + CF (H)u(t)
is controllable.

Proof. Use duality between W¢ (to,t1) and Wo (Lo, t1). O

1.4.3 Lyapunov Equations (LTI Case)

Proposition 1.1  (Controllability Gramian for LTI)

For the stable LTI systems, the controllability Gramian W satisfies the Lya-
punov equation:

AWe+ WeAt + BB =0
If We > 0, the system is controllable.
Proof. Differentiate We (T) = fOT AT BBLeA™ (T=0)4t and take t — co. [
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Theorem 1.13 (Kalman Decomposition)
The following LTI system

{:r’ (t) = Az (t) + Bu (t),

y(t) = Cz(t) + Dut) ' €OT)

is decomposed into four mutually exclusive subsystems:
Controllable and observable (Affected by inputs and influences outputs),
Controllable and unobservable (Affected by inputs but does not influence out-
puts),
Uncontrollable and observable (Not affected by inputs but influences outputs.),
Uncontrollable and unobservable (Neither affected by inputs nor influences out-

puts).
Proof. Controllable Subspace :

The span of the controllability matrix i.e. Im (K)
K =[B AB--- A" 'B]
Unobservable Subspace :The kernel of the observability matrix

C

CA
0=

cAnt!

Ot = Ker (0)

AK C K follows from A*B € K.

A0+ C O+ If z € O+, then CA*z = 0 for all k£ > 0, implying CA* (Az) =
CAk1z =0.

Define the four subspaces:

CO = CN O (controllable and observable).

CO* = C N O*(controllable and unobservable)

C1tO=C* N O (uncontrollable and observable).

CtO+=C* N O*(neither).

These subspaces are mutually orthogonal and span R™i.e.

R" =CO®COt @ CrtOaCctot

Choose bases {ey,...,e,}Hor CO, {e;11,...,er45} for C(’)L,{e,.+s+1,...,e,.+s+t} for
CtO, and {e,ysii11,- en} for CLOL. Let T = [ey, ..., €,]
Under z = T~ 'z, the system becomes:

{ 2 (t) =T YATz(t)+ T *Bu(t),
y(t) =T 1CTz(t) + Du(t)
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T—'AT has a block-triangular structure.
T-1B affects only CO and COL.CT reads only CO and CO*.
Explicitly:

[ A1 A1p Ayg Ay
T PAT =
0 0 As3Asq|’
0 0 0 Ay
"B,
- By
T7'B =
0
L O
C=[C0C;50]
Minimal Realization:
The CO subsystem
Zi = Auzl -+ Blu (11)
y==0Cz (1.2)
is minimal (controllable and observable). O

1.4.4 Algorithm for Kalman Decomposition

Find bases for subspaces:
Compute C(controllable subspace).
Compute O+ (unobservable subspace).
Define four subspaces:
CO = CnN O (controllable and observable).
CO* =€ N O*(controllable and unobservable).
CtO=C* N O (uncontrollable and observable).
CtO+L=C* N O+ (neither).
Construct transformation matrix 7"
Let

T - [TCO Tcoj. TCJ_O TCJ.OJ_ ]

where each T is a basis for the corresponding subspace.
Transform the system:
Apply z = T~ 'x. The transformed system becomes:

2 (t) =T rATz (t) + T ' Bu(t),
{ y(t) =T 1CTz(t) + Du(t)

Block structure:
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In the new coordinates, the system matrices take the form:

(A Arp Aig Ay
_ 0 Ay 0 Ay
T YAT =
0 0 As3 Az |’
L0 0 0 Ay
B
_ By
T7'B =
0
L O

C=[Ci0C;50]

Properties of the Decomposition
The control u affects only CO and CO~*
Output y depends only on CO and CO*
hidden dynamics:
CO*, and CO* do not affect the input-output behavior.

Example 1.5 Consider a system with:

C=[1010]
Controllability:

K = [B AB A2B A3B]
112 3
011 1
141232
24 8 16

Rank(K) = 38 Controllable subspace is R?.
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Observability:

rC
CA
CA?
| CA3

(1010
1121
124 4
(13812

Rank(0O) = 3 B Unobservable subspace is R3.

Intersections:

CO=CNO =R?

COt=CnO*+=R

CtO=Ct*NO=R

Ctot+ =ctnot ={0}
Theorem 1.14 (Hautus-Keymura Observability for Descriptor Sys-
tems)

For the descriptor system

{ Ex’ (t) = Az (t) + Bu (t),
)

observability holds iff:

A—-\E

Rank { c

}—nNAEC

where n is the dimension of the state vector.

Proof. Definitions:

A descriptor system is observable if the output y (¢) = 0 implies x (¢t) = 0 for all
solutions of Ex’ (t) = Az (¢).

Observability requires no non-trivial solutions where z (¢) # 0 produce y (t) = 0.

Necessity :

Assume the system is observable.

Finite Modes (A € C):

Suppose there exists A € C and v # 0 such that (A — AE)v =0 and Cv = 0.

The solution z (t) = e*'v satisfies Ea’ (t) = Az (t) and y (t) = Cx (t), contra-
dicting observability. Hence,

A—\E

Rank [ c

}_n,\ﬂec

Infinite Modes (Impulse Observability):
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Suppose there exists v # 0 such that Fv =0 and Cv = 0.
This corresponds to an impulsive solution (e.g., z(t) = 0 (t)v) with y(¢) =
Cz (t) = 0, violating observability. Thus,

Rank [g} =n,YAeC

Sufficiency :

Assume the rank conditions hold.

Finite Modes:

If x(t) is a solution with y(¢) = 0, taking Laplace transforms gives
(A—sE)X (s) =0and CX (s) =0.

The rank condition

A—-)\E
Rank { c } =n
implies X (s) =0, so z (t) = 0.
Infinite Modes:
Using the Weierstrass canonical form, decompose the system into slow (differ-

ential) and fast (algebraic) subsystems. The condition

Rank {g} =n

ensures no non-trivial solutions in the fast subsystem (impulsive modes) can exist
without being detected by y ().
Thus, the system is observable if and only if both rank conditions hold. O
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1.5 First chapter exercises

Prove that the set C' of reachable states is a subspace space of R™.

Exercise 1 (Canonical form of controllability, observability for an ODE)

Prove that the system described by the ordinary differential equation of order n
with constant coefficient

dny dnfly

dtn dgn—1

and expanded by the following output function

)+ an t)+...+a1yt) =ult),a; eRi=1,...,n

y = z(t),

completed by initial conditions, is controllable and observable, then give a con-
trol that realizes the controllability to the desired state z4 = 0.

Hint. Write the equation on the standard form of control systems, then apply
the Kalman criterion.

Exercise 2 (Electrical circuit: controllability, observability)
Consider the electrical circuit in figure 1.
According to Kirchhoff’s laws we have

iy = Cyvy,
ip = Cava,
i3 = (313,

i1+ 12 +13 =0,
V3 — Vg = Rz(i—il —ig),

vy —vg = Ry(i — 1),
with the output
V =v1 —vs.
1) Express the dynamics of this circuit in the standard form

& = Az + Bu,
y=Cu,

where = (v1,v2,v3)%,u =4 and y = V. (Find the matrices A, B and C)
2)Assume that

R1:R2:Rand
Ci=0C,=0C3=C.

Compute the controllability and observability matrix and its ranks, conclude.
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Fig.2 Electrical cercuit

Exercise 3 (Controllability and observability of discrete systems)

Exercise 4 Let A € M, (R), B € M,,,,(R). Prove that the system

d?y
dy
_Z Rn
i (0) €

is controllable in R?" if (A, B) is controllable in R".
(Hint : Write the equation in standard form then use the identity

rang(A + B) = rang(A) + rang(B) — dim(ImA N ImB)

).
Exercise 5 (PBH test)
0 10 0
Let A= |-2-30|,B=|1| and o, B € R.
0 0 « I}

1) Determine all values of (4, B) s.t. (A, B) is controllable.
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2) For the values of «, 8 for which (A, B) is uncontrollable, determine the un-
controllable eigenvalues.(Use the PBH test).

Exercise 6 (Like- diagonal matrix)
Prove that the pair (4, B) € M,, (R) X M,, ,, (R) is controllable if and only if
the matrix,

B I
-AB I

—-AB I
n blocks

-AB I
—AB

has rank n?.
State a similar result for observability of a pair (C, A).

Exercise 7 (Systems similarities)

In this exercise all matrices are assumed to be of suitable size.

a) Let S be a regular matrix. Prove that (A, B) is controllable iff (SAS~!, SB)
is also controllable.

b) Prove that (4, B) is controllable iff (A + BF, B) is also controllable.

c) Let R be a regular matrix. Prove that (A, B) is controllable iff (A, BR) is
also controllable.

d)Let S and R be regular matrices. Prove that (A, B) is controllable iff (S(A +
BF)S~1 SBR) is also controllable.

Exercise 8 (According to Lemma 1.2)
Let (A, B) € M,, (R) x M,, , (R) be an uncontrollable pair with B # 0,

0< Tcmk:K:rank[ B AB A%?B ... A"'B ] =k <n.

From Lemmal.2, (A, B) is similar to a pair of the form

(Lo [0])
with (A11, B1) € My (R) x My, (R).

Prove that (A11, B1) is controllable.

Exercise 9  (Linear satellite problem in circular orbit)
The linearized model of a satellite orbiting a circular orbit of radius r > 0 and
which has an angular velocity w # 0 is described by the equations

0O 1 0 O 00
dx 3w? 0 02rw? 10 Uy
@ AT Bu=1 g 01 [T oo {ue}

0 =220 0 01l
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with

1000 r
y=~Cr= {0010]1'[9}'

This satellite is controlled by two motors: the first provides a radial force wu,
and the second an angular force ug. (See figure 2)

1) Prove that this system is controllable.
2) Prove that this system is observable.

3) Due to a technical problem, you must shut down one of the two motors.
Which one will you choose ?

Fig.3 Linear satellite problem

Exercise 10 (Controllability of a population dynamic system)

Consider the system in R® the following dynamical system

dm%_l = 201 + B,
E - azry — (my + a) xa,
Wd;oz_xl — (m1 + a) z3,
E = T2 — M2aTy4,
dto = qr3 — Mals,
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which represents a population structured into five classes:

21 denotes the density of newborns, which give rise to two possible types x5 and
x3, which in turn give rise to x4 and z5. We assume all parameters to be strictly
positive.

Let A be the matrix of the previous system. We can bring or remove individuals
from a single population, which is equivalent to considering the controlled system

dz
9y
o x + bu (t)

where b is a column vector with a 1 at row k, 1 < k < 5 and zeros elsewhere,
and u (¢) € [-1,1].

We ask to find the integer k to make the system controllable (i.e., the population
we should target).

Exercise 11  (Drug absorption)

A simplified mathematical model can be used to illustrate the progression of
drug absorption, circulation, and eventual breakdown within an individual’s body.
This model is represented by the following equations:

4 — ay2) — agas,

dr, __
{ L = —ayx1 +u,
dt

with
Yy =22

In this model, x1, x2, and v denote deviations from initial steady state values
for the drug quantity in the digestive system, the drug quantity in the circulatory
system, and the rate of drug consumption, respectively. The output (observation) y
represents the drug quantity in the bloodstream at a given time t. The parameters
a1 and as are strictly positive constants that reflect the physiological characteristics
of the individual being studied.

1) Study the controllability of the above system

2) Study the observability of the above system

Assume that the pair (A, B) is controllable with a state space R™, v € R™.

Prove that the system

{‘fg:Ay—i—Bv

is controllable with a state space R™™™ by the action of the control w.
Exercise 12 Consider the following system
% = Az
y=Cx

where A and C are block-matrix given by
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All A12 O R 0
Agr Axy Agg - 0
Ap—11 Ag—12 Ap—13 -+ Ap_1x
Ay Apo Apg o Ak

and
C=[C100--0]

where A;; are square matrix for all 1 < ¢ < k, A;_1; and Cjall having full column
rank for all 1 < < k.

1)Show that the system is observable. (Hint: Show that if P and @ have full
column rank,

then PQ has full column rank.)

2) What can you say when A;_1; =0 forall 1 <i<k?

Exercise 13  (Discrete Linear Time invariant Control Systems)
Consider the following discrete linear control system

Zn+1 = Azp + Bup,n € N

Yn = Czn
z0 € R
1) Prove that for all n € N
n—1
2 = A"z + ZAn_l_kBuk,
k=0

and

Un—1
Up—2
zn = A"zo + (B AB .. A”_IB) . ,

Uo

Exercise 14 (Tank control problem)
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In this exercise, you will be guided through the essential steps of modeling and
simulating a physical system. The tank has two inflows, which are controlled by
valves, and one outflow.

The water tank has the cross sectional area ' . The mass flow my,; exits the
tank through the cross sectional area F.

There are two inflows: The mass flow m,, is regulated through a valve, which is
controlled by the input signal u; the mass flow m, is disturbance, which is controlled
by the disturbance signal z.

For the control of the water level, we can only use u, not z. The output signal
of the sensor, which measures the water level h, is denoted y. The dynamics of the
sensor are not negligible.

Fig.5 Tank control problem

1) What are the inputs of the system? What is/are the output(s)?

2) Identify the relevant reservoirs and name their corresponding level variables.

3) Draw the causality diagram of the system. Highlight dynamic subsystems
(containing a reservoir) with a shade.

Denote all signals according to the nomenclature introduced in the description
above.

Exercise 15 (One link robotic arm)
Consider a one link robotic arm described by the following second order ODEs.

ddtqzz +F2ddit2 + K ((]2 — %) + mgdcosqgs =0

2
{ N AR (- 4) =T
Jo

For simplicity, assume
Ji=Jo=Fi=F=K=N=m=g=d=1,

and take the angle of the arm as the system’s output.
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1) Write the system in the standard form

Determine the system’s state, input, and output.

(ii) Find the system’s equilibria corresponding to 7% = 0.

(iii) Linearize the system around each of the above equilibrium points.

Put the resulting linear system in the standard LTT form.

(iv) Compute and plot the impulse responses of each of the linearized systems.
Do your results match your intuition?

(v) Determine the internal and input-output stability of each linearization.

Does your answers match your intuition?

(vi) Are the linearized systems controllable? Observable?

(vii) Discretize each of the linearized systems using Euler discretization and a
sample time of Ts.

Are the discretized systems internally stable? Controllable? Observable? How
does your responses depend on Ty?

(viii) Find a control signal that takes each of discretized systems from the initial
state of downward rest to the final state of upward rest in tf = 1000Ts.

Fig.6 One link robotic arm

Exercise 16 (Algebraic and Geometric Criteria)
Given the system 2’ = Az + Bu, where
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01 0
A=|o0 0 1|,
—2-3 -4
0
B=1[0

1

Exercise 17 (a) Compute the controllability matrix and determine if the system
is controllable.
(b) Use the Popov-Belevitch-Hautus (PBH) test to verify controllability.

Exercise 18 (Parametric Controllability)
Analyze how the parameter a affects the controllability of:

-(33) )

Identify values of o that make the system uncontrollable and interpret geomet-
rically.

Exercise 19 (Controllability Gramian)

For the system 2/ = —x + u, compute the controllability Gramian G over
t € [0,7]. Derive the minimum energy input w () required to drive z (0) = 0 to
x (T) =XTf.

Exercise 20 (Kalman Decomposition)
Decompose the following uncontrollable system into controllable and uncontrol-
lable subsystems:

110 1
A=(010]|,B=]0],C=(111)
002 0

Exercise 21  (Observability Matrix)
For the system:

A:(OQ;)),C:(lo)

(a) Compute the observability matrix and determine observability.
(b) Design a full-state observer if the system is observable.

Exercise 22 (Duality Principle)
Show that the observability of 2’ = Az,y = Cx is equivalent to the controlla-
bility of 2’ = Atz + Ctu.
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Exercise 23 (Observability Gramian)
For 2/ = —x,y = x, compute the observability Gramian Wo over ¢ € [0,T]. Use
it to reconstruct z (0) from y ().

Exercise 24 (Unobservable Subspace)
Given A=[2102]A=[2012] and C=[11]C=][11], find the unobservable subspace
and interpret its physical meaning.

Exercise 25 (Sampled-Data Systems)

A continuous system 2’ = Ax + Bu is sampled with period T. Derive conditions
under which the discrete-time system xy4; = e Ty + (foT eAst) Buy, retains
controllability.

Exercise 26  (Pole Placement)

Prove that a system must be controllable to arbitrarily assign eigenvalues via
state feedback u = —kz. Illustrate with an example.

Exercise 27  (Stabilizability vs. Controllability)

Construct a system that is stabilizable but not controllable. Show how unstable
modes become controllable.

Exercise 28 (Invariance Under Feedback)
Prove that controllability is preserved under linear state feedback v = —kx + v.
Exercise 29 (PBH Test Equivalence)

Show that the PBH test (no eigenvector v of A satisfies vI' B = 0) is equivalent
to the Kalman rank condition.

Exercise 30 (Duality Formal Proof)

Rigorously prove the duality between controllability and observability using ma-
trix transpose properties.

Exercise 31 (Loss of Observability)

Prove that adding an output to a system cannot reduce its observability.
Exercise 32 (Controllability of Composite Systems)

For interconnected systems

l‘/l = All’l + Blul
Z'IQ = AQ(IZQ -+ BQUQ

derive conditions under which the combined system

g (A0, (B0,
o0 4 0 By
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is controllable.
Exercise 33

Prove that for LTV systems, controllability on (¢g, ) implies controllability on
(ﬁo,tg)for to > 1.
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Chapter 2

Controllability and Observability for
PDEs

When dynamics span both space and time, ordinary differential equations give way
to partial differential equations (PDEs) and control theory ascends to new com-
plexity. This chapter tackles the infinite-dimensional realm, where controllability
means shaping wave propagation, heat diffusion, or quantum probability densities.
Through Hilbert Uniqueness Method (HUM) and Carleman estimates, we conquer
the challenges of boundary control and null controllability for wave and heat equa-
tions. The Geometric Control Condition (GCC) becomes our compass, ensuring
control regions intersect all wave trajectories.

29
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Consider a system governed by the abstract Cauchy problem:

y' (t) = Ay () + Bu (t)
{ y(O)=pey (21)
where:

Y is the state space, an infinite-dimensional Hilbert.
A:D(A) CY — Y is an unbounded operator generating a Cp—semigroup

{5 ®)}iz0-
B :U — Y is the bounded control operator.
u (t) is the control input in L2 (0,T;U).

2.0.1 Controllability Definitions:

Definition 2.1 (Exact Controllability):
We say that (2.1) is exactly controllable if for all g, yr € Y there exists a control
u € L?(0,T;U) such that

y(T)=yr

Definition 2.2 (Approximate Controllability)
We say that (2.1) is approximately controllable if for all yo,yr € Y and alle > 0
there exists a control u € L? (0, T;U) such that

ly (T) —yrl <&

Definition 2.3 (Null Controllability)
We say that (2.1) is nul controllable if for all yo € Y there exists a control
u € L?(0,T;U) such that

y(T)=0.

Theorem 2.1 (Exact Controllability)

Let A generate a Cy-semigroup {S (t)},~, on a the Hilbert space Y, and let
B e L(U,Y), where U is the control space.

The system:

{y’ (t) = Ay (t) + Bu (1)
y(0) =y €Y

is exactly controllable in time T>0 if and only if there exists ¢>0 such that:
T
/ | B*S™ (t) y||, dt > clly|l? for all y € Y (2.2)
0

Proof. (M) Assume exact controllability. The controllability operator

Br: L*(0,T;U) - Y
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defined by:

T
BTu:/O S(T —t) Bu(s)

is surjective.
By the Open Mapping Theorem, By is bounded below. Its adjoint

Br:Y — L*(0,T;U)
is given by:
(Bry) (t) = B*S(T' = t) = (t)
Surjectivity of By implies B7. is injective and bounded below:

||B§“y||L2(0,T;U) > |lylly

(M) Conversely, assume the integral inequality holds. Then B is injective and
bounded below, so By has dense and closed range, hence is surjective. Thus, the
system is exactly controllable. O

Theorem 2.2 (Approximate Controllability)
The system (2.3) is approzimately controllable in time T > 0 if and only if:

B*S*(t)y=0 forallt € (0,T) =y =0

Proof. Approximate controllability is equivalent to the reachable set being dense
in Y. By duality, this holds if the adjoint system:

is approximately observable. This requires that B*S* (t)y = 0 for all ¢ € (0,T)
implies y = 0. ]

Theorem 2.3 (Null controllability)

The system (2.1) is null controllable in time T > 0 if and only if there exists
a constant C > 0 such that for all p, € D (A*) the solution ¢ (t) to the adjoint
system:

{v?’ (t) = A*p (1)
¢ (0) = %o

satisfies the observability inequality:

T
le @y <C / 1B (£)] dt
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Proof. Null controllability implies the observability inequality

Assume the system is null controllable. Then, for every yo € Y, there exists
u € L*(0,T;U) such that:

y(T):S(T)y()+/OTS(T—t)Bu(t)dt:0

By the Closed Graph Theorem, the linear operator mapping zg to u is bounded.
Thus, there exists C' > 0 such that:

2 2
||U||L2(0,T;U) < Cllyolly

Consider the adjoint system

The solution is

p)=S"(T'=1t)p,

. For yo = ¢, we have:

leoll* = (W0, %0) = (S (T) yo, @o)

_ (/TS(T—t)Bu(t)dt,<p0>

Using duality and the Cauchy-Schwarz inequality:

T
leoll? = |/ (S(T — 1) Bu(t), py) dt

T
< ol oo 20, ( / IIB*w(t)IIdt>

Substituting ||“HL2(0,T;U) <VC ey

N

1
2

loll* < VCllolly (/O 1B ()]l dt)

Simplifying, we obtain:

le @y < C / 1B (8)] dt

Reverse Direction : Observability inequality implies null controllability


Guest
Rectangle


33

Assume the observability inequality holds. Define the observability Gramian
Gr : Y=Y

T
GTch:/O S(T —t) BB*S* (T — t) pydt

The observability inequality ensures G'r is coercive:
T
(Greo o) = [ 1B (T = 1)l

1
Z lolly
Thus, G is invertible. For any ¢, € Y, define the control:
u(t) = —B*S* (T —t)G;'S (T) yo

Substituting w (¢) into the solution formula:

T
y(T) =S (T)yo — / S(T —t)BB*S* (T —t) G;'S (T) yodt
0
=S(T)yo — GrG3'S(T)yo =0
Hence, the system is null controllable. O

The observability inequality guarantees that the Gramian G is invertible, en-
abling explicit construction of the control u ().

This theorem bridges controllability and observability via semigroup theory,
leveraging duality and coercivity properties in Hilbert spaces.

2.1 Observability

Consider the following ouput system

y' () =Ay(t),t € (0,T)
y(0) = yo (2.3)
z(t) = Cy(t)

where:

A:D(A) CY — Y is an unbounded operator generating a Cp—semigroup
{S (O} 1z

C :Y — Z is the bounded control operator.

Y is the state space infinite-dimensional Hilbert

Z is the observation space

Y is an infinite-dimensional Hilbert.
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Definition 2.4 (Exact Observability)

A system (2.3) is exactly observable on a time interval (0,7) if t the output
uniquely determines the initial state yo (i.e., stability or with bounded sensitivity
to noise).

In other words, system (2.3) is exactly observable on a time interval (0,7 if the
operator

O :Y—L*0,T;2)
Yo — CS(t)y
is injective with bounded inverse on Im O.

Definition 2.5 (Approximate observability)

The system (2.3) is approximately observable if the observability map O is in-
jective. Equivalently, if z (¢) = 0 for all tH[0,T]t € (0,T) implies yo = 0. This
guarantees uniqueness but not necessarily stability in state estimation.

Theorem 2.4 (Ezact Observability characterization)
The system (2.3) is exactly observable in time T' > 0 if and only if there exists
¢ > 0 such that:
T
| 1es @l dt= clyly foraly ey
0

Proof. If the system is exactly observable, the observability operator O is injec-
tive and bounded below. Hence:

HOy”H(o,T;Y) > cllylly

Assume the inequality holds. Then Ois injective with closed range, implying
exact observability. O

Theorem 2.5 (Approximate Observability)
The system (2.3) is approximately observable in time T > 0 if and only if:

CS({t)y=0 forallt € (0,T)=y=0

Proof. Approximate observability requires that distinct initial states produce dis-
tinct outputs. If CS (t)y = 0 for all ¢t € (0,T), then y = 0, ensuring injectivity of
the observability map. O

2.1.1 Duality between Controllability and observability

A system (A,C) is observable if its dual system (A*, C*) is controllable. For example:
Exact observability corresponds to exact controllability of the dual system.
Approximate observability corresponds to approximate controllability of the

dual system.
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Infinite-dimensional systems, such as those governed by partial differential equa-
tions (PDEs) or delay equations, require a functional-analytic framework. The dual-
ity between controllability and observability persists but involves adjoint operators,
reflexive spaces, and semigroup theory. Below are key theorems and proofs adapted
to infinite dimensions.

Theorem 2.6 (Duality of Approzimate Controllability and Observability)

The system (A, B) is approximately controllable on (0.7) if and only if its dual
system (A*, B*) is approximately observable on (0.7").

Proof. (Forward Direction)(A, B)approximately controllable then (A*, B*) ap-
proximately observable):

Suppose (A, B) is not approximately observable. Then, there exists x # 0 in X
such that

CS(t)x =0, ie. forall t € (0.7).

By duality, Bx0* T(T-s)BullX* X=EB*T*(T-s)x0* ullU* U=0Ex0* T(T-
s) BullX* X=EB*T*(T-s)x0*,ullU* U=0 for all ullUuMU.

This implies x0*HR(T)x0*MR(T). Since R(T)R(T) is dense, x0*=0x0*=0, a
contradiction. Hence, lldMld is approximately observable.

Converse Direction (HdEd approximately observable Hl I approximately
controllable):

If (A, B) is not approximately controllable, R (T")is not dense. By Hahn-Banach,
there exists x0*MOx0*M=0 in X*X* such that Hx0* R(T)E=0Hx0* R (T)E=0.

This implies B*T*(T-s)x0*=0B*T*(T-s)x0*=0 for all <H[0,T]sM0,T], so
BT*x0*=0MT*x0*=0. This contradicts the approximate observability of ldEld. [J

Theorem 2.7  (Duality of Exact Controllability and Observability

Proof. Proof Sketch:
Exact controllability implies the controllability Gramian
GT=E0TT(s)BB*T*(s)dsGT=E0TT(s)BB*T*(s)ds is coercive: GTHEIGTEEI.
The dual observability Gramian is GTd=GT*GTd=GT*, which is also coercive.
Hence, lldEd is exactly observable. |

Example: Heat Equation
Consider the controlled heat equation on 2 C R"™:
dy

—Z =A B
ot Yy + Bu

z=Cy

Controllability: Approximate controllability holds if the control acts on an open
subset of €.
Dual Observability: The dual system involves the adjoint heat equation

06
5, = Ao+ Bu
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with observations C*¢. Approximate observability requires that C*¢ = 0 unless

¢ =0.

2.2 Hilbert uniqueness method (HUM)

The HUM method (Hilbert Uniqueness Method) developed by J.L. Lions in [?, Lions
88] allows us to study the controllability of solutions of PDEs. This method consists
in proving a uniqueness theorem, through a majorization of the energy (inverse
inequality) by means of the method of multipliers, which allows us to construct
data spaces for which there is a control that allows to bring the solution of the
system to the desired state.

Hilbert Uniqueness Method is a constructive method used to prove controlla-
bility of linear time-invariant systems, it guarantees the existence of a control that
transfers the system from any initial state to any final state within a given time
interval. The method constructs the necessary control by solving a system of linear
adjoint equations, which makes it a constructive method.

Let © be a bounded open of R™ (n = 1,2, 3 in applications), of regular boundary
I' =0Q. Let T > 0 be a given positive time. We define the space-time cylinder
Q = Q x]0,T7] of lateral boundary ¥ =T x ]0,T.

We consider in ) the wave equation with a non-homogeneous boundary condi-
tion of Dirichlet type

Y v OHZ,
y(2,0) =4 (z), 5 (,0) = y" (x) in 2,

whose state y = y(z,t), v = v(x,t) is the control function that models the
action at the boundary I' on the system (2.4).

The question is: How to stop these vibrations? That is to say: What is the
control that brings the vibrations at time 7" to rest?

In order to explain the dependence of the solution y = y (x,t) of the problem
(2.4) on the control v we will use the notation y (v)

The studied problem is the following one: Given 1" > 0, can we, for any pair
of initial data {y°,y'}, given in a suitable space, find a control v that brings the
system back to the equilibrium state {0,0} at time T, i.e. we want the solution
y =y (x,t;v) of (), to verify the condition

The evolution system (2.4) describes, for example, the vibrations of an n-
dimensional body 2 subjected to the action of a force v on the boundary I' and
starting from an initial state described by the data {yo, yl}.
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’y(x,T;v) =y (2, T;v) =0 in Q.

It’s a null controllability problem.

Remark 2.1  Because of the finite speed of wave propagation, the system (2.5)
can only be exactly nul controllable if T is large enough.

In applications, it is rare to find systems that can be controlled on the whole
boundary. For this reason we consider the action of the control only on a part of
the boundary.

henceforward, consider a non-empty open part ¥g of 3 and we act on the system
by the following boundary condition

|V on EQ
Y710 on T\X,.

The formulation of the exact null controllability problem is now: "Given a time
T > 0 and initial conditions {yo, yl} given in a suitable space, is there a control v
defined on ¥ such that if y = y (v) is the solution of (2.4) we have (2.5)7"

Our goal is to study this exact controllability problem. To do so, we introduce
the main ideas of the Hilbert uniqueness method (HUM) which we will use to solve
the system (2.4) and (2.5).

2.2.1 Description of HUM method

The HUM methodology is based on certain uniqueness criteria for the associated
homogeneous system and the construction (by completion processes) of Hilbertian
spaces adapted to the structure of the system.

The following algorithm describes the fundamental steps of the application of
the HUM method to the solution of the exact controllability problem of the system
(2.4) and (2.5).

Fist step:

Let {¢0,¢1} € D(Q) x D(Q), and consider the following homogeneous wave
equation

¢//_A¢:O iDQ,
=0 on X,

¢(0)=¢°, ¢'(0) = ¢' in €.
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The problem (2.6) admits a unique solution ¢ = ¢ (z,t) which satisfies the
following regularity property:
99 _ 19
—eL*(X).
ov €L (®
Second step:
Then, we solve the backward equation

"
P — Ag(;g_ 0 in O,
v=1_ 2 on Yo, (2.1)
0 onX\X
in Q.

(1) =¢"(T)=0

0
where v denotes the normal vector outside 2 and "—" the derivative in that
v

direction i.e.

9¢
ov

Il
i M: é‘

-V

9
8

V.

Problem (2.7) is a non-homogeneous backward system, because we have a final
condition

¥ (T) = ' (T) =0 in Q and non-homogeneous boundary conditions. This does
not change the "well-posedness" of the system, which therefore admits a unique
solution .

The operator A

We define a linear operator A that associates with {(bo, qbl} by
D(Q)xD(Q) — D) xD(Q) (2.2)
A{¢% 0"} = {4 (0), =¥ (0)} . (2.3)

The operator A is well defined because 1) is sufficiently regular.
Third step: Multiplying equation (2.7); by ¢ = ¢ (x,t) and integrating over
@, we obtain

/Q V" pdadt — /Q PpApdzdt = 0.

() (I1)

Analysis of the first integral (1)
We have
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W, 0) = (", 0) + (@', ¢) .

By integrating over (0,7, we obtain
(W (1), 0(1) ~ (&' 0),0(0) = [ ¢"ododt+ [ v'fduds
Q Q
with condition (2.7), we find
/ V' pdzdt = — (¢’ (0),4") — / ' ¢ dadt (2.4)
Q Q
on the other hand, by integration by parts, we have
[ woldade = (u(1).8/ (1) = (40). 6/ ©) - [ v duit
Q Q
therefore
/ ¢’ drdt = — (¢ (0),¢") — / " dadt. (2.5)
Q Q

Substituting () into (), we obtain

/w”qsda;dt: — (' (0),8%) + (¥ (0),0") +/w¢”dmdt. (2.11)
Q Q
Analysis of the second integral
According to Green’s second identity, we have
o¢
— [ ¢AYdxdt = — | YA¢dxdt + | Y——dl'dt. (2.6)
Q Q b) 8U

Adding () to(), we obtain
1’ 1 ! a
/ (V" — AY) gpdadt = / (¢" — A¢) pdwdt—(y' (0),¢")+ (1 (0) ,¢1)+/ wa—¢drdt =0,
Q Q x ov
since ¢ — A¢ =0 and ¢" — Ay = 0 in Q, then we find

— (¥’ (0),¢") + (v (0),¢") +/Z¢g‘fdrdt_o. (2.7)

0
Remark that ¢ = 8—¢ on X and ¢ = 0 on ¥\Xy. Then
v

2

901" irat. (2.8)

W' ©).6) - 0.0 = [ |5
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We consider <¢’ (0) ,¢0> — (’(/J (0) ,qSl) as a scalar product {wl (0),— (0)} and
{¢%¢'}.
Thus, from () we have

(A0} {6"6'}) = (0 0.6 = (0 (0).0") = [

We then introduce the semi-norm
v{6”.6'} € D (@) x D ()

\|{¢°,¢1}|\F=(/EO 2dfdt> ”a L)
(2.10)

and we assume that in fact ||.||  defines a norm in the space D (2) x D (Q2).
The fact that [.|| defines a norm is equivalent to the following uniqueness
theorem being verified.

00 |?
5| drdt. (29)

ov

Theorem 2.8 [14] (Uniqueness theorem)
If ¢ = ¢ (x,t) checks () for {¢0,¢1} € D(Q) x D(Q) and the condition

0
3%//) =0 on Xy,
then
¢=0 1inQ.

Remark 2.2 This uniqueness criterion is true by the inverse inequality or by
Holmgren’s theorem (see L. Hérmander [10] and J. L. Lions [14])
If the theorem () wverified, then the norm () induces the following scalar product

(6", 0"} ("¢ = [ o Gpara 1)

where ¢ = ( (x,t) is the solution of the problem () corresponding to the initial
data {¢°,¢'} € D(Q) x D(Q).

So from () and (), we deduce that
(A {g% 0"} {¢" ) = ({6%0' 1 {" ¢ ) p W {0% 01} {¢°.¢'} e D(Q)xD(Q).
(2.12)
According to the Cauchy-Schwarz inequality, we obtain

(A {00} A P < {0 I [ v {00} {7 ¢} e 2(><Q>)><D<Q>-
2.13

The inequality () shows the continuity of the bilinear form defined by B in
D(2) xD(Q).
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We define by F' the completion of this space with respect to the norm (), so
we obtain a Hilbert space. The continuous bilinear form {{gbo, ¢1} , {CO, (1}} —
<A {¢0,¢>1} , {CO,(1}> admits an extension by continuity to the closure F, we
present this extension with the same notation. Then, we obtain a continuous bi-
linear form on the Hilbert space F' which is coercive (the coercivity of the bilinear
form is equivalent to the inverse inequality which we will state in the sequel), so by
the Lax-Milgram lemma, for every {n°,n'} € F’ (dual of F), there exists a unique
{¢°,¢'} € F such that

(A {0% 6"}, {0 D) = (s 1, {¢0 ¢ D) (2.14)

therefore, for any {CO, Cl} € F and for every {770, 771} € F’', there exists a
unique {cﬁo, (bl} € F which is the solution of the equation A {¢0, (bl} = {n°n'} in
F’. From all this, it follows that A : FF — F’ is an isomorphism.

Fourth step: Conclusion

We then consider the equation

A {¢07¢1} = {ylv 7y0} . (215)

Since A is an isomorphism of F' onto F’, equation () admits a unique solution
{#° ¢'} € F for any initial data pair {y° y'} such that {y*, —y°} € F".
On the other hand, the operator A has been defined by the application () giving

P (0) =y" and 1 (0) =",

where 1) denotes the solution of problem ().
We choose the control v by

v:% on .

ov

We note that ¢ = ¢ (z,t) and y = y (z,t) are two solutions of the same non-
homogeneous problem. Then, from the uniqueness of the solution of problem () we
have

y(xat):w(x7t) V(.’E,t)EQ.

From (), we deduce that

]y(x,T) =y/(x,T)=0in Q. \

We see that y = y (v) satisfies the condition ().
Finally, we have constructed a control v that gives exact controllability.
The next step is to characterize the spaces F' and F’ as Sobolev spaces.
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First, we will state some preliminary results that will be needed in the application
of HUM.

2.3 Some reminders on the existence and uniqueness of solutions
of the wave equation

In this section we study some results of existence and regularity of the solutions of
problem ().
We consider the homogeneous problem () and the associated energy

B0 = 3 {116 Oy + IV6 Ol } Vo€ ©,T).|  (216)

We have the following existence and uniqueness result of the solution of ():

Lemma 2.1 Let Q be a bounded domain of R™ with a Lipchitzian boundary. Then,
For initial conditions ¢° € H} (Q) and ¢' € L?(Q) there exists a unique solution

¢ = ¢ (x,t) of () with
¢ €C(0,T;Hy (Q))NC(0,T5L* () NC? (0,T; H (Q)). (2.17)

The solution ¢ of () (which belongs to the class () is called a weak solution of
the equation,).
In addition, we have the conservation of energy

E(t):E(O):%{|¢1|2+|V¢0|2} vt € (0, 7). (2.18)

Proof. We have the existence and uniqueness result for the solution ¢ of () from
[14].

To show the conservation of energy, we multiply equation () by ¢’ (z,t) and
integrating over 2 we get

oz/ﬂ(¢ _A¢) dldn

2 (e v ver}ae] - [@onaar

dE (¢)

== —/F(V¢~V)<;S'dF.

According to the boundary conditions in (), we obtain

dE (1)
dt

and consequently we have conservation of energy. O

=0 Vte(0,7)
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For the regularity of the solution ¢, we have the following lemma which will
justify the integrations performed in the sequel

Lemma 2.2 [14]We now assume that T is of class C. Then, if {gbo,qﬁl} €
H? () N H () the solution ¢ of () checks the following regularity property:

¢ € C(0,T;H*(Q)NHy (Q))nC (0,5 Hy () NC?(0,T;L* (). (2.19)
we now consider the inhomogeneous wave equation

¢" —Ap=f in Q,
¢=0 on %, (2.20)

$(0)=¢",¢ (0)=¢" onQ.
We have the following result

Lemma 2.3 (i) Let Q be a bounded domain of R™ with a Lipchitzian boundary.
For any f € L' (0,T; L2 (Q)), ¢° € H} (Q) and ¢' € L*(Q) there exists a unique
solution ¢ of () with

€ C(0,T;Hy () NC (0,T;L% (). (2.21)

Moreover, there is a constant C > 0 such that

||¢HL°C(O,T;H01(Q)) + H(/)/HLoo(o,T;Lz(Q)) < C{|V¢0’ + \qbl} + Hf”L‘(O’T;Lz(Q))} )
(2.22)
(ii) We now assume that Q is of class C*. Then, for all f € L* (0,T; Hg (Q)),
" € H*(Q) N H} (Q) and ¢* € HE (Q) there exists a unique solution ¢ such
that

¢ € C(0,T; H* (Q)N Hy () NC*(0,T; Hy (2)) (2.23)
with the estimate

||¢||Loo(o,T;H2(Q)mHg(Q))+||¢/||Loo(o,T;Hg(Q)) < O{H¢0HH2(Q)0H(§(Q) + H¢1HH5(Q) + Hf”Ll(O’T;H(
(2.30)

Proof. See [14]. O

Now, we establish a fundamental identity that will then allow us to obtain the
necessary a priori estimates in the application of HUM.

n

Lemma 2.4 [14] Let g = (qx) be a vector field of class [Cl (ﬁ)] . Then for any
weak solution ¢ = ¢ (x,t) of equation (), that is, for any {d)o, ¢1} € H (Q)xL?(Q)
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and f € L (O,T;L2 (Q)), we have

T

1 9o | (. 9o (1) dax
5/%%5 dE—(é(t)qu axk>0+ “¢| —|V¢>|]da:dt
E O 99 09 a¢ (2.24)
dk
dx; dxy, ;i dedt / far a—xkdxdt.
N Q

The convention of repeated indices has been applied here so that, for example

n
WVk = Y QkVk-
k=1

Before proving the identity (), we will state the following lemma which will be
necessary in the following

Lemma 2.5 [19] If ¢ € H (Q) N H?(Q), then
¢ D¢

6951- - Vi%

2_ (00’
vor = (57)

Proof. See [19]. O

and I'.

and

Now we return to the proof of Lemma 2.4.

Proof. We first establish the identity in the case of a strong solution ¢, i.e., that
corresponds to data {¢°, ¢} € (H?(Q) N H} (Q)) x HE (), f € L' (0,T; H (Q)).

Multiplying equation () by g

and integrating over @, it follows that

&rk

/cﬁ”qk%dxdt—/ A(bqk%dxdt:/f%%dxdt. (2.25)
Q Oy, Q Oy, o = Oxy

) (I1)

Analysis of (1)
We have

T ad)
/ Acbq;fida;dt / / A¢pq ——dxdt
Q Oy,

according to Green’s identity, we obtain

o . ¢ 09 ¢
—/QA(;qua—mkdz /8 . de+/ V- V< 5y )d:p. (2.26)
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On the other hand, one has

06\ _ 00 0 (00 000 9
Ve V( &ck) 02 % 9 \ >+8mi8xi8mk
_ 1,0 (09, 06 0a 96
a 2% Oxy \ Ox; Ox; Ox; Oxy,
_ 1 i| 2 0¢ dqi 09
- 2% oz, Ox; Ox; Oxy,
therefore
_ 9¢ g _ [ 92, 9% / 9 \yep
(2.33) & /QA¢qk ﬁwkdx = Lo qka ar' + - % B |Vo|” dr +2.34)
¢ dqi O
/Q Do or 5 (2.27)
Again by using Green’s identity, we obtain
1 0 1 0
3 [ age Veldo =5 [aivermar—3 [ SR wora @)
O Tk 2 Q
Substituting () into (), we find
faomZa [ 202 L 0 dax 96
/QAQqu 8xkdx = | k@ dl+= [ qx |ng5| vidl \V¢>| dz+ \, 9u: O, Dy

Moreover, thanks to lemma 2.5, we have

o0 ¢ 00\*
/QA(bqka—xkdm = /Qka (3u> dl’ + 2/qkuk (81/) dr
(9q;.C 3(15 Jdq. 09

Finally, the integration over (]07 T) gives us

B 09 _ 1 09 L T / 9¢ Oqr 99
/QAgbqkamkda:dt— Q/quyk (8y> drdt 2/@23 IVo|? dadt + 0z, 0z, 8xkd rdt

(2.36)

Analysis of (1)
We have

/qﬁ dzdt /0 /qﬁ"q —dzdt

and we know that

/OT <¢>, k@ >dt /qﬁ”q o kdmdt+/q§q

)
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then

D¢ oo H\|" 1 / d 2
g ——dxdt = (¢ (¢ - = — |¢|” dadt.
/Q¢ 9 By 0 <¢()7Qk oer )|, 2 QQkaka} T
on the other hand, we observe that

9 4 qk
/ank ( k’¢| )d _/F?k|¢>"21/kdl“:0

as a consequence of the Gauss divergence formula and the fact that ¢ = 0 on X.
Then it follows that

d
;/ qk—w dodt = 5 | = {¢| dadt. (2.29)

Substituting () into (), we obtain

’ 96 (t)\|"
[ e = (o 0072 )|+ 5

Then, by transferring () and () into ()(2.32), we deduce

8%

|¢ |? dwdt (2.30)

, 29 (t)\|" aqk _7/ ol

<¢ (t),ar 0z ’W dxdt Wrr |5 dl'dt
b))
8% \V¢| dwdt
Q
99 Oq 09
+ / 9z, Ba, 8mkd xdt = / qu d:cdt
Q
then

1 L 29 1)\ |" aqk
§/Eqkuk 5, | drdt = <¢ (t),qkaxk) W dadt—

2
99 Oy, 5¢
o 0; Ox; Oz,

1/ 9\ 612 d

22 dzdt — /qu—dxdt

hence the identity (2.31).

Now consider the general case of a weak solution ¢ = ¢ (x,t), i.e., one that
corresponds to data {¢°,¢'} € H} (Q) xL?(Q), f € L* (0,T; L*(Q)).

We approach these data with more regular data

{on. 60} € (H*(Q) N HE(Q)) x HE (Q), {f,} € L' (0,T; H} () such that

{60, 61) — {¢°,6'} in HE (Q) x L2(Q) and 231)
fan— f in L' (O,T; L? (Q)) , when n — +o0. '
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The identity () is thus verified by the strong solutions ¢,, that correspond to the
data {(;52, b1, fn}7 and from the estimate () and the properties () we see that

¢, — ¢ in C (O,T; H} (Q)) and
¢, — ¢ inC (O,T; L? (Q)) , when n — +o00.
This allows us to go to the limit when n — +oco in the right-hand member of
the identity (), to deduce that

26L1(E)

v
and that the identity () and also verified in this case. O

qkVk

2.4 Regularity of weak solutions

2.4.1 The homogeneous problem

Theorem 2.9 [14] Let 2 be a bounded domain of R"™ of boundary T of class C?.
Then there exists a constant C > 0 such that

Ioler 2 2 2
/2 'ﬁu‘ dX < C(T+1) {W¢O‘ + o'+ Hf||L1(O,T;L2(Q))} ) (2.32)
v{¢%, 0", f} € H} () x L* () x L' (0,T; L* (Q))
where ¢ = ¢ (xz,t) denotes the solution of problem ().

Proof. See [14]. O

Remark 2.3  [14] From () it follows that ? € L?(X). This is a hidden regularity
v

property of weak solutions of the wave equation.

2.4.2 The non-homogeneous problem

Here we will study the existence and regularity of the solutions of the inhomogeneous
problem ().
Consider the following problem:

2= Az=0 in Q,
z=v on X, (2.33)
2(0) = 2% 2/(0) = 2% in Q.

The solution z of the problem () is defined by the transposition method (see J.
L. Lions and E. Magenes [18]). More precisely, we have the following definition

Definition 2.6 [16] For any {2°,2',v} € L? (Q) x H~' (Q) x L*(X), we call an
ultra-weak solution of problem (), a function z € L* (O,T; L? (Q)) satisfying the
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condition
fzdzdt = (2,0 (0)) — (2°,6'(0)) — | ——vdl'dt.
Q Zau
For any f € L' (0,T;L?(2)), where § = 6 (x,t) denotes the solution of the
problem

0" — A0 = f in Q,
6=0 on X, (2.34)
O(T)=6(T)=0 in Q.

Where <.,.> denotes the duality product between (.,.) and H{ (Q).

Lemma 2.6 [16] The problem () admits a single ultra weak solution z verifies

2 o o.z2ca < C (1220 + 12 sy + Molagsy) - (2.35)
Proof. See [19]. O

Theorem 2.10 [16] For all 2° € L? () and z' € H~1 () and for allv € L? (%)
there exists a unique solution z of problem () with

2e€C(0,T;L*(Q))NC' (0,T; H ' (Q)), (2.36)
and

||Z||L°°(0,T;L2(Q))+||Z/HL°°(0,T;H*1(Q)) <C <|ZO| + HZIHH—l(Q) + H””LZ(E)) - (2.37)
Proof. See [16]. O

Now we return to the identification of the spaces F and F’ .
First, we notice that with the particular choice f = 0 in Theorem () we get the

Corollary 2.1 (The direct inequality) [14]
Let Q be a bounded domain of R™ of boundary I' of class C?. Then there exists
a constant C' > 0 such that

2
oV arar < 0@+ 1) BO) = O T+ 1) {66 i yreien

/}
ov
for all d) weak solution Of () .

Since F' is the complement with respect to the norm defined by the right-hand
side of the inequality (), then we deduce that H} () x L? () C F. To prove that
F C H} () x L% () one needs to prove that there exists a constant C; such that

(2.38)

a 2
Cq H{¢0’¢1}||izg(ﬂ)xm(ﬂ)SL(@?) dldt. (2.39)
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If we prove () which combined with the "direct inequality" of Corollary 2.1,
will allow us to identify the space F' by F' = Hg (Q) x L?*(Q) and its dual F’ =
H=1(Q) x L? ().

The inequality () is called the inverse inequality which we will prove in the next
paragraph

2.4.3 The inverse inequality

The purpose of this paragraph is to establish a second estimate of the "inverse
inequality" which will at the same time lead to a uniqueness result of the type
of Theorem 2.1 and a fortiori to obtain additional information about the space of
initial data in which the exact controllability takes place.

We first introduce some notations.

Let 2° € R™, we define the vector

m(z)=x—2a°,
with the components
mk.(:c)::ckfxg , 1<k<n,
and a partition of the boundary I' as follows
I'(2°) ={zel;m(z) v(z)>0}

with

I, (z°) =I\I' (2°) = {z € ;m(z) - v(z) <0}
and

% (2°) =T (=) x 0, T7.

2, (2°) = 8\2 (2%) =T (2°) x 0, 7.
In addition, we introduce

R(2) = S‘éng —2%|| = [Im ()| Lo ()
xT

and we consider
T (:UO) =2R (mo) .

Theorem 2.11 (The inverse inequality) [14]
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Let Q be a bounded domain of R of boundary T' of class C%. Then, for any
T>T (J:O) and any weak solution ¢ of () the following inequality holds.

2
% drdt. (2.40)

: R (")
r-rE)Eo <=2 [

Proof. We write the identity stated in lemma (), in the case of homogeneous
solutions (f = 0) we obtain

2

1 d¢ (. do NI 1 [Ogr [, i
5/%% Y dx = <¢ (), qw Dar >'0 + 5/679% [’(1) "= |V } dxdt (2.51)
x Q
Oar 00 00 41 (2.41)

Q

with the choice of multipliers

qk(x):mk(m):xk—xg, 1<k<n,

then
Ogk _ 5 N0 _ Og 96 96 _ (o 1o
ox; Oiks kzlaxk =n and Ox; Ox; Oz Vol
We put
IO
X = (o 0.0 )|

thus, the identity () becomes

2
X 4 ﬁ/ [’¢/|2 _ |V¢|2} dxdt—i—/ |V¢|2dxdt: l/mkl/k ((%> drdt. (2.42)
2 )0 p 2 /s ov

At X (360), thanks to the Cauchy-Schwarz inequality, we have

0<m(z) viz)= élmkyk (2.43)
< (émi)% <éyi>% (2.44)

= [m (z)|| < R (z°) (2.45)
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and on the other hand, since m (z) - v (z) < 0 on ¥, (2°), we can infer that

2 2
/ Ml <6¢) dl'dt < / MgV <a¢) dl'dt (2.46)
» ov »(z9) ov

(2.53) 2
< R(a2") 993" qrat (2.47)
Oov
3 (20)
Using (2.54) in (2.52), we get

X R (:170) 0o 2
/ U(? | |Vl } dxdt +/ \V¢| dxdt < 5 /z:(zO) (81/) dldt.
(2.48)

In addition, we have
X+ﬁ/ [|¢>’\2 - |v¢|2} dmdt—i—/ |v¢\2d:cdtzx+ﬁ/ |¢'|” dadt — @/ IVo|? dwdt
2Jq Q 2Jq 2Jq

+/ |v¢|2dxdt+3/ |¢’\2da:dt—1/ |¢'|? dedt
Q 2Jq 2Jq

/w ddt
7/ 1|2 duds

_7/ Vol dedt + /w dudi + /W s
/Q[’d)/| — |V }dmdt+2/Q [|¢/| + V¢ }dmdt.

—1
— x4+ /

2 Jg

n—1

zx+n

We pose

:/Q[|¢’|2_|v¢|2] dadt.

Moreover, the conservation of energy () gives us
1 1
—/ |6/ + V6P| deat = / f/ |6/ + V6P| deat
2Jq
/ E(0
= TE(0

so the inequality () becomes

2
dr'dt. (2.49)

9¢
v

_ R 0
x+" Yy i rEO) < (I)/
2 2 Z(JO)
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Now, we estimate Y by the

Lemma 2.7  For any weak solution ¢ of equation () we have

o-

Y = (¢'(t),0(1)

Proof. We multiply equation (2.6) by ¢ and integrating over @), we obtain

/ ¢" pdxdt — / A¢pdzdt = 0. (2.50)
Q Q
We have
/ T T 0 /
@ @00 = [ 5@ w.om)a
- / ¢ pddt + / |¢'|” dadt
Q Q
then

/qb”qbd:cdt: (¢ (t),¢(t))yOT—/ |¢')? dwdt (2.51)
Q Q

on the other hand, from Green’s identity () and the fact that (¢ = 0 on X) we
have

99 ) )
/Q dAGdadt = /Z 0wt /Q IVo|? dzdt (2.52)
= — / |Vo|* dadt. (2.53)
Q
From (2.57), (2.58) and (2.59) we deduce
/ T 712 2 _
@ 00w~ [ (|9 - 1997 drie =0

and therefore

Y= (¢ (),

Let us return to the proof of theorem (2.4)
by lemma (2.7), we obtain

n—1 o / a¢(t)
T Y(““”kaxk)o N

= (0 @m 0 4 o)

T

oxy, 2
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then
, op(t) n—1 r
t) (mkazk + 5 o (t) | dx . (2.60)
Thanks to the Cauchy inequality with € we have for all € > 0
/¢'(t) (mkad)(t)+n_1¢(t)> do < 5/ ¢ (1) de + (2.61)
O 6mk 2 2 Q

2
=/ <mk8§’x(:) TS 1¢><t>> @2.54)

on the other hand
oo 2 96 \°
/Q<m pr 2 ) m—/ﬁ(mkaxk> dx + (2.62)
(n—1)* ¢
’ )| (mkazk) o42:55)

()

and
n a(b B 1 n 9 )
*) & /ng_lmkaxk odx = 2/9};_17% amk(b dx.

Moreover, from the Gaussian divergence formula (1.1) and since (¢ = 0 on X)
we have

/ai (my¢?) do = / myv¢ dl = 0,
Q0T r

and

- 8mk
/kalmk¢ dr = “/Zaqus da (2.56)

_5/9‘1’ da. (2.57)

Using (2.63) in (2.62), we obtain
9 n-1\" 9¢
[ (g o) o= [ () o
_ 96 \"

/gbdx

(n—l) _n(n—1)] /¢2dm.

4 2
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We notice that

this implies that

a 2
(mai) < Im @) Vo[,

then

96\ o
/Q(m’“agck> de/QHm(x)ll Vol

< R? (mo)/ Vol da.
Q

On the other hand, we have

[(n—l)2 n(n—l)} (1) <0,

4 2

with all this, we deduce that

9 n—1\° 96 \?
/Q(mkﬁa:k—’_ 2 qS) dx</9(mk8xk> dx (2.58)
<R? (aro)/ V| da. (2.59)
Q

Substituting (2.64) into (2.61) with the choice of ¢ = R (2°), we obtain

@ (m20 " o) ar < M [ i D [ w6 0Pas

5‘zk 2
1.0
<P [ (160 + 90 @] s

then

/ a¢ (t) n—1 0
/ng (1) (mkaxk +— (;S(t)) dz < R (z") E(0). (2.65)
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From (2.60) and (2.65), we deduce
, 0 n—1
(¢ @m0+ "o

2 0
/ a(b (t) n—1 ) ‘
< 2021% <¢ (t),mp TR +—59 (t)

(¢ ®m 2+ 2226 0)

n—1 T

'X+ y’_

<2

L= (0,T)
< 2R (2°) E(0).

We take T (a:o) =2R (xo), we get

’X + ”;11/’ < T (2°) E(0)

thus
TE(0)—T (z°) E(0) < TE(0) — 'X+ ”_IY‘
SX+n;1Y+TE(O)
R (2° 2
< ) / <a¢> dTdt
2 Z(JZO) (91/
where

and therefore

/Q(|¢’|2+ Vo) do < %/ﬂxo) (g‘f)erdt.

2.5 Additional theorems for controllability

Theorem 2.12 (Russell’s Principle for Hyperbolic Systems)

For the wave equation % — Ay = u (t) x,,, exact controllability holds if:
The control time T > 2diam (N w),
The control region w satisfies the Geometric Control Condition (GCC).

Proof. Use microlocal analysis to show all bicharacteristics enter lx [0, 7]l x
[0, 7. |
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Theorem 2.13  (Null Controllability for Parabolic Systems)

For the heat equation % —Ay = u (1) x,,, null controllability holds for any 7" > 0
if w is a nonempty open subset.

Proof. Proof Tool: O
Carleman Estimates: Weighted energy inequalities to bound solutions.

Theorem 2.14  (Ingham’s Inequality for Observability)

For the Schrodinger equation % = Ay, observability holds if the sensor region

w satisfies GCC, with the estimate:

T
| [ st > €y )20
w

Example:
If w is a neighborhood of the boundary I', observability holds for T sufficiently
large.
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2.6 Second chapter exercises

Exercise 1:( Heat Equation with Distributed Control)
Consider the following one dimensional heat equation on (0, 1):

2 .
% — % + Xja,pu (t) in (0,1) x (0,T)
)

y(0,t) =y (1,t) =0 in (0,7
y (z,0) = yo (2) in (0,1)

where

u (t) is the control acting on the subinterval [a,b] C (0,1).

X[a,p] 18 the carachteristic function of [a, b]

Yo is the initial state in L? (0,1)

Show that the system is approximately controllable on the state space Y = L?
(0,1) for any T' > 0 if [a,b] is a nonempty subinterval.

Hint: Use the fact that eigenfunctions of —88722 with Dirichlet boundary condi-
tions form a basis, and show that the control can influence all modes.

Exercise 2: (Wave Equation with Boundary Control)

Consider the following one dimensional wave equation on (0, 1):

0y — 2y in (0,1) x (0,T)
y(0,t) =0, y(1,t) =u(t) in (0,7)

y(2,0) = yo (x), % (2,0) =y1 ()  in (0,1)

with boundary control u (t) € L? (0,T).

(yo,v1) € L?(0,1) x H} (0,T)

Prove exact controllability for T > 2 using the Hilbert Uniqueness Method
(HUM).

Hint: Use the duality between controllability and observability, and the fact
that the wave propagates with speed 1.

Exercise 3: (Schrédinger Equation Observability)
Consider the following one dimensional Schrédinger equation on (0,1):

% _ %y in (0,1) x (0,7),
y(0,6)=0, y(L,t)=0 i (0,7),
y(x,O) = Yo (33)3 in (07 1)7

with observation at a point xo € (0,1)

z(t) = y (o, 1)

Determine whether the system is observable in time 7" > 0.
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Hint: Check if the observability map

Yo — 2 (t)
is injective using spectral decomposition.

Exercise 4: (Null Controllability of the Heat Equation)
Consider the following one dimensional heat equation on (0, 1):

9y _ 9%y
9t —

528 T X[apu (t) in (0,1) x (0,T)
y(Ovt):y(lat)ZO in (OvT)
y(2,0) = yo (z)

in (0,1)
Prove null controllability (i.e., driving the state to zero at time T' > 0) using
Carleman estimates.

Hint: Construct a weighted energy estimate and use duality.

Exercise 5: (Geometric Control Condition for Waves)

For the two dimensional wave equation on a disk Q = {z € R?: ||z|| < 1}:

Ty — Ay in Q x (0,7)
y=u in 02 x (0,7
y(2,0) =yo (2),5 (2,0) =y (z)  nQ
with boundary control w (t).

Explain why exact controllability holds if 7 > 2 and the control region 02
satisfies GCC.

Hint: Use the finite speed of propagation and bicharacteristic covering.

Exercise 6: (Beam Equation Observability)
For the Euler-Bernoulli beam equation on (0, 1):

2 4 .
g? — % in Qx (0,T)
y(0,t) =y (1,¢t) =0 in 9Q x (0,T)
y(,0) =yo (z) .9 (2,0) = 41 () in 2
with observation
2
z

Determine if the system is exactly observable in time 7' > 0.
Hint: Analyze the spectral properties of the beam operator.

Exercise 7: (Counter example for Controllability)
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Consider the heat equation on (0, 1):

VO =yH=0 n(0.7)
y(ﬂc,O) =Y (:L') mn (071)

with Dirichlet boundary conditions.

Show that the system is not approximately controllable if the control region [a, b]
is too small.

Hint: Identify a mode (eigenfunction) orthogonal to the control subspace.

Exercise 8: (Delay Systems)

Consider the scalar delay equation:

2 (t)=ax(t)+bx(t—1)+u(t),
z(t) =

with z (t) € R, u € L*(0,7).
Characterize the controllability of this system using the spectral approach.
Hint: Study the roots of the characteristic equation A —a — be™* = 0.

Exercise 9: (Non-Homogeneous Boundary Conditions)
For the heat equation on on (0, 1):

% _ 2y in (0,1) x (0,7)
y(0,8) =0,y (L,t) =u(t) in (0,T

S0 —ge(e) i (O]

~—

with boundary control u (t).

Transform the system into one with homogeneous boundary conditions and an-
alyze its controllability.

Hint: Use the lifting method (e.g., y = v + u (t) x).

Exercise 10:(Wave Equation with Boundary Control)

Consider the 1D wave equation

o =54 in (0.1) % (0,7)
y(07t):u()7 ( ):0 in (OvT)
y(2,0) =yo (), & (2,0) =yi (x)  in (0,1)

Prove that the system is exactly controllable in time TH2.

Hint: Use d’Alembert’s formula and the method of characteristics.
Exercise 11: (Null Controllability of the Heat Equation 2)
Investigate the null controllability of
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% = S+ Nayu () in (0,1) x (0,T)
y(0,) =y(L,t)=0  in (0,T)
y(x,0) = yo (2) in (0,1)

Use the moment method to construct a control u(t) that drives the solution to zero
at time T>0.

Hint: Expand solutions in eigenfunctions of the Laplacian.

Exercise 12:(Delay Differential Equation)
Analyze the controllability of

x' (t) = Az (t) + Bu(t — h)

with delay h>0. Transform the system into an infinite-dimensional product space
and derive conditions on A and B for controllability.

Exercise 13: (Boundary vs. Distributed Control)

Compare the null controllability time for the heat equation
oy 0%
g _ 29 t
ot~ gz U

with:

(i) Distributed control X/, ;ju (t),

(ii) Boundary control y, (¢,0) = u (t).

Which case requires a shorter time T?

Exercise 14:(Coupled Hyperbolic System)
Study the exact controllability of two coupled wave equations

%y 0%y
2 o2 7
9%z 0%z
o2 = o2 Y

with boundary controls.
Use characteristic methods to determine controllability time.

Exercise 15:(Schrédinger Equation Observability)
Prove an observability inequality for

i%’i= i34 in (0,1) x (0,77,
y(0,t) =0, y(1,t) =0 in (0,7),

y (z, ) Yo (2), in (0,1),
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and sensor y

=Y (t7 0)
Discuss the minimal time T required.
Exercise 16:(Duality Principle)
Show that exact controllability of the wave equation
2 2
o = 5# tu(t)é ()
(Ot)—Oy(l t)=0 in (0,7
y(2,0) = yo (x), 3¢ (,0) = g1 (&) in (0,1)

implies observability of its adjoint system

2o _ 29 in (0,1) x (0,T)
¢ (0,t) =0,¢(1,t) =0 in (0,7)
¢(x,T)=0,% (,7) = in (0,1)

with measurements at = = 0.

Exercise 17:(Gradient Observability for the Heat Equation)
Determine if the heat equation

% _ Oy in (0,1) x (0,7)
y(.’E,O) =Y%o (:Ij m (071)
is observable when measuring the flux
dy
0,1
5, (00)

instead of the state y (0,1).
Exercise 18: (Coupled Beam Equation)
Consider the Euler-Bernoulli beam

Ty _ 2y in Q x (0,7)
y (0, ):( t) = in 09 x (0,T)

y (2,0) = yo () , ¥ (z, )fyl(w) in {2

Prove observability using measurements of the shear force
7Y 1)
923
Exercise 19:(Inverse Observability Problem)
Suppose the heat equation is observable with a sensor at an unknown location
Zo-
Can z( be uniquely determined from the sensor data? Justify your answer.
Exercise 20:(Semigroup Approach to Controllability)
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For a system

"(t) = Az (t) + Bu (1)

z(0) =z

governed by a Cy—semigroup on a Hilbert space, derive conditions for exact con-
trollability in terms of the operators A and B.

Exercise 21:(Spectral Conditions for the Heat Equation)
Analyze the approximate controllability of

% = %4 L u(t)d(z— o) in (0,1) x (0,7)
y(0,t) =y (1,t) =0 in (0,7)
y(2,0) = yo (x) in (0,1)

using the eigenfunctions of the Dirichlet Laplacian.
Are all modes reachable?

Exercise 22:(Retarded System in Function Spaces)
Consider the system

2’ (t) = La (t) + Mu (t)

(where Lz (t) = Az (t) + Bz (t — 7))
Represent the delay systemas an abstract ODE on C([-H,0[;R"™).
Check controllability using the Kalman rank condition.
Exercise 23:(Non-Homogeneous Boundary Control)
Convert the heat equation

% — By 4y (1) (w — wp) in (0,1) % (0,7)
y(0,t) =u(t);y(1,t) =0 in (0,7)
Y (2,0) = yo () in (0,1)

into a distributed control problem via lifting.
Show equivalence of controllability.

Exercise 24:(Beam Equation with Piezoelectric Actuators)
Study the exact controllability of a beam equation

Ty — 0y fut,x) in Q x (0,7)
y(0,t) =y (1,t)=0 in 9Q x (0,T)
y (2,0) = yo (), % (,0) = 1 (2) in

with piezoelectric actuators modeled by

N
Z X{ax. b (@) uk (1)
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Chapter 3

Optimal control of linear PDEs

Optimal control transcends mere controllability—it seeks the best way to steer a
system, balancing performance and cost. In this chapter, we ascend from controlla-
bility to optimization, marrying PDE theory with calculus of variations. Through
adjoint methods and Pontryagin’s Maximum Principle, we derive optimality sys-
tems that couple forward-state and backward-adjoint PDEs, unlocking control laws
for heat, wave, and Schrédinger equations. You will confront constraints.

During this chapter, we will study the classical theory of optimal control for
linear PDEs in distributed system. We begin our chapter by the presentation of
our optimal control problem and we give it characterization then we finish by some
examples.

3.1 Optimal Control Problem

A control problem involves manipulating a system defined by an input-output re-
lationship. The input, known as the control, can take various forms, such as a
function related to boundary conditions, initial conditions, coefficients in a partial
differential equation (PDE) that models the system, or any parameter within the
equation. The output represents the state or solution of the system, or any related
information.

An optimal control problem is an optimization challenge where the objective
is to minimize a criterion based on the observation of the state and the control
variable, subject to constraints defined by PDEs.

The theory of optimal control requires the following conditions:

- A control variable u that belongs to the set of admissible controls.

- A state y (u) that is to be controlled.

- An observation z (u) .

- A cost function J (u) that should be minimized.

Among the objectives of this theory are to establish necessary conditions for u
to be a minimum and to develop algorithms that approximate the minimum control
u. These conditions are referred to as "quasi-variational inequalities."

65
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3.2 Preleminaries

Let Y, U and Z be infinite dimensional Hilbert spaces of states, controls and obser-
vation resp. U,qC U is a subset of admissible controls supposed non empty, closed
and convex.

Consider the following well-posed state equation related to the control v € U,q

Ay = f + Bu. (3.1)

where

A € L£(),)) is a linear partial differential operator stationary or evolution-
ary (elliptic, parabolic and hyperbolic ) modeling a distributed system makes an
isomorphism on ) identified to )

B e L(U,Y) is the control operator.

Our optimal control problem consists in looking for a control function u € Uyq
which minimizes the following cost function

J(0) = ICy(v) —yalZ + N vl Vv € Uaa, (3.2)

where
J is convex function from R to RU {+o0},
C € L(Y, Z) the observation operator and N > 0,
yq is the fixed observation in Z.
i.e, our optimal control problem is

J (u,y(u)) = inf J(v). (3.3)

{ find u € U,q such that
VEUGA

Theorem 3.1 (Existence and uniqueness of optimal control)

Let U,q C U closed and nonempty, J is lower semicontinuous, bounded from
below and coercive on U,4. Then there exists a minimizer for J on U,q. Moreover
if J is strictly convex, the minimizer is unique.

Proof. 1.Existence
Since J is bounded from below,

m = infJ (v),

VEULg

1

Let (v,) be a minimizing sequence' in Uy,q since J is coercive, (v,) is converge

Ta minimizing sequence of the criterion J on the set U,y is a sequence (vy,) such that

li n) = inf
T A
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to u € Uyq, and J is lower semicontinuous, then

J(u) < lim inf J(v,) = inf J(v)=m,

n——+0ovEUyq VEU g

then u is a minimizer of J on U,,.
2.Uniqueness
Suppose that the problem (1.3) has two solution wui,us such that J(uy) =
inf J(v)=J (ug).
v€EUG4

We have that J is strictly convex then

U1 + u 1 1
J( 12 2) < 5 () + 57 (u2) =m,

Unless u; = ug, we obtain a contradiction with the assumption that u; is solution
of (1.3).Thus u; # us there (1.3) admits a unique solution. O

3.3 Characterization of the optimal control (optimality system)

A first order optimality condition gives:

J ). (v—u)>0 Vv €Uy,

we know that the cost function J is Gateaux-differentiable with

for every v € Uyq,

J'<u>.(v_u>:g%"(““@;u))—ﬂu

by a simple calculus we get

T (utt(v—w) =J(u) +£|Cy (v — w)||5 + 26(Cy (u) = ya, Cy(v — w))z + *N |Jv — ull;
+2tN (u, v — w)y,

which gives

Juw+t(v—u)—J(u)
t

= t]|Cy (v — w)l|Z +2(Cy (u) = ya, Cy(v — w))z + N o — ullj +
2N (u,v — u)y,

make ¢ tends to a 0 to get

J (u). (v—u)=2(C*(Cy (u) —ya),y(v —u))y + 2N (u,v —u)y >0 Vv € Uyq.

Let’s introduce the adjoint state p = p(u)
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A*p(u) = C*(Cy (u) — ya),
where A* is the adjoint operator of A, then
(€ (Cy (u) = ya)sy(v — u))y = (A"p(u), y(v — u))y = (p(u), Ay(v — u))y
= (p(w), B(v — u))y = (B*p(u), (v — u))u,
Hence,
J (u). (v—u) = (Bp(u), (v —u))y + N(u,v—u)y
= (B*p(u) + Nu,v —u)y Vv € Upa,

Therefore the optimal control u is characterized by the following optimality

system :

Ay(u) = f + Bu,
A*p(u) = C*(Cy(u) — ya),
(B*p(u) + Nu,v —u)y >0 Yo € Uyg.

the first two equation must be associated with some appropriate boundary and
initial condition and the pair (u,p(u)) called optimal pair.

Remark 3.1 if U,q = U we have also
J (). (v—u) <0 Yvel,
and with the previous condition we get
J (u).(v—u)=0 Yvel,

therefore the optimality system become as following

Ay(u) = f + Bu,
A*p(u) = C*(Cy(u) — ya),
(B*p(u) + Nu,v —u)yy =0 Yo e U.

3.3.1 Ezxamples
3.3.1.1 1-Optimal control of an elliptic distributed system :

Let © a bounded domain of R” with boundary I of class C2, consider the following
Laplace equation with Newman boundary condition

{—Ay+y=fin(2, (3.4)

Oy _
e =v onl,
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where f € L?(Q) is a source function and v € L? (') is a control function.
Associate to (3.4) the following cost function

J(0) = ly(v) = yallz2) + N ol Z2r)

where y(v) is the solution of (3.4), yq € L? (Q2) is a fixed observation and N > 0.
Our optimal control consists a determine u € U,q that minimizing J (v).That’s
why we have to search u solution of

inf {J(v,y) : (v,y) € Usq x H' (Q) verifies (3.4)} .
In this case :
the state space ) = H' (), the observation space Z = L?(Q) and the control

space U = L*(I).
the observation operator is canonical injection

C: H' () — L*(D)
y—UY,
An optimality condition gives us
J(w).(v—u) > 0V € U
= 2(y(u) —ya,y(v —u))r2 Q) + 2N (u, v — u)2(ry > OV0 € Uyg.

Now, we introduce an adjoint state p = p(u)
{ —Ap+p=y(u) —ys inQ,
and using second Green formula (see appendix ) we get

(y(uw) = ya, y(v —u))r2(0) = (=Ap +p,y(v —u))2(q)
= (p, —Ay(v —u) + y(v — u))L2()

+ [geo—u) = yo - w3)ds

= /Fp(v —u)dx.

Finally, the solution of (3.4) is characterized by the following optimality system:
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—Ay(u) +y(u) = f .
ay)(u —(u) in€2,
A _?_”__(u)_ on I,
p gp__yo Yd in Q,
v onl’
Jo(p+ Nu)(v —u)dz > 0 Vv € Ugg. ’

2-Optimal control of a parabolic distributed system:

Let Q a bounded domain of R” with boundary I' of class C?, T > 0, Consider
time space cylinder Q@ = Q x [0,7], ¥ =T x [0,7] and the Heat equation with
Dirichlet boundary condition

% — Ay =f+x,0inQ,
y=0 on X, (3.5)
y(z,0) =yo(z) inQ,

where f € L?(Q),v € L?(0,T, L*(w)), x,, is the characteristic function of w a
bounded open of  and yo € L*(9).

Our optimal control problem consists in looking for a control function u €

w

L?(0,T, L*(w)) which minimizes the following cost function

J() = [ly() = val12(q) + N 10072 0.1.02(0)) »

with y(v)is the solution of (3.5) y4 € L? (Q), N > 0. So we want to characterize
the solution of the following optimal control

inf {J(v,y) : (v,y) € Uaqg x L*(0,T, Hj()) verifies (3.5)} .

In this case

the state space Y = L%(0,T, H}(Q)), the observation space Z = L*() and the
control space U = L*(0,T, L?(w)).

the observation operator is canonical injection

C: L?(0,T,H} () — L*(Q)
y—UY,

An optimality condition gives us

J'(u).(v—u) = 2(y(u) —ya, y(v—u)) 2(Q) +2N (u, v —u) 20,7, 12(0)) = 0 Vv € Uga.
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by introducing the adjoint state p = p(u)
% — Ap=y(u)—ya in Q,
p=0 on X,
p(z,T)=0 in Q,

and using second Green formula (see appendix ) we get

(y(u) = ya,y(v —u))r2(Q) = (P, v — U)L2(0,7,L2(w))-

Finally, the solution of (3.4) is characterized by the following optimality system:

% _ Ay =
ot z _ Of + XU inQ’
r
o V50 = 00l) O
% — Ap=y(u) —va inQ7
p=0 X
p(x,T) =0 ?n r,
T in Q,
Jo J 0+ Nu)(v —u)de =0 Yv € Uyq.

3-Optimal control of a hyperbolic distributed system:

Hyperbolic systems, such as the wave equation or linear elasticity models, in-
volve time-dependent phenomena with finite propagation speeds. Controlling such
systems requires addressing challenges like energy conservation, time reversibility,
and compatibility with boundary conditions.

Let Q a bounded domain of R" with boundary I' of class C?, T > 0, Consider
time space cylinder Q@ = Q x [0,7], ¥ =T x [0,7] and the Heat equation with
Dirichlet boundary condition.

Consider the controlled wave equation

i — Ay = n Q,
y = on X, (3.6)
y (2,0) =yo (x), 3 (x,0) =y (z) in O,

where

v € L?(Q) is the control function,

(yo,yl) S H& (Q) x L? (Q)

Our optimal control problem consists in looking for a control function v € L?(Q)
which minimizes the following cost function

2 2
J() = [ly(v) = vallz2(q) + N lIvllz2(0)) >
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with y(v)is the solution of (3.5) y4 € L? (Q), N > 0. So we want to characterize
the solution of the following optimal control

inf {J(v,y) : (v,y) € Uaqg x L*(0,T, Hj()) verifies (3.5)} .

In this case
the state space Y = L%(0,T, H}(9)), the observation space Z = L?() and the

control space U = L*(Q).
the observation operator is canonical injection

C: L2(0,T, H () — L*(Q)

Yy —Y,
An optimality condition gives us
J'(u).(v—u) =2(y(u) — ya,y(v — u)) r2(Q) + 2N (u,v —u)r2(g) = 0 Vv € Ugq.
by introducing the adjoint state p = p(u)

Adjoint PDE: The adjoint state p satisfies a backward wave equation:

2 —Ap=y(u) —ys nQ,

p=20 on X,
p(x,T)=0,2 (2,7)=0inQ,

The terminal conditions p (z,T) = 0, % (z,T) = 0 reflect time reversibility.

and using second Green formula, we get

(y(u) = ya, y(v — u))r2(Q) = (P, v — W) r2(Q)-
Finally, the solution of (3.4) is characterized by the following optimality system:

o4 Ay=u :
y—O in@,
on I',
y(xao)—yO( )7375 (33‘ O)_yl(x) in Q
8f2 Aiig() Ya inQ,
L,
p@T)=0,2@T)=0 '}
fo Jop+ Nu)(v —u)de =0 Vv e U. 7
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3.4 Third chapter exercises

Exercise 1: (Distributed Control for the Laplace Equation)
Minimize the cost functional:

1 N
T =3 [y =l do+ 5 [ uda

subject to the following Laplace equation:

—Ay =wuin Q,
y=0 onl

where

) is a bounded smooth domain in R™ with a regular boundary T,

u is a distributed control in L? (Q).

y € H (Q) is the state

1) Fix the state space, obsevation space, control space and the operator C.
2)Derive the adjoint equation and its boundary conditions.

3)Formulate the optimality system (state, adjoint, and control equations).
4)Express the optimal control uu in terms of the adjoint state p.
Exercise 2: (Boundary Control for the Laplace Equation)
Minimize:

1 N
T =5 [l =l de+ 5 [ fuPar

subject to:

—Ay=0in Q,
g—z:u onI

where

Q is a bounded smooth domain in R™ with a regular boundary T,
u is a boundary control in L? (T).

y € H' () is the state

Yd € L? (Q)

1) Fix the state space, obsevation space, control space and the operator C.
2)Derive the adjoint PDE and its boundary conditions.

3)Find the relationship between uu and the adjoint state p.
4)Write the full optimality system.

Exercise 3: (Distributed Control for the Heat Equation)
Minimize:

1 [T 5 N (T 5
J(“):§/0 /Q|y(u)—yd| d:cdt—f—?/o /Q|u| dzdt
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subject to:
% —Ay=u inQ,
y=20 on X,
y(x,0) =yo (x) in Q,
where

Q is a bounded smooth domain in R™ with a regular boundary T, Q = T'x (0,T),
£ =T x (0,T) and T > 0. With

u is a distributed control in L? (Q),

y € L? (0,T; Hg (Q)) is the state.

1) Fix the state space, obsevation space, control space and the operator C.

2)Derive the adjoint equation (backward heat equation) and its terminal condi-
tion.

3)Express the optimal control w in terms of p.

4)State the optimality system.

Exercise 4: (Initial Control for the Heat Equation)

Minimize:
e N
J(u):f/ / |y(ac,T)—yd|2dwdt+f/ |u\2dx
2 /o Ja 2 Jo
subject to:
%y _ Ay=0 inQ
ot )
y=20 on X,
y(2,0) =u(z) in Q,
where

Q is a bounded smooth domain in R™ with a regular boundary T, Q = T'x (0,7T),
Y =Tx(0,T) and T > 0.

w is a initial control in L? (Q).

y € L?(0,T; Hg (Q)) is the state.
1) Fix the state space, obsevation space, control space and the operator C.
2)Derive the adjoint equation and its terminal condition.
3)Find the optimality condition linking v and p.
4)Explain how the control w depends on the adjoint solution p.

Exercise5: (Distributed Control for the Wave Equation)
Minimize:

e 2 N [T 2
J(u)zi/o /Q|y—yd| dwdt—&—;/o /Q|u| dz
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subject to:
% — Ay = U in Q,
y=0 on X,
y(w,O) = %o ('T) ) % (iE,O) =l (‘T) in 2,
where:

Q is a bounded smooth domain in R™ with a regular boundary T, Q = T'x (0,7T),
Y =Tx(0,T) and T > 0.

w is a distributed control in L? (Q) .

(yor 1) € HJ () x L2 (©)

y € C(0,T;Hg () NC*(0,T; L*(Q)) is the state.
1) Fix the state space, obsevation space, control space and the operator C.
2)Derive the adjoint wave equation and its terminal conditions.
3)State the optimality condition for uu.
4)Discuss the time direction of the adjoint equation.

Exercise 6: (Parameter Identification (Linearized))

Let a (z) be known and u (z) a small perturbation both in L* (€2). The state
satisfies:

Minimize:
J(u) = %/Q|y — ya|® dadt + % /Q |u|® dz
1)Linearize the PDE around u = 0 to get
—div (aVdy) = div (uVyp)
2)Derive the adjoint equation for the linearized problem.

3)Find the optimality condition for w.

Exercise 7:( Pointwise Observations in Time)
Minimize:
m

J(u)—lzy (2, T) — i|2—|—N/T lu|® dadt
_21,20 Yz, Yd 2 0 o

subject to the heat equation:

%—Ay:u in Q,
y=20 on X,
y(z,0) = u(z) in Q,
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1) Fix the state space, obsevation space, control space and the operator C.
2)Derive the adjoint equation with Dirac delta sources at ;.

3)Express u in terms of p.

4)Explain the effect of point observations on the adjoint source term.
Exercise 8: (Neumann Boundary Conditions)

Minimize:

1 N
J(u):—/ |y—yd|2dasdt+—/ u|® dz
2 Ja 2 Ja

subject to:

Oy _

—Ay+y=uin Q,
oy = on I’

1) Fix the state space, obsevation space, control space and the operator C.
2)Derive the adjoint equation and its boundary conditions.

3)Find the optimality condition.

4)Solve the system analytically if Q = (0, 1).

Exercise 9: (Coupled Elliptic System)
Consider the system:

—Ay; +ys =u
—Ays +y1 = u in €,
y1 =20

Yo =0 on I
Minimize:
1 N
@ =5 [ =l dode s 5 [ ol ds
2 Ja 2 Jo

1) Fix the state space, obsevation space, control space and the operator C.
2)Derive the adjoint system (coupled PDEs).

3)State the optimality condition for w.

4)Write the full optimality system.

Exercise 10: (Sparse Control with L1 Regularization)

Revisit Exercise 1 but with:

1 N
J(u)zf/ |y—yd|2daxdt+—/ |u\2da:
2 Jo 2 Jo

1)Explain why the L' term complicates the optimality conditions.
2)Compare the adjoint equation to the L2-regularized case.
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3) Research: How is the optimal control characterized? (Hint: Subdifferential
calculus.)

Exercise 34  (Observation in H'(Q))
Let © be a bounded domain of R™, I is its boundary which is of class C?.
Consider the controlled Laplace equation with Neumann condition be

{Ay+yf in Q,

9y _
. =v onl,

where f € L?(Q),v € L*(T'), associate to (L) the following cost function
J(yv) = |9y (v) = VyalltL2 @y + NllvlZe ),

with yg € HY(Q) is a desired state, N > 0.
Consider the following optimal control problem.

inf{J(y,v) : (y,v) € H*(Q) x L*(T") and (y,v) checks (L)}

1) Show that (L) admits a weak solution in H*(Q2). (Apply the Lax-Milgram
theorem).
2) Fix the state space, the observation space, the control space and the operator

C.
3) Consider the variational equation:
Find p € H'(Q) s.t.
[ (Vp.N¢+po)de = [ (Vy(v) — Vya) .-Veda for all ¢ € H' () . (WF)
Q Q

Show that (W F) admits a unique weak solution p € H* ().
4) Show that the optimal pair (u,y(u)) is characterized by the following opti-
mality system:

—Ap+p=—div((Vy(v) = Vya)) . ~
9y(u) 1 34,

v = U,

% = (V?/(v) - Vyq) v
p+Nu=0 ae onTl
(y(u),p) € H' (Q) x H' ()

on I’

)

(Remember that [, Vo.Fdx = [, ¢F.ndo — [, edivFdz for all ¢ € H'(Q),
Fe(H'(Q)")

Exercise 35 ~ (Newmann boundary control)
Let Q be a bounded domain of R", I is its boundary which is of class C2,Q =
0x]0,7[ and ¥ =T'x]0,T7.
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Consider the controlled heat equation on the boundary

o dy=f mQ,
2= on X, (H)
y(z,0) =yo (z) inQ,
with f € L?(Q),v € L*(X) and yo € L?(Q).
(H) has a weak solution in L?(0,T; H*(9)).
Associate to (H) the cost function :

J(y,v) = [ly — yd||i2(Q) + ly(T) — yd(T)||2L2(Q) + N||U||%2(z:)

with yq € C([0,T], L*()) is the desired state, N > 0. Consider the following
optimal control problem.

inf{J(y,v) : (y,v) € L*(0,T; H(Q)) x L*(¥) and (y,v) checks (H)}
1) Fix the state space Y, the observation space Z, the control space U and the
operator C.

2) Show that the optimal pair (u,y(u)) is characterized by

-2 _Ap=y(u)— .
ot ézi,() Yd inQ,
% _
v on I,
y(%o):yo(ﬂ«")a
p (=, T_) =y (1) ~yal) 4
u=—5 a.e. on X.

Exercise 36 (Newmann boundary control)

Let € be a bounded domain of R”, T is its boundary which is of class C?,Q =
0x]0,T[ and ¥ =T'x]0,TT.

Consider the controlled wave equation on the boundary

Ty _Ay=f in Q,
%:v on X,
Y (2,0) = yo (), % (2,0) =y (x) inQ,

where (yo,y1) € HY () x L*(Q), f € L*(Q) and v € U,q , where Uy, is a convex
closed nonempty subset of L?(%).

(W)
(W) has a weak solution in C(0,T; H*(2) N C(0,T; L?(2)).
Associate with (W) the cost function :

J(y,v) = [ly - yd||i2(Q) + ly(T) — yd(T)||2L2(Q) + N||U||%2(z:)
with ya € C((0,T], L2(%2)).
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Consider the following optimal control problem :
inf{J(y,v) : (y,v) € L*(0,T; H(Q)) x L*(X) and (y,v) checks (W)}.

1) Fix the state space Y, the observation space Z, the control space U and the
operator C.
2) Show that the optimal pair (u,y(u)) is characterized by :

2
. 5% — Ay = f;
o —Ap=y(u) —ya nQ
%, |
p _
o — on I,
g(U) (z,0) = yo (),
v (2,0) = g1 (2);
, p(z,T) =0,
g (2, 1) =y (u) (T) —ya (T) in Q,
(p + NU,U — u)LQ(O,T;LQ(Z)) 2 0 VU S Z/{ad

Exercise 37 (Boundary observation and distributed control, Dirichlet
conditions)
Let Q be a bounded domain of R", I is its boundary which is of class C2.
Consider the following control problem:

—Ay+cVy=f+ovin Q,
y=0 on I

where ¢ a constant vector and f € L?().
Associate with (T') the cost function

s = [ |5

2
—= —ya dF+N/\v\2d:E
ov Q

with
inf{J(y,v) : (y,v) € H}()) x L*(Q) and (y,v) checks (T)}.

1) Show that, by elliptic regularity, J(y,v) is well defined and that there exists

a unique minimizer.

2) Fix the state space Y, the observation space Z, the control space U and the
operator C.

3) Show that the optimal pair (u,y(u)) is characterized by the following opti-
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mality system

—ANy+ceVy=f+u;
—Ap—c.Vp—pdive=0 in Q,
y =0,
_ 9y
P=73, —Yd onI',
fOTfQ (p+ Nu,v —u)pog) = 0V0EUq inf

4) Write the optimality conditions: adjoint problem and Euler equations.

Exercise 38 (Boundary control)

Let Q be a bounded domain in R™, with a Lipschitz boundary I'. Let I'; be a
closed subset in I, and set I's = I'\T';.

We consider the following elliptic equation

—Ay=1f in Q,

%:U on I'y, (LB)
y=0on Ty,

The function f € L? () is a given source term and the function v € L? (T)
is a control variable. Denote by H} (€2) the space

H () ={yeH" (Q) st.y=0onTs}.

1) Prove that equation (LB) admits a unique weak solution in Hp, (Q)
(give the precise definition of a weak solution).
We want to study the control problem

inf{J(y,v) : (y,v) € Hp, (Q) x L? (I'1) and (y,v) checks (LB)}.

with
J(y,v>:/ |y—yd\2dr+N/ lo]? dz
Q Iy

the function y4 belongs to L% (Q2).

2 ) Let (v,,) be a sequence in L? (I'y) converging to u for the weak topology of
L2 (Ty).

Let y (vy,) be the solution to equation (LB) corresponding to v,.

What can we say about the sequence y (v,,)?

Prove that problem (P6) admits a unique weak solution.

Characterize the optimal control by writing first order optimality conditions.

Exercise 39  (Distributed control)
Let © be a bounded domain in R™, with a Lipschitz boundary B
Consider the elliptic equation

—Ay+y=f+x,v in €,
“ LN
{ %: onI'. (LN)
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The function f belongs to f € L? (), the control v € L? (w), and w is an open
subset in Q.
We want to study the optimal control problem

inf{J(y,v) : (y,v) € H' (Q) x L? (w) and (y,v) checks (LN)}.

with
I(y,v) = / ly — yal?dT + N / jof? de
T w

the function y4 belongs to H! (2).
1)Prove that problem (P7) admits a unique weak solution.
2)Characterize the optimal control by writing first order optimality conditions.

Exercise 40 Let Q2 be a bounded domain of R™, T is its boundary which is of class
C%Q =Qx(0,T) and ¥ =T x (0,7). We consider linear thermoelastic coupled
systems

Yt — Oley + ’ylV@ =0
0 — kAO + vy divy, =0 in Q,
y=0
% =0 on ¥, ((TE))
Yy (3370) = Yo (.’II) >y Yt (x’ 0) =4 (.’L’)
0 (xz,0) =6y () in Q,

with o > 0, £ > 0, v; > 0 and v, > 0, the last are the coupling parameters.
Also, yo € H}(Q),11 € L3(Q), 6y € L*(R2) and v € L?(X). The system (TE) has a
unique solution (y,0) € C(0,T; Hj(Q) x L*(Q))

Consider the following optimal control problem

inf{J(y,0,v) : (y,0,v) € C(0,T; Hy(Q) x L*(Q)) x L*(£) and (y,v) checks (T'E)},

with
J(y,e,v):/ (Iy — al® + 10 — 0P dxdt—i—N/ |2 dr'dt,
Q b

where N > 0.
Characterize this solution by establishing first order optimality conditions.

Y — a2 Ay +v,V0 =0
0r — kAO + v, divy, =0 in Q,
y=0

20 _
o =u on X,

y(2,0) =yo (z),9: (2,0) =y (z)
0 (z,0) = 6 (x) in 0,
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O — P Ap 4+ 7,V =y (u) — yq
Y, —kAY — vy, divep, = 6 (u) — 04 in Q,

=0
g—V:O on 3,
@(va) _ngot (va) :0
Y (x,T)=0 in Q,

with the optimality condition

(p+ Nu,v —u)LQ(E) >0 Vv €Uy
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Appendices

Definition 3.1 (Exponential of a matrix)
k
The series of matrices of general term 4

k!
part of M,, (R).
We call then exponential the application

converges normally on any bounded

exp 1 M, (R) - M, (R)
A —expA= Z I E
k=o

Theorem 3.2 (Cayley-Hamilton)
Any square matriz A satisfies the equation of its characteristic polynomial, i.e
if x4 (A) =det (A — A) then
Xa(4)=0.

Definition 3.2 (Rank of a matrix)

The rank of a matrix A is the dimension of the vector space generated (or
spanned) by its columns. This corresponds to the maximal number of linearly
independent columns of A.

Definition 3.3 Transition matrix
the resolvant is the solution of

{<I>’ (t,t0) = A(t) D (t,t0), t >0,
D (to,t0) =1,

with @ (¢,¢9) € M,, (R)
has the property

D (ta,t0) = P (t2,t1) D (t1,t0) -

If A(t) = A is time-invariant @ (¢,s) = >, %? (t—s)"
Then, the solution of

{z’(t)—A(t)z(t)—i—B(t)u(t), t>0,
Z(to):ZO,

is given by
t
z(t) = @ (t,t0) 20 +/ ® (t,5) Bu (s)ds.
to

When ty =0, @ (¢,0) = M (t) and

2 (t) = M (t) 2o +M(t)/0 M~ (s) Bu (s) ds.
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Theorem 3.3 (Exponontial bound of an exponentional matriz)

Let A € M,, (R) with distinct eigenvalues distinct eigenvalues Ay, ..., A\ (k < n)
of

algebraic multiplicities my, ..., my, respectively, so that my + ... + mp = n.

If w is such that

w>max{ReX;,i=1,...,k},
then there exists a constant M > 1 such that
)] < preet

Definition 3.4 (Positive definite matrix, positive semidefinite matrix,
negative matrix and negative semidefinite matrix)

Let A € M,, (R) be a symmetric matrix and x € R™.

A is positive definite if 27 Az > 0 for all z # 0

A is positive semidefinite if 27 Az > 0 for all .

A is negative definite if —A is positive definite.

A is negative semidefinite if — A is positive semidefinite.

Definition 3.5 (Banach space)

A normed vector space or normed space F, is a vector space over the real or
complex numbers, on which a norm is defined. A norm is a real-valued function
defined on the vector space that is commonly denoted ||.||, and has the following
properties:

i) It is nonnegative, meaning that ||x|| > 0 for every x € E.

i1) Tt is positive on nonzero vectors, that is,

|z]] = 0 implies x = 0. for very vector z € E |

iii) For every scalar A, [[Az| = |||z .

1) The triangle inequality holds; that is, for every vectors z and y,

2+ yll < llz]| + [lyll

Definition 3.6 (Hilbert space)

A Hilbert space H is a real or complex inner product space that is also a complete
metric space with respect to the distance function induced by the inner product.

To say that H is a complex inner product space means that H is a complex vector
space on which there is an inner product (z,y) associating a complex number to
each pair of elements =,y of H that satisfies the following properties:

1) The inner product is conjugate symmetric; that is, the inner product of a pair
of elements is equal to the complex conjugate of the inner product of the swapped
elements

(y, ) = (2, y).
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Importantly, this implies that (z,z) is a real number.
The inner product is linear in its first argument.
For all complex numbers a and b

(axy + bxo,y) = a(x1,y) + b (22,y)

19) The inner product of an element with itself is positive definite i.e.

(x,z) >0ifx#0, (zv,z)=1if 2 =0.

It follows from properties i) and 4¢) that a complex inner product is antilinear,
also called conjugate linear, in its second argument, meaning that

(z,ay1 + by2) = a(x,y1) + b (2, y2)

A real inner product space is defined in the same way, except that H is a real
vector space and the inner product takes real values. Such an inner product will be
a bilinear map.

The norm induced by the inner product is

] = v/ (z, z).

Definition 3.7 (Cy—Semigroup)
A strongly continuous semigroup on a Banach space E or Cy—semigroup

{8 () }>0, 1s a map
S(t):Ry — L(E)

such that
i) S(0) =T (identity operator on E)
ii) Forallt,s >0: S(t+s)=5(t) S (s)
ii) For allz € E : |S(t)x — || — 0 when ¢t — 0.

Definition 3.8 (The infinitesimal generator)
The infinitesimal generator A of a strongly continuous semigroup {5 (¢)},5 is
defined by

whenever the limit exists.

The domain of A, D(A), is the set of « € E for which this limit does exist; D(A)
is a linear subspace and A is linear on this domain.

The operator A is closed, although not necessarily bounded, and the domain is
dense in F.

Definition 3.9 (LP spaces)
The set of LP-functions (where p > 1) generalizes L?-space. Instead of square
integrable, the measurable function f must be p-integrable for f to be in LP.
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On a measure space X, the LP norm of a function f is

Il = ([ |f<x>|”dx)’17

The LP-functions are the functions for which this integral converges.

For p = 2, the space of LP-functions is a Banach space which is not a Hilbert
space.

For p > 1, the dual vector space to LP is given by integrating against functions in
L4, where  +1 = 1. This makes sense because of Holder’s inequality for integrals.
In particular, the only LP-space which is self-dual is L2.

Definition 3.10 (Sobolev spaces)

Let k € N, 1 < p < oo . The Sobolev space W¥? (Q) is defined to be the set of
all functions f on € such that for every multi-index o = (ay, ..., ;) with || < k
the mixed partial derivative

olel ¢
Df ="
! 0¥1xq...0% x,

exists in the weak sense and is in L? (2) , i.e.
D% fll 1o () < 00
That is, the Sobolev space WP (Q) is defined as
WkP (Q) = {u € LP (Q) such that DY € LP (Q) for all |a| < k}.

The natural number k is called the order of the Sobolev space W (€2).
There are several choices for a norm for WP (Q) . The following two are
common and are equivalent in the sense of equivalence of norms:

1
P
D ID%ull) | 1< p < oo
||u||wk,p(9) = || <k
max [ Du[ 1.« (o)
la|<k

p = 00.

Theorem 3.4 (Hill-Yoshida theorem)
Let A be a linear operator defined on a linear subspace D(A) of the Banach space
E, w a real number, and M > 0. Then A generates a strongly continuous semigroup

{S () }i>o that satisfies
IS (@) < Me*!

if and only if
1) A is closed and D(A) is dense in E,
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1) every real A > w belongs to the resolvent set of A and for such A and for all
positive integers n,

<M
T (A-w)

Theorem 3.5 (Lumer—Phillips theorem)
Let A be a linear operator defined on a linear subspace D(A) of the Banach space
E. Then A generates a contraction semigroup if and only if
1)D(A) is dense in E,
1) A is dissipative, and
191) A — M is surjective for some A > 0, where I denotes the identity operator.
An operator satisfying the last two conditions is called mazximally dissipative.

H()\I—A)’”

Definition 3.11 (Directional derivative 1)
Let J:U C X — Y be an operator, X,Y be two Banach spaces and U # ) be
an open. J is said to be directionally differentiable = € U if the limit

4J(z.h) = lim J(x+th) —J(x)

t—0+ t

ey

exists for all h € X.
J is called Gateaux-differentiable cake in x € U if J is directionally differentiable
in z and its directional derivative is

J(x):heX —dJ(z,h) €Y
is linear and bounded,i.e., J(z) € L(X,Y).

Definition 3.12 (Directional derivative 2)
Let X,Y be two Banach spaces and J : U C X — Y s.t. U a nonempty open.
J is directionally differentiable at x € U if the limit

dJ(z,h) = li, J(x+ tf;) —J ()
t—

ey,

Theorem 3.6 (First order optimality condition)
Let E be a Banach space and U C E a nonempty convex. Moreover, let J : U —
R defined on an open neighborhood of U. Let u be a local solution of

inf
e

where J is cake-derivable. Then, the following optimality condition is verified

(J'(u),v —u)g p >0 YoeU.

If J is convex on U this condition is necessary and sufficient for global optimality.
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Theorem 3.7  (Brezis, 2010, p.47)

If E, F two Banach spaces A : D (A) C E — F an unbounded operator of dense
closed domain.

Then we have the equivalence of:

1) A is surjective.

it) Iy > 0: |lv|| < v||A%v| g, Yv € D(AY).

iii) ker (A*) = {0} and Im (A*) is closed.

Proposition 3.1 (Infinite Dimensional Linear Systems Theory)
Let X,Y and Z be three Banach spaces and F € L(X,Y) and G € L(Y, Z) then
ImFCImG & 3y >0,Vze Z:||G2|| . >7|F 2|y -

Proposition 3.2 (Zabezyk, J., 2009;p 211)

IfF e L(X,Y)andG € L(Y,Z), where X,Y and Z are separable Hilbert spaces
s.t. [|[F*fll = |G*f|| for any f € Z*, then InF C ImG and |[F~'f|| = |G~ /|
for any f € Im F.

Lemma 3.1 Let Hy, Hy be two Hilbert spaces F' : Hy — Hy be a bounded linear
operator. then

Im F = (ker F*)*

Theorem 3.8 (Green formula)

Let Q C R™ be a bounded and reqular domain, and v the unit normal vector
outward on I' = 0Q. Then we have

Foru € H' (Q) and v € H? () we have the first Green formula

/uAvdx = /VuVde—i—/ug—dl"

T

For u,v € H?(Q) we have the second Green formula

ov ou
/ (uAv — vAu) dx = / (uay - Uay) dr'.
r

Q
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