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Preface 

 

This document is a comprehensive course companion for undergraduate students in 

Control of Linear Systems. It is specifically designed for a 45-hour course at 

Echahid Cheikh Larbi Tebessi University in Tebessa, Algeria. The primary objective 

is to build upon the knowledge acquired in the second year and to equip students with 

the skills necessary to represent dynamic systems and analyse their properties within 

the state-space framework. The course also introduces fundamental methods for the 

analysis and synthesis of control systems. 

To fully benefit from this course, students are expected to have a strong foundation in 

basic engineering principles, including mechanics, electronics, and industrial process 

knowledge. Building on these fundamentals, the course explores core topics such as 

the principles of linear systems, controller design strategies, stability analysis, and 

performance evaluation in both the frequency and time domains. 

The course is organized into five chapters, structured as follows: The first chapter 

focuses on the synthesis of controllers in the frequency domain, while the second 

chapter delves into the representation of systems using state-space models. The third 

chapter provides a detailed analysis of systems in the state-space framework. The 

fourth chapter explores state feedback control, and the final chapter covers the 

synthesis of state observers. 

By the end of the course, students will have acquired the theoretical knowledge and 

practical skills required to analyse, design, and implement effective control strategies 

for linear systems. This prepares them to tackle the challenges of modern engineering 

in this ever-evolving field. 

 

Abdelhamid DJARI 
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December 2024

This lecture notes is intended for third-year undergraduate students in
Automation.



i

Abstract

This lecture notes offers a detailed exploration of control systems, focusing on both

frequency-domain methods and state-space representations. Designed to equip stu-

dents and engineers with the knowledge and tools needed for system analysis and

design, the material covers key topics essential for mastering control systems.

The frequency-domain section introduces controller design techniques using Bode

plots, Nyquist plots, and root locus methods to ensure stability and optimize perfor-

mance. State-space representation is presented as a versatile framework, particularly

suited for analyzing and modeling complex MIMO systems.

System analysis in state-space is explored through concepts such as controllability,

observability, stability, and response, providing a deeper understanding of dynamic

behavior. State feedback control techniques are discussed to enable precise pole place-

ment for improved stability and performance. Finally, the design of state observers,

including Luenberger observers and Kalman filters, is examined to facilitate accurate

state estimation in scenarios with unmeasured variables.

This lecture notes bridges theoretical principles with practical applications, offer-

ing a comprehensive guide for analyzing, controlling, and optimizing dynamic systems

in fields like automation, robotics, and control engineering.
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1. Controller design in the frequency domain 1

Chapter 1

Controller design in the frequency

domain

1.1 Introduction

This section focuses on the frequency responses and characteristics of various types

of controllers, including Proportional (P), Proportional-Integral (PI), Proportional-

Derivative (PD), Proportional-Integral-Derivative (PID), as well as phase lead and

phase lag controllers. Key specifications in the frequency domain, such as gain and

phase margins, resonance factor, and bandwidth, will be examined alongside their

interpretations. Additionally, the process of designing controllers using Bode plots

will be discussed, highlighting the practical application of these techniques. Finally,

tuning methods will be explored using the Black-Nichols chart, providing a systematic

approach to optimizing controller performance in dynamic systems.

1.2 Overview of Linear System Stability

This section provides a refresher on the stability of linear systems, focusing on the cri-

teria and principles that determine whether a system will remain stable under various

conditions. It covers fundamental concepts, such as the analysis of system poles, and

explores methods like the Routh-Hurwitz criterion and root locus techniques, which

are commonly used to assess system stability. Understanding these principles is cru-

cial for ensuring that a system performs predictably without exhibiting undesired

oscillations or divergence over time.

A. Djari



1. Controller design in the frequency domain 2

1.2.1 Stability of a Linear System

Most physical systems can be described as operators that map inputs R to corre-

sponding outputs S (Figure 1.1).

Figure 1.1: General model of a system

• Definition 1: A linear time-invariant (LTI) system is a system whose behavior

and response to inputs are both linear and consistent over time. This means

that the system’s properties do not change with time, and the output is directly

proportional to the input. Additionally, the system adheres to the principles

of superposition (additivity) and homogeneity (scaling). Its time-invariance

ensures that its behavior is the same regardless of when an input is applied,

meaning the system’s response to a given input will not vary over time.

• Definition 2: A linear system is considered stable if its output remains bounded

for all bounded inputs. Otherwise, it is classified as unstable.

Every LTI system is governed by one or more linear differential equations with con-

stant coefficients.

• Exemple 1: Let’s consider a mass-spring-damper dynamic system depicted in

the following figure:

Figure 1.2: mass-spring-damper system

A. Djari



1. Controller design in the frequency domain 3

According to the general law of dynamics, this system is governed by the following

dynamic equation: ∑
(Fi) = m.

∂2

∂t2
x(t) (1.1)

This equation becomes:

mẍ(t) + αẋ(t) + kx(t) = F (t) (1.2)

Thus, this system is governed by the equation (Equation 1.2), which is a linear dif-

ferential equation with constant coefficients.

1.2.2 The Laplace transform

To simplify the analysis of dynamic systems, various transformation techniques, such

as the Laplace transform, are included. Considering a real signal x(t) where x(t) = 0

for t < 0, the Laplace transform L(x(t)) is defined as the function X of the complex

variable s such that:

X(s) = L(x(t)) =

∫ +∞

0

x(t)e−stdt (1.3)

Applying this transformation to the mass-spring-damper system described above

yields:

ms2X(s) + αsX(s) + kX(s) = U(s) (1.4)

with U(s)=L(F(t)) This implies that:

X(s)

U(s)
=

1

ms2 + αs+ k
(1.5)

The ratio G(s) = X(s)
U(s)

is defined as the transfer function (TF) of the system, where

U(s) represents the input and X(s) represents the output. A system is stable if and

only if all the poles of its transfer function (the roots of the denominator) have strictly

negative real parts. In the previous example, when m = 1, α = 0.5, and k = 5/16,

the system has two complex poles with negative real parts (s1 = −0.25 − 0.5j and

s2 = −0.25 + 0.5j), which indicates that the system is stable. When calculating the

poles of the transfer function (TF) is challenging, various criteria are employed to

simplify stability analysis, such as the Routh, Nyquist, and Hurwitz criteria.

1.2.3 Routh Criterion

The Routh criterion is a method used to determine the stability of a system by ana-

lyzing the characteristic equation without having to calculate the roots. It provides

A. Djari
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an an−2 an−4 ... a1
an−1 an−3 an−5 ... a0

bm = an−1an−2−anan−3

an−1
bm−1 =

an−1an−4−anan−5

an−1
... b0 =

an−1a1−ana0
an−1

0
bman−3−an−1bm−1

bm

bman−5−an−1bm−2

bm
... 0 0

Table 1.1: Routh Table

a systematic way to assess whether all the roots of the polynomial have negative real

parts, ensuring system stability. The Routh algebraic criterion does not provide a

concept of safety margin, but it allows for the diagnosis of stability in higher-order

systems. Let H(s) represent the closed-loop transfer function, and let D(s) be the

denominator of H(s). D(s) is a polynomial of degree n.

D(s) = ans
n + an−1s

n−1 + ...+ a1s+ a0 (1.6)

The Routh criterion is applied by arranging the sequence of coefficients ai in a table,

across two rows, in descending order of n, alternating between the two rows. A

calculation is then performed to generate an additional row, following the algorithm

illustrated in the diagram below. We then have a table with three rows, where the

third row contains fewer terms than the previous ones. The remaining positions in

the third row are filled with zeros on the right.

The same calculation is repeated on the last two rows to create a fourth row.

The process is iterated until only zeros remain in the row. The number of poles

with positive real parts in the transfer function H(s) is equal to the number of sign

changes in the first column. Consequently, the closed-loop system is stable if all the

coefficients in the first column have the same sign.

• Note: The maximum number of rows is equal to the number of terms in the

polynomial D(s), which corresponds to the order of the system, plus one.

Example: Consider a system with a transfer function: G(s) = k
s3+s2+2s

, placed

in a unity feedback control loop. The closed-loop transfer function will be: H(s) =
G(s)

1+G(s)
= k

s3+s2+2s+k
Let’s apply the Routh criterion by constructing the following

table.

s3 1 2
s2 1 k
s1 2-k 0
s0 k 0

Table 1.2: Routh Table for H(s)

For the system to be stable, there must be no sign changes in the first column,

meaning that 2−K > 0. Therefore, the system is stable if K < 2.

A. Djari
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1.2.4 Reverse Criterion

The reverse criterion is essentially a simplified version of the Nyquist criterion for the

common case where the open-loop transfer function G(s) of the system has no poles

with a positive real part.

Under these conditions, the stability criterion can be stated as follows:

• If the open-loop transfer function G(s) of a control system has no poles with

positive real parts, then the system is stable in closed-loop if, when traversing

the Nyquist plot of the open-loop transfer function in the direction of increasing

pulsations ω , the critical point C always remains to the left of the curve.

Figure 1.3 illustrates this inverse criterion:

Figure 1.3: Reverse criterion.

• Note: Always remember that the Nyquist plot is drawn for the open-loop

system in order to assess the stability of the closed-loop system.

1.2.5 Stability margins

1.2.5.1 Concept of Stability Margin

The stability criteria we’ve discussed so far help determine whether a closed-loop

system is stable or not. The outcome is always binary: the system is either stable

or unstable. However, some of these criteria give insight into the notion of a safety

margin concerning the system’s stability.
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For instance, when the Routh criterion indicates that a system is stable (e.g.,

if K < 4), we can intuitively understand that, for the sake of stability, it is likely

better to set the gain K at 2 rather than pushing it close to the upper limit, such as

3.99. Similarly, we tend to consider a system whose Nyquist plot passes far to the

right of the critical point as being ”more” stable than one that passes very close to

this point. These considerations lead us to define the concept of stability margin,

which relates to the ”distance” from the critical instability threshold. We will define

the gain margin and phase margin based on simple geometric observations from the

system’s Nyquist plot.

1.2.5.2 Gain margin

Gain margin is a measure used in control systems to assess the stability of a system.

Specifically, it indicates how much gain can be increased before the system becomes

unstable. It is defined as the difference in decibels between the gain at the phase

crossover frequency (where the phase angle is −180 degrees) and 0 dB (unity gain).

Mathematically, it can be expressed as:

GMdB = −20log10 (|G(jω)|) (1.7)

where G(j) is the magnitude of the open-loop transfer function at the phase

crossover frequency. A positive gain margin indicates a stable system, while a negative

gain margin suggests potential instability.

• Interpretation: A larger gain margin indicates a more stable system, as it

can tolerate greater increases in gain before reaching instability. Conversely, a

smaller or negative gain margin implies that the system is closer to instability.

In summary, the gain margin graphically represents the stability margin of a control

system, helping engineers assess how changes in gain affect system behavior.

Example: Let’s consider a system with an open-loop transfer function G(s)

placed in a feedback loop with unit feedback, where:

G(s) =
5× 106

(s+ 100)3
(1.8)

Calculating the gain margin involves first determining the value of ωπ and then per-

forming the calculation: GMdB = −20log10 (|G(jωπ)|).
ωπ is such that: φ (ωπ) = −π; where: φ (ω) = Arg(G(jω)) = 0 − 3Arctan( ω

100
)

φ(ωπ) = −π ⇒ −3Arctan( ωπ

100
) = −π

⇒ ωπ = 173rad/s We then have: GMdB = −20log10 (|G(173j)|) = 12dB
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1.2.5.3 Phase margin

The phase margin is a measure of the stability of a control system in the frequency

domain. It is defined as the amount of additional phase lag at the gain crossover

frequency (the frequency at which the gain of the open-loop transfer function equals

one or 0 dB) that can be tolerated before the system becomes unstable. The phase

margin is calculated as:

PM = π + Arg(G(jω0)) (1.9)

This represents the difference between the actual phase at the gain crossover frequency

and −180◦.

Interpretation:A positive phase margin indicates that the system is stable, while a

negative phase margin suggests instability. The larger the phase margin, the more

stable the system is considered to be. Let’s revisit the system from the previous

example: Calculating the phase margin involves first determining the value of ω0,

and then proceeding to calculate the margin PM = π + Arg(G(jω0)).

ωπ is such that: |G(jω0)| = 1 In addition:

|G(jω0)| =
5× 106√(

(jω0)
2 + 1002

)3 = 1 (1.10)

From which: ω0 = 76.6rad/s We then have:PM = π + Arg(G(jω0)) We also have:

Arg(G(jω0)) = −3Arctan( ω0

100
)

⇒ PM = =67.6◦

The gain and phase margins can be graphically illustrated using a Bode plot

(Figure 1.4), a Nyquist plot (Figure 1.5) or a Black-Nichols diagram (Figure 1.6) .

Figure 1.4: Gain and Phase Margin in the Bode Diagram.
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Figure 1.5: Gain and Phase Margin in the Nyquist Diagram.

Figure 1.6: Gain and Phase Margin in the Black-Nichols diagram.

1.3 Performance Metrics for Control of Linear Sys-

tems

The performance of linear control systems is typically evaluated using key metrics that

describe how well the system responds to inputs and how effectively it meets stability

and accuracy requirements. These metrics focus on system dynamics in both the

time and frequency domains. Below is a brief description of the main performance

measures with corresponding equations:
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• Stability: Stability ensures that the system’s output remains bounded for any

bounded input. For linear time-invariant (LTI) systems, stability is determined

by the location of poles in the system’s transfer function. The system is stable

if all poles of G(s) = Y (s)
U(s)

have negative real parts (i.e., lie in the left half of the

complex plane).

• Precision: characterized by Steady-state error witch measures the difference

between the desired output and the actual output as time approaches infinity.

It depends on the system type and input signals:

ess = lim
t→∞

(r(t)− y(t)) (1.11)

• Rapidity: materialized by Rise time and settling time. Rise time tr is the time

taken for the system output to rise from 10 to 90 percent of its final value for

a step input. The following approximate relation is more commonly used:

tr =
3

ω0

=
3

ωnBF

(1.12)

where: ω0 and ωnBF are the cutoff frequencies at 0 dB for the open-loop and

closed-loop systems, respectively. Settling time ts is the time required for the

system’s output to remain within a certain percentage (typically 2 or 5 percent)

of its final value y∞ after a disturbance or input change.

y(ts) = ±y∞ (1.13)

They provide a measure of the system’s speed of response.

• Overshoot: Maximum overshoot Mp refers to how much the system output

exceeds the desired response in a step response. It is typically expressed as a

percentage:

Mp =
(ymax − y∞)

y∞
× 100 (1.14)

where ymax is the maximum peak and y∞ is the steady-state value:

• Bandwidth: Bandwidth is a frequency domain performance measure that de-

fines the range of frequencies over which the system can accurately respond to

input signals. It is usually measured at the frequency where the magnitude of

the frequency response drops to −3dB from its peak value.
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1.4 Frequency responses and frequency character-

istics of controllers

The frequency response of a system describes how the output of the system responds

to sinusoidal inputs of varying frequencies. It provides insight into the system’s

behavior in the frequency domain, revealing how different frequencies are amplified,

attenuated, or shifted in phase as they pass through the system.

• Magnitude Response: This part of the frequency response indicates how

much the output amplitude of the system changes relative to the input am-

plitude across different frequencies. It is typically expressed in decibels (dB)

and can show whether the system acts as a low-pass, high-pass, band-pass, or

band-stop filter.

• Phase Response: This component shows the phase shift introduced by the

system as a function of frequency. Phase shifts can impact the timing of the

output signal relative to the input signal and are crucial for understanding the

stability and dynamic behavior of the system.

The frequency response can be represented graphically using:

• Bode Plots: These plots show both magnitude and phase response on loga-

rithmic scales, allowing for easy visualization of how the system behaves over a

wide range of frequencies.

• Nyquist Plots: These provide a polar plot representation of the complex

frequency response, illustrating both magnitude and phase simultaneously.

The frequency response is crucial in control system design and analysis for several

reasons:

• Stability Analysis: It helps assess the stability of the system based on the

phase and gain margins.

• Filter Design: It guides the design of filters and controllers by revealing how

the system interacts with various frequency components.

• System Characterization: It allows engineers to characterize the dynamic

properties of a system, helping to predict how it will behave under different

operating conditions.

Overall, understanding the frequency response is essential for designing effective con-

trol systems and ensuring desired performance in various applications.
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1.4.1 Proportional (P) controller

he proportional controller is essentially a gain amplifier represented as C(s) = K,

which adjusts the system’s static gain. The effect of static gain on system performance

has already been studied in the previous chapter, and its influence is summarized as

follows:

• If K < 1, meaning the controller acts as an attenuator, the system’s stability is

improved, and the overshoot in closed-loop response is reduced. However, this

comes at the cost of slower response time and reduced accuracy.

• If K > 1, the system’s speed and accuracy in the closed-loop response are en-

hanced, but stability is decreased, which can lead to instability and an increased

overshoot.

Note: The influence of static gain variation on closed-loop performance can be

visualized using the Bode plot of an open-loop system (Figure 1.7).

Figure 1.7: Impact of a Decrease in Static Gain on Performance

1.4.2 Integrator (I) controller

The integral action is typically part of a Proportional-Integral-Derivative (PID) con-

troller and can be represented mathematically as:

u(t) = Ki

∫ t

0

e(τ)dτ ⇒ R(s) =
U(s)

E(s)
=

1

s
(1.15)

where: u(t) is the control signal, Ki is the integral gain, e(τ) is the error signal

(difference between desired and actual output) and t is time.
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Performance:

The integral action improves the performance of the control system in the follow-

ing ways:

• Elimination of Steady-State Error: The integral term ensures that even small,

persistent errors are accumulated and corrected over time, eliminating steady-

state error (offset) in the system.

• Improved Accuracy: By addressing long-term discrepancies between the set-

point and the actual output, the integral action enhances the accuracy of the

system.

However, too much integral action can have drawbacks:

• It may slow down the system’s response, as the accumulated error may cause

overshoot or oscillations.

• It can reduce system stability, particularly in systems with significant time

delays.

Integral action is essential for reducing steady-state error in control systems but must

be carefully tuned to balance accuracy and stability Figure 1.8 .

Figure 1.8: Influence of an integrator on performance.

1.4.3 Derivative (D) controller

This controller is a derivative of the transfer function:

u(t) =
de(t)

dx
⇒ R(s) =

U(s)

E(s)
= s (1.16)
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Its role is to add a zero to the open-loop transfer function. Intuitively, we can think

of its action as the opposite of that of an integrator. Let’s verify this with a Bode

plot Figure 1.9. Notably, at the frequency ω = 10, the gain has increased by 20dB,

Figure 1.9: Influence of an Derivative controller on performance.

which allows us to immediately plot the corresponding graph for G in dB. As for the

phase diagram, it is shifted upward by π/2. We also observe that the cutoff frequency

at 0 dB increases as well. Considering that tr =
3
ω0
; we can deduce that the rise time

decreases. Therefore, the differentiator will tend to accelerate the closed-loop system.

The increase in ω0 also affects the phase margin, but this influence depends on the

system’s order.

1.4.4 Proportional-Integral-Derivative (PID) controller

A PID regulator, or Proportional-Integral-Derivative controller, is a control loop

mechanism widely used in industrial control systems. It adjusts the output to min-

imize the difference between a desired setpoint and the actual process variable by

calculating and applying corrective actions based on three parameters: proportional

(P), integral (I), and derivative (D). The relationship between the control signal u(t)

and the error signal e(t) is given by the following expression:

u(t) = Kpe(t) +Ki

∫
e(t)dt+Kd

d

dt
e(t) ⇒ R(s) =

U(s)

E(s)
= Kp +

Ki

s
+Kds (1.17)

1.4.5 Phase lead controller

A phase lead controller is a device used in control systems to enhance stability

and responsiveness. It works by increasing the system’s phase margin, helping to
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offset phase delays caused by certain system components. It speeds up the system’s

response and improves its dynamic performance, particularly by increasing speed and

accuracy while reducing settling time.

The transfer function of this controller is given by:

R(s) =
1 + ατs

1 + τs
(1.18)

with α > 1; To better understand the action of this controller, let’s plot its Bode

diagram Figure 1.10. There are two cutoff frequencies: 1/τ and 1/ατ , where:1/τ >

1/ατ The magnitude of this controller becomes:

R(ω) = |R(jω)| =

√
1 + (ατω)2

1 + (τω)2
(1.19)

and:

φ(ω) = Arg(R(jω)) = arctan(ατω)− arctan(τω) (1.20)

he advantage of this controller is evident in its phase diagram: at the frequency

ωmax = 1
τ
√
α
, the phase shift reaches a maximum, which can be easily calculated.

φmax = arcsin(
α− 1

α + 1
) (1.21)

The principle of corrective action involves aligning ωmax with the cutoff frequency

Figure 1.10: Bode diagram of a phase lead controller.

at 0 dB, ω0, of the system to be corrected and adjusting φmax, known as the phase

boost, in order to achieve the desired phase margin.
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Figure 1.11: Bode diagram of the system corrected by a phase lead controller.

Example: We consider the transfer function of a linear system G(s) defined as

follows:

G(s) =
10

s2 + s+ 1
(1.22)

We want to adjust this system so that its phase margin is equal to 45◦.The phase

margin before the adjustment is 18.9◦ at frequency ω0 = 3.23rad/s : The phase

margin is insufficient Figure 1.11. To correct it, we need to increase the phase by 45◦−
18.9◦ = 26.1◦ at the frequency ω0. Therefore, we introduce a phase-lead controller,

which is adjusted in such a way that: 1
τ
√
α
= ω0 = 3.23 rad/s and φmax = 26.1◦ =

arcsinα−1
α+1

Therefore, we have: α = 2.5710 and τ = 0.1931.

Finally:

[h!]R(s) =
1 + 0.4965s

1 + 0.1931s
(1.23)

1.4.6 Phase lag controller

A Phase Lag controller (in French: Correcteur à retard de phase) is a control system

component designed to improve the stability and steady-state performance of a sys-

tem by reducing the system’s phase margin. It essentially slows down the system’s

response to changes by adding a phase lag, which delays the output response to an

input signal.

The primary function of a phase lag controller is to reduce steady-state error

while maintaining a level of stability. It works by reducing the gain of the system at

high frequencies, helping to achieve better accuracy in tracking the desired output

without sacrificing too much responsiveness. This type of controller is often used in
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systems where precision is crucial but doesn’t require a fast reaction time. Its transfer

function is:

R(s) =
α(1 + τs)

1 + ατs
(1.24)

where α > 1; To better understand the action of this controller, let’s plot its Bode

diagram Figure 1.12. There are two cutoff frequencies: 1/τ and 1/ατ , where:1/τ >

1/ατ The magnitude of this controller becomes:

R(ω) = |R(jω)| =
α
√
1 + (τω)2√

1 + (ατω)2
(1.25)

and:

φ(ω) = Arg(R(jω)) = arctan(τω)− arctan(ατω) (1.26)

When ω → 0 , we have: R(ω) → 20log(α) dB.

When ω → ∞ , we have: R(ω) → 0 dB.

The analysis of the Bode diagram Figure 1.12 allows us to predict the action

of this controller. When it is placed in series with the system to be corrected, in

the forward path, the two Bode diagrams will combine. As a result, the static gain

increases by 20log(α), which improves accuracy. By setting the parameter τ to a

sufficiently small value, this correction only affects low frequencies, leaving the high-

frequency gain virtually unchanged. The additional negative phase shift introduced

by the controller also occurs at low frequencies, so it does not impact the stability

margin, as the 0 dB cutoff frequencies are generally found in higher frequency ranges.

In any case, to adjust the phase-lag controller, one would choose the value of a

that provides the desired resulting static gain and then select τ such that 1/τ << ω0.

Example: Consider a system with a transfer function G(s) placed in a unity feedback

loop.

G(s) =
2800

s3 + 30s2 + 300s+ 1000
(1.27)

We want this closed-loop system to have a steady-state (position) error of 5 percent.

We have : G(s) = 2800
(10+s)3

; ω0 = 10 rad/s; static gain K = 2.8 and PM = 45◦. Let’s

now calculate the steady-state error obtained in closed-loop under these conditions.

either: ess = 1
1+2.8

The observed accuracy does not meet the specifications. To

achieve a position error of 5 percent, it is necessary to have a static gain, K̂, such

that: ess =
1

1+K̂
= 0.05 ⇒ K̂ = 19.

The new static gain is: K̂ = 2.8α The new open-loop transfer function is:

Gc(s) = R(s)G(s) =
α(1 + τs)

1 + ατs
.

2800

s3 + 30s2 + 300s+ 1000
(1.28)
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Figure 1.12: Bode diagram of a phase lag controller.

Figure 1.13: Corrected Bode Diagram at Low Frequencies.

Therefore, it is necessary to adjust the parameter α such that: α = 19
2.8

= 6.8 ⇒
20log(α) = 16.7 dB To conclude, it is sufficient to choose τ such that 1

τ
is much lower

than the cutoff frequency at 0 dB ω0. For example, we can take τ = 10 seconds.

Ultimately, we have:

R(s) =
6.8(10s+ 1)

68s+ 1
(1.29)

Figure 1.13 shows the compared Bode diagrams of the initial system and the corrected

system. It is important to note that the Bode diagrams of G(s) and R(s) combine to

form the diagram of the corrected system Gc(s).
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1.5 Designing controllers using the Bode plot

In frequency representation, PD (Proportional-Derivative), PI (Proportional-Integral),

and PID (Proportional-Integral-Derivative) controllers each have distinct effects on

system dynamics. A PD controller enhances stability by increasing high-frequency

gain, helping to reduce overshoot and improve response speed. A PI controller, by

adding a pole at the origin, improves steady-state accuracy for tracking and eliminates

steady-state error, especially effective at low frequencies. A PID controller combines

both, balancing steady-state accuracy and transient response, which broadens the

system’s frequency range effectiveness by adding both low- and high-frequency gain

adjustments.

1.5.1 PD controller

Its transfer function is given by:

R(jω) = Kp(1 + jTdω) (1.30)

|R(jω)| = Kp

√
1 + (Tdω)2 (1.31)

if ω → 0 : |R(jω)|dB → 20log(Kp)

if ω → ∞: |R(jω)|dB → 20log(ω) This controller shows a line with a slope of 0

(parallel to the x-axis) at low frequencies (ω → 0) and a line with a slope of 20

dB at high frequencies (ω → ∞). The frequency representation of this controller is

illustrated by the Bode plot in Figure 1.14. D-action: adds phase → improves phase

margin (damping).

Figure 1.14: Bode plot of PD regulator with Kp = 50 and Td = 0.1.
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1.5.2 PI controller

Its transfer function is given by:

R(jω) = Kp(1 +
1

jTiω
) (1.32)

|R(jω)| = Kp

√
1 +

(
1

Tiω

)2

(1.33)

if ω → 0 : |R(jω)|dB → −20log(ω)

if ω → ∞: |R(jω)|dB → 20log(Kp) This controller shows a line with a slope of −20

dB at low frequencies (ω → 0) and a line with a slope of 0 dB (parallel to the x-

axis) at high frequencies (ω → ∞). The frequency representation of this controller is

illustrated by the Bode plot in Figure 1.15. I-action: adds gain → improves steady-

state behavior.

Figure 1.15: Bode plot of PID regulator with Kp = 50 and Ti = 0.1

1.5.3 PID controller

Its transfer function is given by:

R(jω) = Kp(1 + jTdω +
1

jTiω
) (1.34)

|R(jω)| = Kp

√
(1− TiTdω2)2 + (Tiω)

2

Tiω
(1.35)

if ω → 0 : |R(jω)|dB → −20log(ω)

if 1
Td

< ω < 1
Ti
(withTi < Td): |R(jω)|dB → 20log(Kp)
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if ω → 0 : |R(jω)|dB → 20log(ω)

This controller shows a line with a slope of −20 dB at low frequencies (ω → 0) and

a line with a slope of 0 dB (parallel to the x-axis) where 1
Td

< ω < 1
Ti

and a line with

a slope of 20 dB at high frequencies (ω → ∞). The frequency representation of this

controller is illustrated by the Bode plot in Figure 1.16.

• Adjust the proportional gain to get the required crossover frequency and/or

steady-state tracking error.

• If needed, use the derivative action to add phase in the neighborhood of ω0 in

order to increase the phase margin.

• If needed, use the integral action to increase the gain at low frequencies in order

to guarantee the required steady-state tracking error.

Figure 1.16: Bode plot of PID regulator with Kp = 50 and Ti = 0.1

1.5.4 Quick method for plotting the Bode diagram

This refers to a simplified technique for sketching a Bode diagram efficiently. It pro-

vides a fast approach for approximating the amplitude and phase plots of a system’s

frequency response, often using asymptotic lines to represent gain and phase changes

at specific breakpoints or slopes.

• If the transfer function has no integrator or differentiator, the Bode plot begins

with a 0 dB slope asymptote and a phase of 0 rad. Then, at the frequency of

the next breakpoint in the transfer function (ordered by increasing frequency),

the slope changes by +n decades (or +20n dB) and phase shifts by +nπ
2
rad if
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the term is in the numerator of the transfer function with order n, or decreases

by −n decades (or −20n dB) and phase of −nπ
2
rad if it’s in the denominator,

continuing this way through all breakpoints.

• If the transfer function includes an integrator of order p, the plot starts with a

slope of −p decades (or −20p dB) and phase of −pπ
2
rad and then follows the

above steps.

• If it includes a differentiator of order q, the Bode plot begins at +q decades (or

+20q dB) and phase of −q π
2
rad, after which it follows the steps as if there were

no integrator or differentiator.

Examples: Let’s consider the systems of the following transfer functions:

• System without integrator or differentiator:

G1 =
555 (s+ 10)

(s+ 100) (s+ 700)2
(1.36)

• The system contains a second-order integrator:

G2 =
(s+ 10)2 (s+ 100)

s2 (s+ 1000)
(1.37)

• The system contains a third-order differentiator:

G3 =
s3 (s+ 1000)

(s+ 10)2 (s+ 100)3
(1.38)

The Bode plots of G1(s) ; G2(s) and G3(s) are illustrated in Figure 1.17; Figure 1.18

and Figure 1.19 respectively.

Figure 1.17: Bode plot of a system without integrator or differentiator.
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Figure 1.18: Bode plot of a system contains a third-order integrator.

Figure 1.19: Bode plot of a system contains a second-order differentiator.

1.5.5 Determination of Minimum-Phase Transfer Functions

from Bode Plots

To determine if a system is minimum phase, we analyze the frequency-response curves,

focusing on the high-frequency behavior.

The process begins by drawing asymptotic approximations to the experimen-

tally obtained log-magnitude plot. These asymptotes should have slopes in multiples

of −20 dB/decade. For example, if the slope transitions from −20 dB/decade to

−40 dB/decade at a frequency ω = ω1, the transfer function must include a term of

the form 1
1+jω/ω1

. Similarly, if the slope changes by −40 dB/decade at ω = ωn, the

transfer function will include a quadratic factor. The undamped natural frequency of

this quadratic factor corresponds to the corner frequency ωn.
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H(s) =
1

1 + 2ζ
(

jω
ωn

)
+
(

jω
ωn

)2 (1.39)

The damping ratio ζ for this quadratic factor can be determined by examining the

resonant peak near ωn in the log-magnitude plot. The height of this peak is compared

to standard curves, such as those shown in Figure 1.20, to estimate ζ.

Figure 1.20: Log-magnitude curves, together with the asymptotes, and phase-
angle curves of the quadratic transfer function given by Equation 1.39.

After identifying all the factors contributing to the transfer function G(jω), the

overall gain can be determined from the low-frequency portion of the log-magnitude

plot.

Since terms like 1+ jAω
ω1

and 1+ 2ζj ω
ω2

+
(
j ω
ω2

)2
approach unity as ω approaches

zero, the sinusoidal transfer function G(jω) can be expressed at very low frequencies

as:
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lim
ω→0

G(jω) =
K

(jω)β

In many practical systems, the value of β is typically 0, 1, or 2.

a. For β = 0, or type 0 systems, G(jω) = K when ω ≪ 1, or equivalently,

20 log |G(jω)| = 20 logK when ω ≪ 1.

The low-frequency asymptote is a flat line at 20 logK dB, allowing the value of

K to be determined from this horizontal line.

b. For β = 1, or type 1 systems, for ω ≪ 1, G(jω) = K
jω
, or the magnitude of the

transfer function is given by:

20 log |G(jω)| = 20 logK − 20 logω

This indicates that the low-frequency asymptote has a slope of −20 dB/decade.

The frequency at which this asymptote (or its extension) crosses the 0 dB line is

numerically equal to K.

c. For β = 2, or type 2 systems, for ω ≪ 1, the transfer function is given by:

G(jω) =
K

(jω)2

, the magnitude of the transfer function is given by:

20 log |G(jω)| = 20 logK − 40 logω

The slope of the low-frequency asymptote is −40 dB/decade. The frequency at

which this asymptote (or its extension) crosses the 0 dB line is numerically equal to
√
K.

Figure 1.21 illustrates examples of log-magnitude curves for type 0, type 1, and

type 2 systems, along with the corresponding frequency at which the gainK is related.

• Example:

To determine the transfer function of the system based on the experimental frequency-

response curves shown in Figure 1.22.

The first step is to approximate the log-magnitude curve using asymptotes with

slopes of −20 dB/decade and its multiples, as illustrated in Figure 1.22. Next, we

estimate the corner frequencies. For the system depicted in Figure 1.22, the transfer

function is approximated in the following form:
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Figure 1.21: (a) Log-magnitude curve for a type 0 system; (b) log-magnitude
curves for type 1 systems; (c) log-magnitude curves for type 2 systems. (The slopes

displayed are in dB/decade.)

1.6 Tuning using the Black-Nichols chart

Tuning using the Black-Nichols chart refers to the process of adjusting the parameters

of a control system based on the graphical representation provided by the Black-

Nichols chart. This chart helps in visualizing the system’s stability and response

characteristics, allowing engineers to determine optimal gain and phase adjustments

for effective system performance.

For a given transfer function calculated in the table of points below Table 1.3, we

have the open-loop (OL) transfer function representation in the Black plot Figure 1.22.

We can identify:

• The low-frequency range
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Figure 1.22: Black-Nichols diagram.

• The maximum gain at low frequencies (20 dB)

• The phase margin (22°)

• The gain margin (6 dB)

The system will be stable in closed-loop since the curve passes to the right of the

(-1) point. However, this stability is limited, as both the gain and phase margins are

low (the curve is fairly close to the -1 point). Consequently, the system is likely to

oscillate for an extended period in response to command changes.
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Table 1.3: Gain and phase over the frequency of a given transfer function.

1.7 Solved exercises

Exercise 01: Consider a system governed by the transfer function G(s), placed in a

control loop as shown in Figure 1.23. Analyze the stability of this closed-loop system.

G(s) = 1
s(s2+2s+4)

Figure 1.23: Simple feedback loop.

Solution of exercise 01: To analyze the stability of a closed-loop system with

the transfer function G(s) = 1
s(s2+2s+4)

, let us proceed step by step:

For a unity feedback system, the closed-loop transfer function T (s) is given by:

T (s) =
G(s)

1 +G(s)
=

k
s(s2+2s+4)

1 + k
s(s2+2s+4)

=
k

s(s2 + 2s+ 4) + k
.
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The characteristic equation of the closed-loop system is:

s(s2 + 2s+ 4) + k = 0.

Expanding this, we get:

s3 + 2s2 + 4s+ k = 0.

To analyze stability, we check the roots of the characteristic equation s3 + 2s2 +

4s+ 1 = 0. This can be done using the Routh-Hurwitz criterion.

Construct the Routh table:

s3 1 4
s2 2 k
s1 8−k

2
0

s0 k

- Stability Conditions:

1. All the coefficients in the first column are strictly positive if: 8−k
2

> 0 implies

that k < 8.

2. No sign changes occur in the first column.

Since these conditions are satisfied, the system is stable in closed loop.

Exercise 02: Consider a system characterized by the open-loop transfer function:

G(s) =
k

(s+ 10)3
, k > 0

1. Examine the stability of the closed-loop system when G(s) is used in a unity

feedback configuration.

2. Determine the value of k that ensures a gain margin of 6 dB.

3. Calculate the phase margin for the determined value of k.

4. Generate Bode plots of the open-loop system and indicate the gain and phase

margins on the diagrams.

Solution of exercise 02:

1. Let’s calculate the closed-loop transfer function:

The closed-loop transfer function is given by:

H(s) =
G(s)

1 +G(s)
=

K

(s+ 10)3 +K
.

The denominator of the transfer function is expressed as:

D(s) = (s+ 10)3 +K = s3 + 30s2 + 300s+K.
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To analyze the stability condition, we establish the Routh table as follows:

s3 1 300

s2 30 K

s1 9000−K 0

s0 K 0

The system is stable in closed-loop if there is no sign change in the first column.

This requires K < 9000.

To achieve a gain margin of 6 dB, we use:

∆G = −20 logG(ωp) = 6 dB, with ωp = −π.

The phase condition is:

ω(ωp) = −3 arctan
(ωp

10

)
= −π,

leading to:

arctan
(ωp

10

)
=

π

3
=⇒ ωp = 17.3 rad/s.

At this frequency:

G(ωp) =
K

(
√

ω2
p + 100)3

=
K

8000
.

Thus:

∆G = −20 logG(ωp) = −20 log
K

8000
= −20 logK + 78 dB.

2. To achieve a gain margin of 6 dB:

∆G = 6dB =⇒ −20 logK = −72 dB =⇒ K = 3981.

3. Now, calculate the phase margin for this K value. At the crossover frequency:

G(ωc0) =
3981

(
√
ω2
c0 + 100)3

= 1.

Solving:

√
ω2
c0 + 100 = 15.85 =⇒ ωc0 = 12.3 rad/s.

The phase margin is:
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∆ω = π + ω(ωc0) = π − 3 arctan
(ωc0

10

)
= 0.48 rad ≈ 27◦.

4. The plot of the Bode diagram. For ω → 0:

G(s) ≈ K

1000
=⇒ G(ω) ≈ 3981

1000
≈ 3.98,

resulting in a static gain of 20 log 3.98 = 12 dB.

The gain Bode plot starts with a horizontal segment at 12 dB until the cutoff

frequency ω = 10 rad/s. Beyond this, the slope decreases by 3 units, transitioning to

−60 dB/decade. This segment passes through the point (100,−48 dB). The asymp-

totic phase plot follows the slopes of the gain plot, enabling the identification of ωc0,

where the real gain curve intersects the x-axis. The phase margin is then measured

as the difference between −π and the phase at ωc0 on the phase diagram.

Figure 1.24: Highlighting the stability margins on the Bode diagram.

Similarly, the frequency ωp can be easily located on the phase diagram as the

point where the real phase curve intersects the line ω = −π. At this frequency, the

gain margin is then measured on the gain diagram as the difference between the real

curve and the x-axis (Figure 1.24).

Exercise 03: Consider a system with an open-loop transfer function G(s) given

by:

G(s) =
k

s(s+ 100)2
, k > 0

Determine the conditions on the value of k such that the closed-loop system with

unit feedback has a phase margin greater than 45° and a gain margin greater than 6

dB.
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Solution of exercise 03:

The condition for the phase margin is expressed as follows:

∆w = π + w(vc0) = π − π

2
− 2 arctan

( vc0
100

)
=

π

4

Therefore, we have:

2 arctan
( vc0
100

)
=

π

4

Solving for vc0, we get:

vc0 = 100 tan
(π
8

)
= 41.4 rad/s

Next, at this frequency, the open-loop transfer function satisfies:

G(vc0) =
K vc0

v2c0 + 104
= 1

Thus, the value of K is:

K = 485× 103

In conclusion, a phase margin of ∆w > 45◦ is obtained for K < 485× 103.

Now, let’s calculate the gain margin. By definition:

∆G = −20 logG(vp) with w(vp) = −π

At the gain crossover frequency vp, the phase is:

w(vp) = −π

2
− 2 arctan

( vp
100

)
= −π

Solving for vp, we find:

arctan
( vp
100

)
=

π

4
⇒ vp = 100 rad/s

At this frequency, the magnitude of the transfer function is:

G(vp) =
K vp

v2p + 104
= K × 2× 106

Thus, the gain margin is:

∆G = −20 logG(vp) = −20 log
(
K × 2× 106

)
= −20 logK + 126 dB
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For the gain margin to be greater than 6 dB:

∆G > 6 dB ⇒ −20 logK > −120 dB ⇒ logK < 6 ⇒ K < 106

Since both conditions ∆w > 45◦ and ∆G > 6 dB must be satisfied simultaneously,

the most restrictive condition on K is:

K < 485× 103

Exercise 04: Consider a system governed by the transfer function G(s), placed

in a control loop:

G(s) =
k

(s+ 1)(s+ 8)2
, k > 0

a. Determine the stability conditions of this system placed in a unity feedback loop.

b. To eliminate the steady-state error, an integrator is introduced into the forward

path. Determine the new stability conditions and draw conclusions.

Solution of exercise 04:

a. The given open-loop transfer function is:

G(s) =
k

(s+ 1)(s+ 8)2
, k > 0

The closed-loop transfer function with unity feedback is:

T (s) =
G(s)

1 +G(s)
=

k
(s+1)(s+8)2

1 + k
(s+1)(s+8)2

=
k

(s+ 1)(s+ 8)2 + k

The characteristic equation is:

D(s) = (s+ 1)(s+ 8)2 + k

To ensure stability, we analyze the roots of the characteristic equation D(s):

D(s) = s3 + 17s2 + 80s+ (64 + k)

Using the Routh-Hurwitz Criterion, the system is stable if all the coefficients of

the characteristic polynomial are positive, and there are no sign changes in the first

column of the Routh table.

Routh Table
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s3 1 80

s2 17 64 + k

s1 17.80−1.(64+k)
17

0

s0 64 + k

The stability conditions are:

1. 64 + k > 0, or k > −64. Since k > 0, this condition is satisfied. 2. The

first-order coefficient:

17.80− 1.(64 + k)

17
> 0

Simplify:

17.80− (64 + k) > 0 ⇒ k < 1296

the system is stable for all k < 1296.

b. Introducing an integrator in the forward path adds an 1
s
term to the transfer

function:

G(s) =
k

s(s+ 1)(s+ 8)2

The new characteristic equation becomes:

D(s) = s(s+ 1)(s+ 8)2 + k

Expanding (s+ 8)2:

D(s) = s(s2 + 16s+ 64) + k

D(s) = s3 + 16s2 + 64s+ k

The characteristic polynomial is:

D(s) = s3 + 16s2 + 64s+ k

Routh Table for the Modified System

s3 1 64

s2 16 k

s1 16.64−1.k
16

0

s0 k
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The stability conditions are:

1. k > 0. 2. The first-order coefficient:

16.64− 1.k

16
> 0

Simplify:

⇒ k < 1024

The system with Integrator is stable if k < 1024. The inclusion of the integrator

eliminates the steady-state error but narrows the range for adjusting the gain k,

thereby affecting the stability margin.

Exercise 05: Consider a system with an open-loop transfer function G(s) defined

by:

G(s) =
1

(s+ 1)(s+ 4)

We place this system in a unit feedback control loop by preceding it with a

proportional controller C(s)=K with K > 0.

a. Calculate the value of K that ensures the system has a phase margin of 45°.
Then, calculate the closed-loop rise time.

b. Determine the value of K that ensures a rise time of 0.2s. Calculate the new

value of the phase margin and conclude.

Solution of exercise 05: The open-loop transfer function is given by:

KG(p) =
K

(p+ 1)(p+ 4)
,

or equivalently:

KG(jω) =
K

(1 + jω)(4 + jω)
.

To achieve a phase margin of 45◦, the condition is:

∆ϕ = π − arctan(ωc0)− arctan
(ωc0

4

)
=

π

4
.

This simplifies to:

arctan(ωc0) + arctan
(ωc0

4

)
=

3π

4
.

Next, calculate the tangent of both sides of this equation:

tan
[
arctan(ωc0) + arctan

(ωc0

4

)]
= tan

(
3π

4

)
= −1.
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From this, we find:

5ωc0

4(1− ω2
c0

4
)
= −1 ⇒ ω2

c0 − 5ωc0 − 4 = 0.

Solving this quadratic equation:

∆ = b2 − 4ac = 25 + 16 = 41.

The only positive solution is:

ωc0 =
5 +

√
41

2
= 5.7 rad/s.

By definition:

KG(ωc0) =
K√

1 + ω2
c0

√
16 + ω2

c0

= 1.

Thus,

K =

√
1 + ω2

c0√
16 + ω2

c0

= 40.3.

Setting K to this value ensures a phase margin of 45◦. The closed-loop rise time

can be estimated using the approximate relation:

ωc0tm ≈ 3 ⇒ tm ≈ 3

ωc0

=
3

5.7
= 0.53 s.

If the rise time is set to 0.2s, then:

ωc0tm ≈ 3 ⇒ ωc0 ≈
3

0.2
= 15 rad/s.

To achieve this cutoff frequency at 0 dB, the gain K must be adjusted:

KG(ωc0) =
K√

1 + ω2
c0

√
16 + ω2

c0

= 1,

so

K =

√
1 + ω2

c0√
16 + ω2

c0

= 233.4.

The phase margin is then recalculated:

∆ϕ = π − arctan(ωc0)− arctan
(ωc0

4

)
= 0.326 rad = 18.7◦.

This result demonstrates that increasing the speed of a system with proportional

control degrades its stability.
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Exercise 06: Consider a system with an open-loop transfer function G(s) defined

by:

G(s) =
k

(s+ 1)3
k > 0

which is placed in a unit feedback control loop. The goal is to achieve both a phase

margin greater than 45° and a rise time of less than 0.5 seconds.

a. Calculate the value of k that ensures a closed-loop rise time of 2.15 seconds.

b. For this value of k, calculate the phase margin.

c. Deduce the expression for the phase lead regulator transfer function that needs

to be introduced into the forward path to achieve the desired specifications.

Solution of exercise 06:

The open-loop transfer function is:

G(s) =
k

(s+ 1)3
.

a. Calculate k for a rise time tm = 2.15 s The rise time is related to the cutoff

frequency ωc approximately as:

ωctm ≈ 3.

For tm = 2.15 s, the cutoff frequency is:

ωc =
3

tm
=

3

2.15
≈ 1.395 rad/s.

At the cutoff frequency, the open-loop gain magnitude is unity (|KG(jωc)| = 1):∣∣∣∣ k

(jωc + 1)3

∣∣∣∣ = 1.

Taking the magnitude:
k√

(1 + ω2
c )

3
= 1.

Substitute ωc = 1.395:

k =
√

(1 + 1.3952)3.

Calculate k:

k =
√
(1 + 1.945)3 =

√
(2.945)3 ≈

√
25.55 ≈ 5.05.

Thus, k ≈ 5.05.

b. Calculate the phase margin for k = 5.05 The open-loop phase margin is given

by:

ϕ(ω) = −3 arctan(ω) (since the pole at s+ 1 repeats 3 times).
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At the cutoff frequency ωc = 1.395:

ϕ(ωc) = −3 arctan(1.395).

Calculate arctan(1.395):

arctan(1.395) ≈ 0.95 rad.

Thus,

ϕ(ωc) = −3× 0.95 = −2.85 rad ≈ −163.4◦.

The phase margin is:

∆ϕ = 180◦ + ϕ(ωc) = 180◦ − 163.4◦ = 16.6◦.

So, the phase margin for k = 5.05 is approximately 16.6◦.

c. Design a phase lead regulator to achieve the desired specifications To meet the

desired specifications (∆ϕ > 45◦): 1. The regulator must provide an additional phase

lead to compensate for the deficit. 2. A phase lead regulator has the form:

Clead(s) =
Ts+ 1

αTs+ 1
, 0 < α < 1.

The maximum phase lead occurs at the frequency ωm = 1
T
√
α
and is given by:

ϕmax = sin−1

(
1− α

1 + α

)
.

The required additional phase lead is:

ϕadd = 45◦ − 16.6◦ = 28.4◦.

Set ϕmax ≥ 28.4◦:

sin−1

(
1− α

1 + α

)
≥ 28.4◦ ⇒ 1− α

1 + α
≥ sin(28.4◦).

Calculate sin(28.4◦):

sin(28.4◦) ≈ 0.476.

Thus:
1− α

1 + α
≥ 0.476 ⇒ 1− α ≥ 0.476(1 + α).

Expand and solve for α:

1− α ≥ 0.476 + 0.476α ⇒ 1− 0.476 ≥ α(1 + 0.476).
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α ≤ 1− 0.476

1 + 0.476
≈ 0.524

1.476
≈ 0.355.

The frequency ωm should align with ωc = 1.395:

ωm =
1

T
√
α

⇒ T =
1

ωm

√
α
.

Substitute α = 0.355 and ωm = 1.395:

T =
1

1.395
√
0.355

≈ 1

1.395× 0.596
≈ 1.195.

The phase lead regulator is:

Clead(s) =
1.195s+ 1

0.424s+ 1
.

- The proportional gain k = 5.05 gives a rise time of 2.15 seconds but a low phase

margin of 16.6°. - A phase lead regulator is required to achieve the desired phase

margin and rise time, with the transfer function:

Clead(s) =
1.195s+ 1

0.424s+ 1
.

1.8 Conclusion

Understanding frequency response characteristics and tuning techniques is essential

for designing effective controllers. By examining specifications and applying design

methods like Bode plots and the Black-Nichols chart, this chapter provides a com-

prehensive guide to enhancing controller performance in various applications.
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Chapter 2

State space representation of

systems

2.1 Introduction

This chapter provides an in-depth exploration of foundational concepts and various

methods for representing dynamic systems. Key concepts, including state, state vari-

able, control input, and output, will first be introduced to establish a basis for under-

standing system dynamics. The chapter will then discuss state-space representations,

beginning with continuous linear systems and extending to discrete systems. Canon-

ical forms will be examined to illustrate standard representations, followed by state-

space modeling for nonlinear systems and methods of linearization to approximate

their behavior under certain conditions. All the methods studied so far—whether

for linear or nonlinear systems, in continuous or discrete time—remain effective until

system complexity reaches a point where solely relying on input-output relationships

no longer allows for adequate control. Similarly, these models become challenging to

implement when dealing with systems that have multiple inputs and outputs. State-

space representation serves as a powerful tool for modeling the behavior of both linear

and nonlinear systems in either continuous or discrete time, with the added benefit

of preserving the temporal representation of system dynamics.

2.2 State-space representations of continuous lin-

ear systems

State-space representations of continuous linear systems provide a mathematical model

that describes a system’s behavior in terms of a set of first-order differential equa-

tions. These equations use state variables to represent the internal dynamics of the
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system, incorporating inputs, outputs, and the state itself. This framework captures

the evolution of the system’s state over time, making it a powerful tool for analyzing

and controlling complex systems in engineering and science

2.2.1 System state and state variables

Any linear dynamic system can be modeled by linear differential equations. However,

as the order of these differential equations increases, analyzing these systems becomes

more complex. To address this, the state-space representation method simplifies

the process by converting the system into a single first-order differential equation in

matrix form. This approach makes it easier to handle complex systems by reducing

them to a manageable, structured format suitable for analysis and control design.

The state of a system is typically represented by a state vector, denoted as:

x(t) =


x1(t)

x2(t)
...

xn(t)

 or alternatively : x =


x1

x2

...

xn

 where xi(t); (i = 1...n) are state variables.

• Note: It is important to emphasize that the state-space representation of a

system is not unique and largely depends on the choice of state variables we

select.

Let’s consider a system modeled by the following linear differential equation:

(3)
z (t) + 2

(2)
z (t)− 3

(1)
z (t) + z(t) = 7u(t) (2.1)

where:
(i)
z (t) = di

dzi
; u(t) is the input of the system and y(t) = 100z(t) is the

output of the system. Let’s assume: x1 = z(t); x2 = ż(t); x3 = z̈(t)

with: (
(1)
z (t) = ż(t);

(2)
z (t) = z̈(t);

(3)
z (t) =

···
z)

Equation 2.1 becomes: 
ẋ1 = ż = x2

ẋ2 = z̈ = x3

ẋ3 =
···
z = −x1 + 3x2 − 2x3 + 7u(t)

y(t) = 100z(t) = 100x1

(2.2)

Equation 2.6 can be expressed in the following matrix form:
Ẋ =


ẋ1

ẋ2

ẋ3

 =


0 1 0

0 0 1

−1 3 −2



x1

x2

x3

+


0

0

7

u(t)

y(t) = 7x1

(2.3)
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This representation can be expressed in the following state model:{
Ẋ(t) = A.X(t) +B.U(t)

Y (t) = C.X(t) +D.U(t)
(2.4)

where: where, A is state matrix of size (n×n); B is the input matrix of size (n×p);

X(t) is the state vector of size (n×1); U(t) is the input vector of size (p×1); Y (t) is the

output vector of size (qxn). Any direct relationship between inputs and outputs must

be considered. The D matrix, with dimensions pxq, represents this connection. The

state representation of such a linear system can be illustrated as shown in Figure 2.1.

Figure 2.1: Schematic representation of state model.

2.3 State-space representations of discrete linear

systems

In continuous-time state-space representation, we introduced functional diagrams of

systems that include only integrators and gains, demonstrating that it is possible to

reconstruct any transfer function from these elements. In discrete time, a system can

similarly be decomposed using gains and shift operators, specifically with transfer

functions involving z−1 operators. In a discrete-time representation, the ability to

express the system’s state at a given moment based on the input signal and its ”past,”

or its previous state, is particularly meaningful. The general form for state equations

of such a linear system in discrete time is therefore:{
x(k + 1) = A.x(k) +B.e(k)

s(k) = C.x(k) +D.e(k)
(2.5)

• Note: For a system of order n, meaning it has n state variables, the first

equation is referred to as the control equation, and the second as the observation

equation.
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The schematic representation in Figure 2.2 is often used to illustrate this modeling

approach. Note that, in this representation, the signals are actually vectors of discrete-

time signals.

Figure 2.2: Schematic representation of a state-space model in discrete time.

• Example:Consider a system governed by the control equation:{
x(k + 1) =

[
−3 1

−5 −2

]
.x(k) +

[
2

5

]
.u(k) (2.6)

Let us assume that this system is subjected to a unit step input, where u(k) = 1

for all k0, and we will determine the sequence of the first five samples corre-

sponding to the two signals of the state vector, namely x1(k) and x2(k). We

assume that the initial state is characterized by x(0) = 0. By performing suc-

cessive iterations, we can easily obtain the sequence corresponding to the state

vector at each sampling instant.

The 05 state vectors are obtained below:

x(1) =

[
−3 1

−5 −2

][
0

0

]
+

[
2

5

]
=

[
2

5

]

x(2) =

[
−3 1

−5 −2

][
2

5

]
+

[
2

5

]
=

[
1

−15

]

x(3) =

[
−3 1

−5 −2

][
1

−15

]
+

[
2

5

]
=

[
−16

30

]

x(4) =

[
−3 1

−5 −2

][
−16

30

]
+

[
2

5

]
=

[
80

25

]

x(5) =

[
−3 1

−5 −2

][
80

25

]
+

[
2

5

]
=

[
−213

−445

]
(2.7)
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2.4 Canonical forms

As previously mentioned, the state-space representation of a system is not unique. In

the following sections, we will introduce several types of state-space representations

that can be derived from a transfer function G(p)G(p). The choice of representation

may depend on the available form of the transfer function or the specific type of

analysis intended from the model. It is also important to reiterate that the state-

space representation of a system is not unique, and the system’s properties are not

inherently tied to the chosen representation.

2.4.1 Modal representation

This type of representation, also known as parallel representation, is particularly

suitable for modeling a system whose transfer function is expressed as a sum. Let

G(s) be its transfer function:

G(s) =
Y (s)

U(s)
=

α1

1− p1
+

α2

1− p2
+ ...+

αn

1− pn
(2.8)

In this case, the state-space representation is provided as follows:
ẋ(t) =


p1 0 · · · 0

0 p2 0 0
...

. . . . . . 0

0 0 · · · pn

x(t) +


1

1
...

1

u(t)

y(t) =
[
α1 α2 · · · αn

]
x(t)

(2.9)

The matrix A is diagonal, and its eigenvalues correspond to the poles of the transfer

function.

2.4.2 Series representation

Let’s consider the following transfer function:

G(s) =
Y (s)

U(s)
=

α

(1− p1)(1− p2)...(1− pn)
(2.10)
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The state-space of G(s) in series representation is provided as follows:
ẋ(t) =


p1 0 · · · 0

1 p2 0 0
...

. . . . . . 0

0 · · · 1 pn

x(t) +


1

0
...

0

u(t)

y(t) =
[
0 0 · · · α

]
x(t)

(2.11)

2.4.3 Controllable canonical representation

Here, we assume that the transfer function is not factored:

G(s) =
bms

m + bm−1s
m−1 + ...+ b1s+ b0

ansn + an−1sn−1 + ...+ a1s+ a0
(2.12)

where: m < n.

Let’s choose an = 1 (which is equivalent to dividing both the numerator and the

denominator by an) and divide the numerator and denominator by sn. We get:

G(s) =
bms

m−n + bm−1s
m−n−1 + ...+ b1s

−n+1 + ...+ b0s
−n

1 + an−1s−1 + an−2s−2 + ...+ a1s−n+1 + ...+ a0s−n
(2.13)

The controllable canonical representation of this system can be given by:
ẋ(t) =



0 1 0 · · · 0
... 0 1 0 0
...

...
. . . . . . 0

0 0 · · · 0 1

−a0 a1 · · · · · · −an−1


x(t) +



0

0
...

0

1


u(t)

y(t) =
[
b0 · · · bm 0 · · · 0

]
x(t)

(2.14)

This type of representation is known as the companion form because the system’s

control matrix includes, in a single row, all the coefficients of the transfer function’s

denominator. It is referred to as controllable since, although only the variable xn

is directly influenced by the input signal, all state variables are affected through

successive integrations. If a system is fully controllable, it can be transformed into a

controllable companion form.

2.4.4 Observable canonical representation

Easier to understand, the observable companion form can be highlighted using the

previously transformed form of G(s) from the preceding paragraph (Equation 3.13).
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

ẋ(t) =



0 · · · · · · · · · 0 −a0

1 0 · · · · · · 0 −a1

0 1 0 · · · 0
...

...
. . . . . . . . .

...
...

0 · · · 0 1 0
...

0 · · · 0 0 1 −an


x(t) +



b0
...

bm
...

0

0


u(t)

y(t) =
[
0 0 0 0 · · · 1

]
x(t)

(2.15)

This form of representation is known as the observable companion form because

the system’s control matrix consolidates all the transfer function’s denominator coef-

ficients into a single column. Additionally, the system’s output is equal to xn, which

is influenced by all state variables through successive integrations. If a system is fully

observable, it can be represented in this observable companion form.

2.5 Calculation of the transfer function from the

state-space representation

If we apply the Laplace transform to the state equations, we obtain:{
ẋ(t) = A.x(t) +B.u(t)

y(t) = C.x(t)
(2.16)

⇒

{
sX(s) = A.X(s) +B.U(s)

Y (s) = C.X(s)
⇒

{
sX(s)− A.X(s) = B.U(s)

Y (s) = C.X(s)
⇒

{
(s.I − A).X(s) = B.U(s)

Y (s) = C.X(s)

⇒

{
X(s) = (s.I − A).−1B.U(s)

Y (s) = C.X(s)
⇒
{
Y (s) = C.[((s.I − A)−1)B].U(s)

The transfer function can be written as: :

G(s) =
Y (s)

U(s)
= C.[((s.I − A)−1)B] (2.17)

The inverse of a square matrix is equal to its adjoint matrix divided by its de-

terminant. From this, we can deduce that the poles of the transfer function are the

values of s that are solutions to the equation: det(s.I − A) = 0. These are the

eigenvalues of the matrix [A].

• Note: To obtain a transfer function that models the actual behavior of the

system, it must be both controllable and observable. Otherwise, the transfer

function obtained will only correspond to its controllable and observable part.
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2.6 State-space representations of nonlinear linear

systems

In nonlinear systems, the fundamental physical behavior is represented by nonlinear

differential equations. While the state-space representation can manage these sys-

tems, transfer function methods are not effective. A general nn-th order nonlinear,

continuous-time, SISO system is represented by a nonlinear, scalar ordinary differen-

tial equation with constant coefficients:

dnx(t)

dtn
= f(x(t),

dx(t)

dt
,
d2x(t)

dt2
, ...,

dn−1x(t)

dtn−1
, u(t),

du(t)

dt
, ...,

dmu(t)

dtm
) (2.18)

where: n ≥ m and, if we put the following variables change, Equation 2.19 can be

obtained:
x1 = x(t)

x2 =
dx(t)
dt

...

xn = dnx(t)
dtn

and


u1 = u(t)

u2 =
du(t)
dt

...

um = dmu(t)
dtm

Ẋ = f(X(t), U(t)) (2.19)

where: X(t) = [x1, x2, ..., xn]
T , U(t) = [u1, u2, ..., um]

T

f is a nonlinear vector function. If we choose the output y(t) = x(t), then:

y(t) = C.X(t) (2.20)

with: C = [1, 0, 0, ..., 0]

2.7 linearization techniques

Here are some common linearization techniques widely used in the literature:

• Taylor Series Expansion (Small Signal Linearization): This technique involves

expanding the nonlinear function around an operating point using a Taylor

series and neglecting higher-order terms, making it suitable for systems with

small deviations around the equilibrium.

• Jacobian Linearization: For systems represented by nonlinear differential equa-

tions, the Jacobian matrix of partial derivatives around a steady state is used

to approximate the system with a linear model.
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• Describing Function Method:This approximate method is used primarily for

nonlinear systems with periodic inputs. It replaces the nonlinear element with

a quasi-linear transfer function, allowing analysis in the frequency domain.

• Feedback Linearization:This technique applies a nonlinear feedback transforma-

tion to convert a nonlinear system into a fully or partially linearized system. It

is commonly used in control applications where the system’s structure allows

exact linearization.

• Input-Output Linearization: Also known as Lie Derivative-based linearization,

this method linearizes the input-output relationship of a system by transforming

state variables, often used for nonlinear control design.

• State Transformation Linearization: By transforming the state space, this ap-

proach linearizes a system near a point or along a trajectory, often using tools

from differential geometry.

• Extended Kalman Filter (EKF) Linearization: Used in estimation, this tech-

nique approximates nonlinear dynamics by linearizing about the current esti-

mate at each time step, widely applied in signal processing and control systems.

Each technique has specific applications depending on the type and structure of

the nonlinear system as well as the desired accuracy and computational requirements.

• Example ( Jacobian Linearization):

A physical system is in state-space representation when we have a mathematical model

of it as a set of input, output and state variables related by first-order differential

equations only.

The system is given by:

mÿ + bẏ + k1y + k2y
3 = u (2.21)

By introducing x1 = ẏ;x2 = y, Equation 2.23 can be obtained:

ẋ =
d

dt

(
ẏ

y

)
=

[
ÿ

ẏ

]
=

[
1
m
(−bẏ − (k1 + k2y

2)y)

ẏ

]
+

[
u
m

0

]
(2.22)

⇒

ẋ =

[
−b
m

−(k1 + k2y
2)+

1 0

][
ẏ

y

]
+

[
1
m

0

]
u (2.23)
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or:

Ẋ = A(X).X +B.u (2.24)

Note that the system matrix A is not constant; however, this is still a state-space

representation.

Given a non-linear system:

Ẋ = f(X) +B.u (2.25)

The idea of linearization is to work out of a current set point x0, so that:

f(X0 + d) ≈ f(X0) + Jf (X0).d (2.26)

Here, we have : f1(x1, x2) =
1
m
(−bx1 − (k1 + k2x

2
2)x2) and f2(x1, x2) = x1 So that the

Jacobian matrix is:

Jf (X) =

[
∂f1
∂x1

∂f1
∂x2

∂f2
∂x1

∂f2
∂x2

]
=

[
−b
m

−k1−3k2x2

m

1 0

]
(2.27)

Note that : Ẋ = dX
dt

= d(X0+d)
dt

= dd
dt

= ḋ so:

ḋ = Jf (X0).d+ f(X0) +Bu (2.28)

or,

ḋ = Ad+Bu+ c (2.29)

where: A = Jf (X0) and c = f(X0)

2.8 Solved exercises

Exercise 01:

We consider a system with a transfer function G(s) given by:

G(s) =
K

s2

ω2
n
+ 2ξ

ωn
s+ 1

.

a. Propose a state-space representation of this system in observable canonical form.

b. Propose a state-space representation of this system in controllable canonical form.

Solution of exercise 01:

The transfer function of the system is given as:

G(s) =
K

s2

ω2
n
+ 2ξ

ωn
s+ 1

.
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Rewriting for clarity:

G(s) =
Kω2

n

s2 + 2ξωns+ ω2
n

.

The denominator is the characteristic polynomial of the system:

P (s) = s2 + 2ξωns+ ω2
n.

a. State-Space Representation in Observable Canonical Form:

For observable canonical form, the state-space matrices are structured to directly

represent the transfer function from input to output. The state-space model is:

ẋ = Ax+Bu, y = Cx+Du.

- The characteristic polynomial is:

P (s) = s2 + 2ξωns+ ω2
n.

- The corresponding observable canonical form is:

A =

[
0 1

−ω2
n −2ξωn

]
, B =

[
0

Kω2
n

]
.

- The output matrices are:

C =
[
1 0

]
, D = 0.

Thus, the observable canonical form is:

ẋ =

[
0 1

−ω2
n −2ξωn

]
x+

[
0

Kω2
n

]
u, y =

[
1 0

]
x.

b. State-Space Representation in Controllable Canonical Form:

For controllable canonical form, the state-space matrices are structured to focus

on the input-output controllability of the system.

- The characteristic polynomial P (s) is written as:

P (s) = s2 + 2ξωns+ ω2
n.

In controllable canonical form, the state-space representation is derived directly from

this polynomial.
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- The state-space matrices are:

A =

[
−2ξωn −ω2

n

1 0

]
, B =

[
1

0

]
.

- The output matrices depend on the numerator of G(s):

C =
[
K 0

]
, D = 0.

Thus, the controllable canonical form is:

ẋ =

[
−2ξωn −ω2

n

1 0

]
x+

[
1

0

]
u, y =

[
K 0

]
x.

Exercise 02:

We consider a system with a transfer function G(s) given by:

G(s) =
s+ 1

s3 + 2s2 + 4s+ 8
.

- Propose a state-space representation of this system in observable canonical form.

Solution of exercise 02:

The given transfer function is:

G(s) =
s+ 1

s3 + 2s2 + 4s+ 8
.

The denominator of G(s), P (s) = s3 + 2s2 + 4s+ 8, is the characteristic polynomial,

and the numerator, N(s) = s+ 1, determines the output equation.

In the observable canonical form, the state-space representation is structured

directly to reflect the relationship between the input and output. The general form

is:

ẋ = Ax+Bu, y = Cx+Du.

- Step 1: Write the Characteristic Polynomial and Denominator Dynamics The

characteristic polynomial is:

P (s) = s3 + 2s2 + 4s+ 8.

This corresponds to the following differential equation:

y(3) + 2y(2) + 4ẏ + 8y = u.
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- Step 2: Define the State Variables Define the state variables as:

x1 = y, x2 = ẏ, x3 = ÿ.

Then:

ẋ1 = x2, ẋ2 = x3, ẋ3 = −8x1 − 4x2 − 2x3 + u.

- Step 3: Construct the State-Space Matrices From the above equations, the

state-space matrices are:

A =


0 1 0

0 0 1

−8 −4 −2

 , B =


0

0

1

 .

- Step 4: Derive the Output Equation The numerator N(s) = s + 1 determines

the output equation. Using the state variables, the output is:

y = x3 + x1.

Thus:

C =
[
1 0 1

]
, D = 0.

The state-space representation in observable canonical form is:

ẋ =


0 1 0

0 0 1

−8 −4 −2

x+


0

0

1

u, y =
[
1 0 1

]
x.

Exercise 03:

a. Determine the transfer function of the system defined by its state equations:

ẋ(t) = A · x(t) +B · e(t)

s(t) = C · x(t)

where the matrices are defined as:

A =

[
−2 −4

−2 −9

]
, B =

[
0

1

]
, C =

[
1 0

]
.

b. Calculate the poles of the transfer function and derive the expression for its

output in response to a unit step input.

c. Assume that the system’s initial state is defined by a zero state vector.
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Solution of exercise 03:

The transfer function of the system is expressed as:

G(p) = C · (pI−A)−1 ·B.

We have:

pI−A =

[
p 0

0 p

]
−

[
−2 −4

−2 −9

]
=

[
p+ 2 4

2 p+ 9

]
.

Thus, the inverse is given by:

(pI−A)−1 =
1

det(pI−A)

[
p+ 9 −4

−2 p+ 2

]
,

where:

det(pI−A) = (p+ 2)(p+ 9)− 8.

The inverse of (pI − A) is given by:

(pI − A)−1 =
1

p2 + 11p+ 10

[
p+ 9 −4

−2 p+ 2

]
.

Thus, the transfer function is:

G(p) =
1

p2 + 11p+ 10

[
1 0

] [p+ 9 −4

−2 p+ 2

][
0

1

]
,

which simplifies to:

G(p) =
−4

p2 + 11p+ 10
=

−4

(p+ 1)(p+ 10)
.

The poles of G(p) are clearly at p = −1 and p = −10.

When a unit step input is applied to the system, the Laplace transform of the

response is:

S(p) =
−4

p(p+ 1)(p+ 10)
.

Taking the inverse Laplace transform gives the time-domain response:

s(t) =
−4

10

[
1 +

10

1− 10e−t
− 1

1− 10e−10t

]
=

−4

10
+

4

9
e−t − 4

90
e−10t.

Exercise 04:

Determinate the expression for the transition matrix Φ(t) of the system defined

by the state equations:
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ẋ(t) = A · x(t) +B · u(t),

where:

A =

[
−3 −6

0 9

]
.

Solution of exercise 04: We are asked to calculate the expression for the

transition matrix Φ(t) of the system defined by the state equations:

ẋ(t) = A · x(t) +B · u(t),

where:

A =

[
−3 −6

0 9

]
.

We need to compute the matrix exponential eAt, which can be done by finding

the eigenvalues and eigenvectors of A or by using other methods for diagonalizable

or block matrices.

First, we calculate the eigenvalues of A by solving the characteristic equation:

det(A− λI) = 0.

For the given matrix A:

A− λI =

[
−3− λ −6

0 9− λ

]
.

The determinant is:

det(A− λI) = (−3− λ)(9− λ)− (0)(−6) = (λ+ 3)(λ− 9).

Setting the determinant equal to zero:

(λ+ 3)(λ− 9) = 0,

which gives the eigenvalues:

λ1 = −3, λ2 = 9.

- Eigenvectors of A

For λ1 = −3, solve:
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(A− (−3)I)v = 0 ⇒

[
0 −6

0 12

][
v1

v2

]
= 0.

From this, we get the eigenvector:

v1 =

[
1

0

]
.

For λ2 = 9, solve:

(A− 9I)v = 0 ⇒

[
−12 −6

0 0

][
v1

v2

]
= 0.

From this, we get the eigenvector:

v2 =

[
1

−2

]
.

The general solution for the state transition matrix is:

Φ(t) = PeΛtP−1,

where P is the matrix of eigenvectors and Λ is the diagonal matrix of eigenvalues.

We have:

P =

[
1 1

0 −2

]
, Λ =

[
−3 0

0 9

]
.

The matrix exponential eΛt is:

eΛt =

[
e−3t 0

0 e9t

]
.

Now, compute P−1:

P−1 =
1

−2

[
−2 1

0 1

]
=

[
1 −1

2

0 −1
2

]
.

Now, we can compute Φ(t):

Φ(t) =

[
1 1

0 −2

][
e−3t 0

0 e9t

][
1 −1

2

0 −1
2

]
.

Or:
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Φ(t) =

[
e−3t e9t

−2e−3t −2e9t

][
1 −1

2

0 −1
2

]
.

The result is:

Φ(t) =

[
e−3t − e9t · 1

2
− e9t

2
+ e−3t

2

−2e−3t + e9t e9t − e−3t

]
.

This is the transition matrix Φ(t) for the given system.

2.9 Conclusion

In this chapter, we have thoroughly examined essential concepts and methods for

representing dynamic systems, establishing a solid understanding of states, state

variables, control inputs, and outputs. Through the introduction of state-space rep-

resentation, we analyzed both continuous and discrete linear systems and explored

canonical forms to standardize these representations. Furthermore, we delved into

state-space modeling for nonlinear systems and discussed linearization techniques to

simplify these models under certain conditions.

The methods covered provide robust tools for analyzing and controlling systems

across a wide range of complexity, from simple linear models to more complex non-

linear systems. However, as system complexity increases, these models can become

limited, particularly for systems with multiple inputs and outputs. Here, state-space

representation proves invaluable, offering a comprehensive framework that maintains

the system’s temporal characteristics and provides an effective basis for understanding

and controlling both linear and nonlinear dynamics in continuous or discrete time.

This chapter has laid the groundwork for advanced control strategies and sets

the stage for further exploration of techniques that enhance the controllability and

observability of complex dynamic systems

A. Djari



3. Systems analysis in state-space 56

Chapter 3

Systems analysis in state-space

3.1 Introduction

State-space representation is a powerful framework for analyzing and designing dy-

namic systems. This chapter focuses on key aspects of state-space analysis, providing

a systematic approach to understanding and solving systems described in this form.

We begin by addressing the solution of state equations, which define the evolution

of a system’s state variables over time. These equations serve as the foundation for

predicting system behavior and assessing performance in response to inputs. Next,

we explore various methods for computing the transition matrix, a crucial tool in

state-space analysis. The transition matrix provides a direct way to solve the state

equations, linking the system’s initial state to its future states over time. The chapter

also delves into modal analysis and stability, examining how the diagonalization of

system matrices can simplify the study of system dynamics. Through this approach,

we gain insights into stability criteria and the role of eigenvalues and eigenvectors in

shaping system behavior. Finally, we introduce the concepts of controllability and

observability, which are fundamental to evaluating a system’s ability to be controlled

and observed through its inputs and outputs. These properties are essential in deter-

mining whether a system is well-posed for control design and implementation.

3.2 Solution of the state equations

It refers to the process of finding the state variables of a dynamic system over time,

given initial conditions and system inputs. This typically includes determining the

system’s response using mathematical methods such as matrix exponentials, transi-

tion matrices, or numerical techniques. The state equation of a LTI system can be

given by:
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ẋ(t) = A.x(t) +B.u(t) (3.1)

Let’s apply the Laplace transform to the system of differential equations in the state-

space representation.

PX(s)− x(0) = A.X(s) +B.U(s) (3.2)

⇒ (sI −A)X(s) = x(0) +B.U(s)(3.3) where I represents the square identity matrix

of dimension n. Thus:

X(s) = (sI − A)−1x(0) + (sI − A)−1B.U(s) (3.4)

The inverse Laplace transform of Equation 3.5 provides the following time-domain

solution for x(t):

x(t) = eAtx(0) +

∫ t

0

eA(t−τ)B.u(τ)dτ (3.5)

where: eAt is the transition matrix.

3.3 Methods for computing the transition matrix

In the resolution of state-space equations, one of the most delicate operations is cal-

culating the transition matrix. This matrix plays a crucial role in determining the

system’s behavior over time. Various methods have been developed to compute this

matrix, each with its own advantages and challenges. In this section, we will ex-

plore some of these approaches, highlighting their applications and the mathematical

principles that underpin them.

3.3.1 Use of the Laplace transform

The transition matrix eAt has the Laplace transform given by the matrix (sI −A)−1.

Let’s transform the expression of (sI − A)−1:

(sI − A)−1 =
1

s
(I − A

s
)−1 =

I

s
+

A

s2
+

A2

s3
+ ...+

An

sn+1
+ ... (3.6)

By applying the inverse Laplace transform, we obtain:

eAt = I + At+
A2

2!
t2 + ...+

An

n!
tn + ... (3.7)

This result will come as no surprise, as it reflects the expression of the Taylor series

expansion.
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3.3.2 Application to the direct calculation of the transition

matrix

The Taylor series expansion can be used directly, provided that the control matrix is

nilpotent (there exists a positive integer k such thatAk = 0 for all n > k). Naturally,

the smaller k is, the simpler and faster the direct computation becomes.

• Example: Let us now consider the control matrix: A =

[
2 −4

1 −2

]

A2 = A× A =

[
2 −4

1 −2

]
×

[
2 −4

1 −2

]
⇒ A =

[
0 0

0 0

]
Therefore, for n ≥ 2:

An =

[
0 0

0 0

]
We have thus:

eAt = I+At+
A2

2!
t2+...+

An

n!
tn+... = I+At =

[
1 0

0 1

]
+

[
2 −4

1 −2

]
.t =

[
1 + 2t −4t

t 1− 2t

]
(3.8)

3.3.3 Diagonalization method for the transition matrix

It is easy to observe that the calculation of the transition matrix is straightforward

when it is diagonal. Indeed:

A =


λ1 0 · · · 0

0 λ2 0
...

... 0
. . . 0

0 · · · 0 λn

⇒ eAt =


eλ1t 0 · · · 0

0 eλ2t 0
...

... 0
. . . 0

0 · · · 0 eλnt

 (3.9)

This observation naturally leads us to devise a relatively simple method for cal-

culating eAt: it is enough to diagonalize the matrix A. Let us consider an arbitrary

control matrix:

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

 (3.10)

The eigenvectors and eigenvalues of this matrix are defined by:

A.Vi = λiVi (3.11)
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The non-zero vectors Vi are the eigenvectors of A, and the λi are its eigenvalues. These

quantities are very easy to determine, as the λi are the roots of the characteristic

equation of the matrix A, defined by: det(A) = 0.

If we denote D as the diagonal matrix formed by the eigenvalues of A, and T as

the modal matrix formed by its eigenvectors, we have:

D =


λ1 0 · · · 0

0 λ2 0
...

... 0
. . . 0

0 · · · 0 λn

 (3.12)

and:

T =
[
(V1) (V2) · · · (Vn)

]
(3.13)

Under these conditions: A = T.D.T−1

It is then easy to verify that:

An = TDT−1 × TDT−1 × TDT−1 × TDT−1 · · ·TDT−1 = TDnT−1 (3.14)

Since:

eAt = I + At+
A2

2!
t2 + ...+

An

n!
tn + ... (3.15)

Equation 3.15 becomes:

eAt = T (I +Dt+
D2

2!
t2 + ...+

Dn

n!
tn + ...)T−1 = TeDtT−1 (3.16)

Therefore:

eAt = T


eλ1t 0 · · · 0

0 eλ2t 0
...

... 0
. . . 0

0 · · · 0 eλnt

T−1 (3.17)

Consequently, the functions eλ1t, eλ2t, ... and eλnt, which form the basis of the ele-

mentary functions of the state vector, and thus the internal signals of the system, are

called the modes of the system.

• Example: Let us consider the following control matrix: A =

[
−2 −2

−1 −3

]
Let us calculate the transition matrix using the diagonalization method.

The eigenvalues of this matrix are determined as the solutions of its characteristic

equation: det(λI−A) = 0 ⇒ det(

[
λ 0

0 λ

]
−

[
−2 −2

−1 −3

]
) = 0 ⇒ det

[
λ+ 2 2

1 λ+ 3

]
= 0
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Let it be: (λ + 2)(λ + 3) − 2 = 0 ⇒ λ1 = −1 and λ2 = −4 Let us calculate the

first eigenvector: A =

[
−2 −2

−1 −3

]
.

[
x1

y1

]
= λ1

[
x1

y1

]
= −

[
x1

y1

]

⇒

{
−2x1 − 2y1 = −x1

−x1 − 3y1 = −y1
⇒ x1 = −2y1

• Note: This result should not be surprising, as there are infinitely many eigen-

vectors, all collinear, associated with a given eigenvalue.

For example, let us take: V1 =

[
−2

1

]

Similarly, the second eigenvector can be calculated just as easily: A =

[
−2 −2

−1 −3

]
.

[
x2

y2

]
=

λ2

[
x2

y2

]
= −4

[
x2

y2

]

⇒

{
−2x2 − 2y2 = −4x2

−x2 − 3y2 = −4y2
⇒ x2 = y2

let us take: V1 =

[
1

1

]
Thus, we have: T =

[
−2 1

1 1

]
and : T−1 =

[
−1

3
1
3

1
3

2
3

]

Furthermore: D =

[
−1 0

0 −4

]
Let us now calculate the transition matrix:

eAt =

[
−2 1

1 1

]
.

[
e−t 0

0 e−4t

]
.

[
−1

3
1
3

1
3

2
3

]
(3.18)

From which:

eAt =

[
2
3
e−t + 1

3
e−4t −2

3
e−t + 1

3
e−4t

−1
3
e−t + 1

3
e−4t 1

3
e−t + 2

3
e−4t

]
(3.19)

3.4 Modal analysis and stability (diagonalization)

In state-space analysis, when the system matrix A has multiple poles, its eigenvalues

result in a Jordan form with one or more Jordan blocks. To compute the state-

transition matrix eAt, we diagonalize A if possible, or use its Jordan decomposition.

The matrix A can be written as A = PJP−1, where J is the Jordan matrix and P is

the modal matrix of eigenvectors and generalized eigenvectors. The exponential of A
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becomes eeAt = PeJtP−1. For a Jordan block corresponding to an eigenvalue λ, say:

Jk =



λ 1 0 · · · 0

0 λ 1 · · · 0
...

. . . . . . . . .
...

0 · · · 0 λ 1

0 0 0 0 λ


(3.20)

the matrix exponential eJkt is computed as:

eJkt = eλt.



1 t t2

2!
· · · t(n−1)

(n−1)!

0 1 t · · · t(n−2)

(n−2)!
...

. . . . . . . . .
...

0 · · · 0 1 t

0 0 0 0 1


(3.21)

This approach handles the coupling between repeated eigenvalues via the structure

of the Jordan block. Finally, eAt is constructed by assembling all Jordan block expo-

nentials into eJt and transforming it back with P .

• Calculation of the matrix P : Let us describe the general algorithm. Sup-

pose that A has an eigenvalue λ of multiplicity m. We find vectors such that:

(A− λI)k −→v =
−→
0 but (A− λI)k−1−→v ̸= −→

0 Such vectors are called gener-

alized eigenvectors. For every eigenvector −→v1 we find a chain of generalized

eigenvectors −→v2 through −→vk such that: (A− λI)−→v1 =
−→
0 ;(A− λI)−→v2 = −→v1 ; ...;

(A− λI)−→vk = −−→vk−1 Finlay, the matrix P can be given by: P = [(v1)(v2)...(vm)]

• Example: As an example, consider the following matrix: A =


0 1 0

0 0 1

1 −3 3


The characteristic equation is: |λI − A| = λ3 − 3λ2 + 3λ− 1 = (λ− 1)3.

The matrix A has an eigenvalue λ = 1 of multiplicity 3. The Jordan matrix is:

J =


1 1 0

0 1 1

0 0 1

 and the matrix P = [(v1)(v2)(v3)] where:

(A − λI) =


−1 1 0

0 −1 1

1 −3 2

 and : (A− λI)−→v1 =
−→
0 ; (A− λI)−→v2 = −→v1 ; and

(A− λI)−→v3 = −→v2
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(A− λI)−→v1 =
−→
0 ⇒


−1 1 0

0 −1 1

1 −3 2

 .


x

y

z

 =


0

0

0

 ⇒


y − x = 0

z − y = 0

x− 3y + 2z = 0

Taken x = 1 then the calculated values of y and z are y = 1 and z = 1, so:

v1 =


1

1

1



(A− λI)−→v2 = −→v1 ⇒


y − x = 1

z − y = 1

x− 3y + 2z = 1

Applying the same above procedure,

the vector v2 is obtained as: v2 =


1

2

3



(A− λI)−→v3 = −→v2 ⇒


y − x = 1

z − y = 2

x− 3y + 2z = 3

Applying the same above procedure, the vector v3 is obtained as: v3 =


0

1

3



Finally, the matrix P is given by:


1 1 0

1 2 1

1 3 3



Then it can be seen that: P−1AP =


1 1 0

0 1 1

0 0 1

 = J

Noting that: eJt =


et tet 1

2
t2et

0 et tet

0 0 et



we find: eAt = P−1eJtP =


1 1 0

1 2 1

1 3 3

 .


et tet 1

2
t2et

0 et tet

0 0 et

.


3 −3 1

−2 3 −1

1 −2 1



⇒ eAt =


et(1− t+ 1

2
t2) tet(1− t) 1

2
t2et

1
2
t2et et(1− t− t2) et(t+ 1

2
t2)

et(t+ 1
2
t2) et(−3t− t2) et(1 + 2t+ 1

2
t2)


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3.5 Concepts of controllability and observability

system is said to be controllable at time t0 if it is possible by means of an unconstrained

control vector to transfer the system from any initial state x(t0) to any other state in a

finite interval of time. A system is said to be observable at time t0 if, with the system

in state x(t0), it is possible to determine this state from the observation of the output

over a finite time interval. The concepts of controllability and observability were

introduced by Kalman. They play an important role in the design of control systems in

state space. In fact, the conditions of controllability and observability may govern the

existence of a complete solution to the control system design problem. The solution

to this problem may no exist if the system considered is not controllable. Although

most physical systems are controllable and observable, corresponding mathematical

models may not possess the property of controllability and observability. Then it is

necessary to know the conditions under which a system is controllable and observable.

3.5.1 Controllability

The general problem in control theory involves controlling a system so that it transi-

tions from a given initial state to a specified final state. In state-space representation,

this entails determining the control signal e(t) over a given time interval,
[
t1 t2

]
, to

drive the system from the state x(t1) to the desired state x(t2).

There are many criteria for controllability or non-controllability. The Kalman

criterion is one of the most commonly used.

A system is fully controllable and completely reachable if and only if the vec-

tors B,AB,A2B, . . . , An−1B are linearly independent. This statement can also be

expressed as follows: the controllability matrix is defined as the matrix formed by the

n column vectors B,AB,A2B, . . . , An−1B.

The pair [A], (B) is completely controllable if and only if the controllability matrix

is regular, meaning its determinant is nonzero.

• Example: Let us revisit the example of the system governed by the following

state equations:

ẋ(t) = [A]x(t) + (B)e(t)

where:

[A] =

[
−2 −2

−1 −3

]
, (B) =

[
1

−2

]
.

The controllability matrix is composed of two vectors:

[C] = [(B) | [A](B)].
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Now, calculate:

[A](B) =

[
−2 −2

−1 −3

][
1

−2

]
=

[
2

5

]
.

Hence:

[C]([A](B)) =

[
1 2

−2 5

]
This matrix is of rank 2, as its determinant is non-zero:

det

[
1 2

−2 5

]
= 9

Therefore, the system is fully controllable.

3.5.1.1 Calculation of the control input of a system

• Principle of Kalman’s construction:

The objective here is to compute the control (or input) signal of the system to

drive it from its initial state x(0) at t = 0 to a desired state x(t) at any given time t.

If the system is fully controllable (or reachable), it is possible to calculate this control

signal. The state of the system is given by:

x(t) = eAtx(0) +

∫ t

0

eA(t−τ)Be(τ) dτ,

or equivalently:

x(t)− eAtx(0) =

∫ t

0

eA(t−τ)Be(τ) dτ.

The task is to determine the expression for e(τ) over the interval [0, t] to achieve

this goal.

Kalman demonstrated that the control signal e(t) can be constructed using the

following expression:

e(t) = BT eA
T (t−τ)W−1

[
x(t)− eAtx(0)

]
,

where the matrix W is defined as:

W =

∫ t

0

eAτBBT eA
T τ dτ.

• Validation of the Construction:

To validate this result, substitute e(t) into the integral:
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I =

∫ t

0

eA(t−τ)Be(τ) dτ.

Substituting the expression for e(τ), we get:

I =

∫ t

0

eA(t−τ)B
{
BT eA

T (t−τ)W−1
[
x(t)− eAtx(0)

]}
dτ.

Simplifying:

I =
[
x(t)− eAtx(0)

] ∫ t

0

eA(t−τ)BBT eA
T (t−τ) dτ W−1.

Consider the integral: ∫ t

0

eA(t−τ)BBT eA
T (t−τ) dτ.

Now, let us make a change of variable: t− τ → τ . We obtain:∫ t

0

eAτBBT eA
T τ (−dτ) =

∫ 0

t

eAτBBT eA
T τ dτ.

Thus:

I =
[
x(t)− eAtx(0)

]
WW−1 = x(t)− eAtx(0).

This verifies the solution of the state equation:

x(t)− eAtx(0) =

∫ t

0

eA(t−τ)Be(τ) dτ.

• Example:

We aim to drive the system defined by:

ẋ(t) = Ax(t) +Be(t),

where:

A =

[
−2 0

0 −1

]
, B =

[
1

−2

]
,

from the initial state:

x(0) =

[
0

0

]
,

to the final state:

x(t) =

[
2

−3

]
,

at t = 0.5 s.
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Since A is a diagonal matrix, its transpose equals itself. Therefore:

eAt = eA
T t =

[
e−2t 0

0 e−t

]
.

Thus, the controllability Gramian W is:

W =

∫ t

0

[
e−2τ 0

0 e−τ

][
1

−2

] [
1 −2

] [e−2τ 0

0 e−τ

]
dτ.

After performing the calculations, for instance using Mathematica, we find:

W =

[
−1

4
(e−4t − 1) 2

3
(e−3t − 1)

2
3
(e−3t − 1) −2(e−2t − 1)

]
.

Consequently:

W−1 =
1

det(W )

[
−2(e−2t − 1) −2

3
(e−3t − 1)

−2
3
(e−3t − 1) −1

4
(e−4t − 1)

]
.

For t = 0.5 s, we have:

det(W ) =

∣∣∣∣∣ 0.216 −0.518

−0.518 1.264

∣∣∣∣∣ = 0.0047.

And:

W−1 =

[
269 110

110 46

]
.

Thus, we have:

e(t) =
[
1 −2

] [e−2(0.5−t) 0

0 e−(0.5−t)

][
269 110

110 46

][
2

−3

]
= 208e−2(0.5−t) − 164e−(0.5−t).

It is straightforward to verify that this control signal indeed drives the system to

the desired state within a time t = 0.5 s. Specifically:

x(0.5) =

∫ 0.5

0

[
e−2(0.5−τ) 0

0 e−(0.5−τ)

][
1

−2

]
e(τ) dτ ≈

[
2

−3

]
.
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3.5.2 Observability

In state-space representation, it is essential to be able to determine the state of the

system at any given time, meaning the ability to compute the state vector x(t). Some

state variables are easy to measure: a sensor placed in the right location within the

system can provide access to the desired information. In such cases, the state variable

is said to be measurable.

In other cases, direct measurement may not be possible, and the variable is re-

ferred to as non-measurable. However, even if it is not directly measurable, it may

still influence the system’s output s(t). In this scenario, it becomes possible to infer

the value of the variable from the measured output. Such a variable is then said to

be observable.

3.5.2.1 Definition

A system is said to be observable at a time t1 if knowing the input signal and the

output signal over the time interval [t1, t2] allows the determination of the system’s

state at time t1.

If a system is observable for any time t1, it is referred to as completely observable.

3.5.2.2 Observability Criterion

Consider a system defined as:ẋ(t) = [A]x(t) + (B)e(t),

s(t) = (C)x(t) +D · e(t).

This system is completely observable if and only if the row vectors::

(C), (C)[A], (C)[A]2, . . . , (C)[A]n−1 are linearly independent.

This statement can also be expressed as follows: the observability matrix is defined

as the matrix formed by the n row vectors (C), (C)[A], (C)[A]2, . . . , (C)[A]n−1:

[O]([A], C) =



(C)

(C)[A]

(C)[A]2

...

(C)[A]n−1


.

The pair [A], (C) is completely observable if and only if the observability matrix

is nonsingular, meaning its determinant is non-zero.

• Example:
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Consider a system governed by the state equation:ẋ(t) = [A]x(t) + (B)e(t),

s(t) = (C)x(t),

where:

[A] =

[
1 1

−2 −1

]
, (C) =

[
1 0

]
.

Is this system completely observable?

To test the observability condition, examine the rank of:

[
C

CA

]
. Since

[
C

CA

]
=[

1 0

1 1

]

the rank of

[
C

CA

]
is 2. Hence, the system is completely observable.

3.6 Solved exercises

Exercise 01: Consider a system governed by the state equation:

ẋ(t) = Ax(t) +Be(t)

where:

A =

[
−1 −1

1 1

]
, B =

[
2

−1

]
and assume that at time t = 0, the system is in the state:

x(0) =

[
−1

1

]
.

Given that the system is subjected to a unit step input, determine the expression

for the state vector x(t) at any time t, noting that the control matrix is nilpotent.

Solution of exercise 01:

It is easy to verify that the control matrix is nilpotent. Indeed:

[A]2 =

[
−1 −1

1 1

][
−1 −1

1 1

]
=

[
0 0

0 0

]
.

Therefore, for any n ≥ 2, we have:
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[A]n =

[
0 0

0 0

]
.

Thus, the matrix exponential e[A]t can be expressed as:

e[A]t =

(
I + [A]t+

[A]2t2

2!
+ · · ·+ [A]ntn

n!
+ · · ·

)
=

[
1 0

0 1

]
+

[
−t −t

t t

]
=

[
1− t −t

t 1 + t

]
.

The general form of the solution to the state equation is:

x(t) = e[A]tx(0) +

∫ t

0

e[A](t−τ)Be(τ) dτ.

Since the system is subjected to a step input e(t) = 1, we have:

x(0) =

[
−1

1

]
.

Therefore, the state vector is:

x(t) =

[
1− t −t

t 1 + t

][
−1

1

]
+

∫ t

0

[
1− (t− τ) −(t− τ)

(t− τ) 1 + (t− τ)

][
2

−1

]
dτ.

This simplifies to:

x(t) =

[
−1

1

]
+

∫ t

0

[
2− t+ τ

t− τ − 1

]
dτ.

Finally, solving the integrals:

x(t) =

[
−1

1

]
+

[∫ t

0
(2− t+ τ) dτ∫ t

0
(t− τ − 1) dτ

]
.

This results in:

x(t) =

[
−1 + 2t− t2

2

1− t+ t2

2

]
.

Exercise 02: Let’s consider a system governed by the state equation:

ẋ(t) = Ax(t) +Bu(t)

with:
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A =

[
1 2

a 1

]
, B =

[
1

1

]
- Determine the condition on the parameter a for the system to be fully controllable

Solution of exercise 02:

To determine the condition on the parameter a for the system to be fully con-

trollable, we need to check the controllability matrix. A system is fully controllable

if and only if the controllability matrix has full rank, which means it must be of full

column rank (in this case, rank 2 for a 2-state system).

The state equation is given as:

ẋ(t) = Ax(t) +Bu(t)

with:

A =

[
1 2

a 1

]
, B =

[
1

1

]
The controllability matrix C is defined as:

C =
[
B AB

]
First, we calculate AB:

AB =

[
1 2

a 1

][
1

1

]
=

[
1 + 2

a+ 1

]
=

[
3

a+ 1

]
So, the controllability matrix becomes:

C =

[
1 3

1 a+ 1

]
For the system to be fully controllable, the determinant of the controllability

matrix must be non-zero:

det(C) = det

[
1 3

1 a+ 1

]
= 1(a+ 1)− 3(1) = a+ 1− 3 = a− 2

For full controllability, we require:

a− 2 ̸= 0 ⇒ a ̸= 2

Thus, the system is fully controllable if a ̸= 2.
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Exercise 03: Let’s consider a system governed by the state equation:

ẋ(t) = Ax(t) +Bu(t)

with:

A =

[
a −1

2 1

]
, B =

[
1

1

]
, C =

[
1 −2

]
Determine the condition on the parameter a for the system to be fully observable.

Solution of exercise 03:

To determine the condition on the parameter a for the system to be fully ob-

servable, we need to check the observability matrix. A system is fully observable if

and only if the observability matrix has full rank, meaning it must have rank 2 for a

2-state system.

The state equation is given as:

ẋ(t) = Ax(t) +Bu(t)

with:

A =

[
a −1

2 1

]
, B =

[
1

1

]
, C =

[
1 −2

]
The observability matrix O is defined as:

O =

[
C

CA

]
First, we compute CA:

CA =
[
1 −2

] [a −1

2 1

]
=
[
1(a) + (−2)(2) 1(−1) + (−2)(1)

]
=
[
a− 4 −1− 2

]
=
[
a− 4 −3

]
So, the observability matrix becomes:

O =

[
1 −2

a− 4 −3

]
For the system to be fully observable, the determinant of the observability matrix

must be non-zero:
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det(O) = det

[
1 −2

a− 4 −3

]
We calculate the determinant:

det(O) = 1(−3)− (−2)(a− 4) = −3 + 2(a− 4) = −3 + 2a− 8 = 2a− 11

For full observability, we require:

2a− 11 ̸= 0 ⇒ a ̸= 11

2

Thus, the system is fully observable if a ̸= 11
2
.

Exercise 04: We want to drive the system described by the state equation

ẋ(t) = A · x(t) + B · u(t) with A =

[
−1

2
0

0 −1
8

]
, B =

[
1

2

]
, from an initial state

x(0) =

[
0

0

]
to a final state x(t) =

[
2

1

]
at t = 2 seconds.

- Determine the expression for the control signal u(t) that ensures the system is

properly controlled.

Solution of exercise 04:

The desired control signal is expressed as:

e(t) = BT eA
T (t−t0)W−1

[
x(t)− eAtx(0)

]
where:

W =

∫ t

0

eA
T tBBT eAt dt

Since A is a diagonal matrix, its transpose is equal to itself. Therefore:

eAt = eA
T t =

[
e−t/2 0

0 e−t/8

]
Thus:

W =

∫ t

0

[
e−t/2 0

0 e−t/8

]([
1

2

]([
1 2

]))[e−t/2 0

0 e−t/8

]
dt

Simplifying:

W =

∫ t

0

[
e−t/2 2e−t/8

] [
1 2

] [e−t/2 0

0 e−t/8

]
dt
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W =

∫ t

0

[
e−t 2e−5t/8

2e−5t/8 4e−t/4

]
dt

W =

∫ t

0

[
−e−t 16e−5t/8

16e−5t/8 −16e−t/4

]
dt

This leads to:

W =

[
1− e−t 16

5
(1− e−5t/8)

16
5
(1− e−5t/8) 16(1− e−t/4)

]
Therefore, we have:

[W ]−1 =
1

det[W ]

[
16(1− e−t/4) −16

5
(1− e−5t/8)

−16
5
(1− e−5t/8) 1− e−t

]
For t = 2 s, we calculate the determinant of [W ] as:

det[W ] =

∣∣∣∣∣ 0.865 −2.283

−2.283 6.296

∣∣∣∣∣ = 0.234

And thus:

[W ]−1 =

[
26.91 −9.76

−9.76 3.70

]
Since the control signal is given by:

e(t) = BT eA
T (t−t0)[W ]−1

[
x(t)− eAtx(0)

]
we substitute the values to get:

e(t) =
[
1 2

] [e−(2−t)/2 0

0 e−(2−t)/8

][
26.91 −9.76

−9.76 3.70

][
2

1

]
This simplifies to:

e(t) =
[
1 2

] [ 44.06e−(2−t)/2

−15.82e−(2−t)/8

]
Finally, we get the control signal expression:

e(t) = 44.06e(t−2)/2 − 31.64e(t−2)/8
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3.7 Conclusion

This chapter has provided a comprehensive exploration of state-space representation,

emphasizing its critical role in the analysis and design of dynamic systems. By solving

state equations, we established a foundational understanding of how system states

evolve over time, enabling the prediction of behavior and performance. The transi-

tion matrix emerged as a key analytical tool, offering a direct link between initial

conditions and future states. Modal analysis further enhanced our grasp of system

dynamics, showing how diagonalization simplifies the study of stability and the influ-

ence of eigenvalues and eigenvectors. Additionally, the discussion on controllability

and observability highlighted their significance in determining whether a system can

be effectively controlled and observed through its inputs and outputs. Together, these

concepts form a robust framework for evaluating, designing, and implementing control

strategies, ensuring a deeper understanding of the dynamic systems they govern.
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Chapter 4

State feedback control

4.1 Introduction

State feedback control is a fundamental technique in modern control theory, enabling

the design of controllers that influence the behavior of dynamic systems by modify-

ing their state variables. One of the key concepts in state feedback control is pole

placement, which involves selecting the system’s poles to achieve desired dynamics

in the closed-loop system. This approach allows for precise control over the system’s

stability, speed of response, and damping.

The first step in implementing state feedback is the (formulation of the pole

placement problem). By choosing appropriate feedback gains, it is possible to position

the poles of the closed-loop system at specific locations in the complex plane, ensuring

the system behaves according to performance specifications such as settling time,

overshoot, and damping ratio.

For single-input single-output (SISO) systems, pole placement techniques are rela-

tively straightforward. The design process typically involves solving a set of equations

to determine the state feedback gains that place the poles at the desired locations.

For more complex multiple-input multiple-output (MIMO) systems, the pole place-

ment becomes more challenging due to the interaction between multiple inputs and

outputs. Advanced methods and algorithms, such as the use of the Ackermann’s

formula or control allocation, are employed to calculate the required feedback gains.

Finally, the implementation of state feedback control in practical systems involves

the development of algorithms and hardware that apply the calculated feedback gains

to the system in real time. The implementation must take into account factors such as

sensor noise, computation time, and actuator limitations, ensuring that the theoretical

design translates into reliable and effective control in real-world applications.

This chapter will provide an in-depth exploration of the state feedback control

design process, covering both the theory and practical aspects of implementing pole
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placement in SISO and MIMO systems.

4.2 Formulation of the pole placement problem us-

ing state feedback

In state feedback control, the goal is to design a feedback law that modifies the closed-

loop dynamics of a system to achieve desired performance. For a system represented

in state-space form:

ẋ(t) = Ax(t) +Bu(t)

where x(t) is the state vector, u(t) is the control input, A is the state matrix, and

B is the input matrix, the state feedback control law is given as:

u(t) = −Kx(t)

where K is the state feedback gain matrix. Substituting u(t) into the system

equation gives the closed-loop dynamics:

ẋ(t) = (A−BK)x(t)

The eigenvalues of the matrix A − BK determine the poles of the closed-loop

system. The pole placement problem involves selecting K such that the eigenvalues

of A−BK are placed at desired locations in the complex plane, ensuring the closed-

loop system meets stability and performance criteria (Figure 4.1).

Figure 4.1: State feedback control Design in State Space.
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4.2.1 Closed-Loop Transfer Function

The closed-loop transfer function of a system can be derived from its state-space

representation. Assume the open-loop system is governed by the following state

equations:

ẋ(t) = [A]x(t) +Be(t), s(t) = Cx(t)

In the closed-loop configuration with state feedback, the state equations become:

ẋ(t) = [A]x(t) +B{e(t)−Kx(t)}

or equivalently:

ẋ(t) = {[A]−BK}x(t) +Be(t)

Applying the Laplace transform to these equations, we get:

pX(p) = {[A]−BK}X(p) +BE(p)

S(p) = CX(p)

From this, we derive:

{pI − [A] +BK}X(p) = BE(p)

and solving for X(p):

X(p) = {pI − [A] +BK}−1BE(p)

The closed-loop transfer function is then:

H(p) =
S(p)

E(p)
= C{pI − [A] +BK}−1B

4.2.2 Determining the State Vector

State feedback control assumes that the system is fully understood and, more impor-

tantly, that the state vector is accessible. Three scenarios may arise:

• All internal signals forming the state vector are measurable: In this case, the

state variables can be directly measured using appropriately placed sensors,

providing the necessary information for state feedback.

• Not all state variables are measurable, but the system is fully observable: Here,

the state vector can be reconstructed at any given moment by using the output
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and input signals of the system over a preceding time interval. This reconstruc-

tion is achieved using a state observer.

• The system is not fully observable: In such cases, the state vector must be

estimated using a (state estimator).

• Note: The terms ”observer” and ”estimator” are often used interchangeably,

but this distinction is minor. The key point is to have a method for reconstruct-

ing the state vector at each instant to enable state feedback control.

• Example: Pole Placement for a SISO System

Consider the following system:

ẋ(t) =

[
0 1

−2 −3

]
x(t) +

[
0

1

]
u(t)

1. System Matrices: - A =

[
0 1

−2 −3

]
- B =

[
0

1

]
2. Desired Poles: Assume we want the closed-loop poles at λ1 = −2 and λ2 = −4.

3. Characteristic Polynomial: The desired characteristic polynomial is:

p(s) = (s+ 2)(s+ 4) = s2 + 6s+ 8

4. Feedback Gain Calculation: The characteristic equation of the closed-loop

system is determined by:

det(sI − (A−BK)) = 0

Here, K =
[
k1 k2

]
, so:

A−BK =

[
0 1

−2 −3

]
−

[
0

1

] [
k1 k2

]
=

[
0 1

−2− k1 −3− k2

]
The characteristic polynomial of A−BK is:

det(sI − (A−BK)) = s2 + (3 + k2)s+ (2 + k1) = s2 + 6s+ 8

Matching coefficients with the desired polynomial:

3 + k2 = 6 =⇒ k2 = 3

2 + k1 = 8 =⇒ k1 = 6

Thus, the feedback gain is:
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K =
[
6 3

]
5. Verification: The closed-loop system matrix is:

A−BK =

[
0 1

−8 −6

]
The eigenvalues of A − BK are −2 and −4, confirming the poles are placed as

desired.

This example illustrates how state feedback can be used to place the poles of

a system at specific locations to achieve desired dynamics. The process involves

formulating the problem mathematically, solving for the feedback gains, and verifying

the closed-loop pole placement.

4.3 Calculation methods for single-input single-output

(SISO) systems

State feedback control aims to design a feedback gain K for a single-input single-

output (SISO) system to place the closed-loop poles at desired locations for stability

and performance. The method involves algebraic computation or tools like the Ack-

ermann formula.

4.3.0.1 Using Pole Placement by Comparing Characteristic Polynomials

The system is given in state-space form:

ẋ(t) = Ax(t) +Bu(t)

For state feedback control:

u(t) = −Kx(t)

The closed-loop dynamics become:

ẋ(t) = (A−BK)x(t)

Procedure:

1. Compute the Open-Loop Characteristic Polynomial: The open-loop charac-

teristic polynomial is det(sI − A).

2. Define the Desired Characteristic Polynomial: The desired poles are specified

by a polynomial p(s) = sn + an−1s
n−1 + · · ·+ a0.

A. Djari



4. State feedback control 80

3. Equate and Solve: By ensuring det(sI − (A−BK)) = p(s), the feedback gain

K is calculated by solving the polynomial equations.

• Example:

Consider the system:

ẋ(t) =

[
0 1

−5 −6

]
x(t) +

[
0

1

]
u(t)

Desired poles: λ1 = −2, λ2 = −3.

1. Open-loop characteristic polynomial:

det(sI − A) = det

[
s −1

5 s+ 6

]
= s2 + 6s+ 5

2. Desired characteristic polynomial:

p(s) = (s+ 2)(s+ 3) = s2 + 5s+ 6

3. Comparing coefficients:

The closed-loop characteristic polynomial is det(sI − (A − BK)). Assume K =[
k1 k2

]
:

A−BK =

[
0 1

−5− k1 −6− k2

]
Equating coefficients with s2 + 5s+ 6:

−6− k2 = 5 =⇒ k2 = −11

−5− k1 = 6 =⇒ k1 = −11

Thus, K =
[
−11 −11

]
.

4.3.0.2 Using the Ackermann Formula

The Ackermann formula provides a systematic way to compute K using controllabil-

ity. For an n-state system:

K =
[
0 . . . 0 1

]
C−1p(A)

where: - C is the controllability matrix: C =
[
B AB A2B . . . An−1B

]
, -

p(A) is the desired characteristic polynomial applied to A.

Example: For the previous system:
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A =

[
0 1

−5 −6

]
, B =

[
0

1

]
1. Controllability matrix:

C =
[
B AB

]
=

[
0 1

1 −6

]

det(C) = 0×−6− 1× 1 = −1 (System is controllable.)

2. Desired characteristic polynomial:

p(s) = s2 + 5s+ 6 =⇒ p(A) = A2 + 5A+ 6I

A2 =

[
0 1

−5 −6

]2
=

[
−5 −6

30 31

]

p(A) =

[
−5 −6

30 31

]
+ 5

[
0 1

−5 −6

]
+ 6

[
1 0

0 1

]
3. Compute K:

K =
[
0 1

]
C−1p(A)

The result will be the same as the first method: K =
[
−11 −11

]
.

- Comparison of characteristic polynomials: Manual and straightforward for small

systems. - Ackermann formula: Systematic and useful for larger systems with con-

trollability.

Both methods ensure that the poles of the closed-loop system are placed as de-

sired, enabling precise control of the system’s dynamics.

4.4 Calculation methods for multiple-input multiple-

output (MIMO) systems

In Multiple-Input Multiple-Output (MIMO) systems, state feedback control involves

designing a feedback matrix K to achieve desired closed-loop performance by plac-

ing the eigenvalues of the closed-loop system at specific locations. The state-space

representation for a MIMO system is given as:

ẋ(t) = Ax(t) +Bu(t)

A. Djari



4. State feedback control 82

where: - x(t) is the n-dimensional state vector, - u(t) is the m-dimensional input

vector, - A is the n× n state matrix, - B is the n×m input matrix.

The control law is:

u(t) = −Kx(t)

where K is an m × n feedback gain matrix. The closed-loop system dynamics

become:

ẋ(t) = (A−BK)x(t)

The eigenvalues of A−BK determine the stability and performance of the closed-

loop system.

4.4.1 Steps to Design K for MIMO Systems

1. Check Controllability: Ensure the pair (A,B) is controllable by verifying the rank

of the controllability matrix:

C = [BABA2B . . . An−1B]

If rank(C) = n, the system is controllable.

2. Define Desired Poles: Specify the desired eigenvalues of A − BK based on

performance requirements (stability, speed of response, damping).

3. Solve for K: Use methods like: - **Eigenstructure Assignment**: Assign

desired eigenvalues and eigenvectors to A − BK. - **Numerical Pole Placement

Algorithms**: Implement computational tools like MATLAB’s ‘place‘ function or

the Ackermann’s formula for pole placement.

—

• Example: Pole Placement in a MIMO System

- Given System:

A =


0 1 0

0 0 1

−6 −11 −6

 , B =


1 0

0 1

1 1


- Step 1: Controllability Check:

C =
[
B AB A2B

]
=


1 0 0 1 0 −1

0 1 1 0 1 0

1 1 −1 −6 −11 10


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The rank of C is 3, so the system is controllable.

- Step 2: Desired Poles:

Let the desired eigenvalues be {−2,−3,−4}.
- Step 3: Calculation of K:

Using MATLAB’s ‘place‘ function:

K = place(A,B, [−2,−3,−4])

Alternatively, solve numerically or symbolically forK to ensure det(sI−(A−BK))

matches the desired characteristic polynomial:

det(sI − (A−BK)) = (s+ 2)(s+ 3)(s+ 4)

- Step 4: Verify the Closed-Loop System:

Substitute K into A − BK and compute its eigenvalues to confirm they match

the desired values.

4.4.2 Tools for MIMO State Feedback Design

• MATLAB Commands:

- ‘place(A, B, desiredpoles)‘− ‘acker(A,B, desiredpoles)‘

• Eigenstructure Assignment:

For systems where both eigenvalues and eigenvectors need control, eigenstructure

assignment algorithms are used, often involving numerical solvers.

The calculation of state feedback for MIMO systems requires understanding the

controllability of the system, defining performance goals through desired pole loca-

tions, and using numerical or symbolic tools to compute K. By carefully designing

K, the closed-loop system can meet stability and performance requirements, even in

the presence of multiple inputs and outputs.

4.5 Controllability in Continuous-Time Modes

4.5.1 Definition

We assume that the state vector is known. The expression of the closed-loop transfer

function allows us to calculate its poles. The transfer function is given by:

H(p) = C · adj(pI − [A] +BK) ·B
/
det(pI − [A] +BK)
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The poles of the closed-loop transfer function are the roots of the characteristic

equation:

det(pI − [A] +BK) = 0

These are the eigenvalues of the matrix [A] − BK. The ability to choose the gain

vector K to place these poles at desired locations, thus ensuring specific closed-loop

performance, is called modal controllability.

4.5.2 Modal Controllability Criterion

A system is controllable in modes in closed-loop if it is fully controllable in open-loop.

To verify modal controllability for the closed-loop system, the controllability matrix

is calculated as:

C(A,B) = [BABA2B . . . An−1B]

The system is controllable if C has full rank (n), i.e., its determinant is non-zero.

4.5.3 Non-Controllable Systems

If a system is not fully controllable, its state equations can be transformed into a new

basis to separate the controllable and uncontrollable subsystems. The transformed

state-space representation becomes:

˙̃x(t) = Ãx̃(t) + B̃e(t), Ã =

[
Ã11 Ã12

0 Ã22

]
, B̃ =

[
B̃1

0

]

Here, (Ã11, B̃1) represents the controllable subsystem. The feedback law becomes:

˙̃x(t) =

[
Ã11 − B̃1k̃1 Ã12 − B̃1k̃2

0 Ã22

]
x̃(t) +

[
B̃1

0

]
e(t)

This demonstrates that the gain vector can only influence the controllable subsystem.

The non-controllable modes remain unaffected.

A system that is not fully controllable is stable in closed-loop if and only if its

non-controllable modes are stable. Stability requires the eigenvalues corresponding

to these modes to have negative real parts.

• Example: Non-Controllable System

Given:

A =

[
0 1

−2 3

]
, B =

[
1

1

]
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- Controllability Matrix:

C(A,B) = [B,AB] =

[
1 1

1 1

]

The determinant:

det(C(A,B)) =

∣∣∣∣∣1 1

1 1

∣∣∣∣∣ = 0

Since the determinant is zero, the system is not fully controllable.

- Eigenvalues: Compute the eigenvalues of A:

det(λI − A) =

∣∣∣∣∣λ −1

2 λ− 3

∣∣∣∣∣ = λ2 − 3λ+ 2 = 0

Roots are λ1 = 1, λ2 = 2.

- Change of Basis: Diagonalize A with eigenvectors:

v1 =

[
1

1

]
, v2 =

[
1

2

]

Transformation matrix:

T =

[
1 1

1 2

]
, T−1 =

[
2 −1

−1 1

]

Transformed system:

Ã = T−1AT =

[
1 0

0 2

]
, B̃ = T−1B =

[
1

0

]

The transformed system shows that only the first mode is controllable. The

second mode is uncontrollable and corresponds to an unstable eigenvalue (2 > 0).

Therefore, the system cannot be stabilized via state feedback.

4.6 Solved exercises

Exercise 01: Consider the control system depicted in the following figure.

The plant is described by:

ẋ(t) = Ax(t) +Bu(t), with: A =


0 1 0

0 0 1

−1 −5 −6

 , B =


0

0

1

 .
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The system implements state feedback control with u = −Kx(t) (Figure 4.2).

We aim to determine the state feedback gain vector K such that the closed-loop

poles are located at:

s1 = −10, s2 = −2 + 4j, s3 = −2− 4j.

Calculate the state feedback gain K in this scenario.

Figure 4.2: State feedback control Design in State Space.

Solution of exercise 01:

To calculate the state feedback gain vector K, we use the pole placement method.

The system is governed by the equation:

ẋ(t) = Ax(t) +Bu(t)

where u(t) = −Kx(t). Substituting u(t), the closed-loop dynamics become:

ẋ(t) = (A−BK)x(t)

The goal is to choose K such that the eigenvalues of A− BK match the desired

closed-loop poles: s1 = −10, s2 = −2 + 4j, s3 = −2− 4j.

The characteristic polynomial corresponding to the desired poles is:

p(s) = (s+ 10)(s+ 2− 4j)(s+ 2 + 4j)

Expanding:

p(s) = (s+ 10)
[
s2 + 4s+ (42 + 02)

]
p(s) = (s+ 10)(s2 + 4s+ 16)

p(s) = s3 + 14s2 + 56s+ 160

The desired characteristic equation is:
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det(sI − (A−BK)) = s3 + 14s2 + 56s+ 160

The controllability matrix is:

C =
[
B AB A2B

]
Calculate AB and A2B to construct C.
Given:

A =


0 1 0

0 0 1

−1 −5 −6

 , B =


0

0

1



AB =


1

−6

−6

 , A2B = A(AB) =


−6

−6

11


Thus:

C =


0 1 −6

0 −6 −6

1 −6 11


- Verify controllability: Compute det(C). If det(C) ̸= 0, the system is controllable.

det(C) =

∣∣∣∣∣∣∣∣
0 1 −6

0 −6 −6

1 −6 11

∣∣∣∣∣∣∣∣ = −42 ̸= 0

The system is controllable.

- Determine K using pole placement: Let K =
[
k1 k2 k3

]
. The closed-loop

characteristic equation is:

det(sI − (A−BK)) = det(sI − A+BK)

Match the coefficients of the desired polynomial s3 + 14s2 + 56s + 160 with the

characteristic polynomial of A−BK. Using MATLAB or manual calculations (such

as Ackermann’s formula), the result is:

K =
[
72 96 36

]
Exercise 02:

Consider a system defined by the state equation:

ẋ(t) = A · x(t) +B · u(t),
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where:

A =

[
−1 −2

−1 −4

]
, B =

[
−3

1

]
.

a. Prove the system is fully controllable.

b. Analyze the dynamic performance of the system (rise time and overshoot)

under state feedback control with a gain vector k =
[
−55 −168

]
, assuming a unit

step reference input.

Solution of exercise 02:

a. The controllability of a system is determined using the controllability matrix:

Wc =
[
B AB

]
.

Given:

A =

[
−1 −2

−1 −4

]
, B =

[
−3

1

]
.

Calculate AB:

AB =

[
−1 −2

−1 −4

][
−3

1

]
=

[
3− 2

3− 4

]
=

[
1

−1

]
.

Construct Wc:

Wc =
[
B AB

]
=

[
−3 1

1 −1

]
.

Check the determinant of Wc:

det(Wc) = (−3)(−1)− (1)(1) = 3− 1 = 2.

Since det(Wc) ̸= 0, the controllability matrix is full rank, meaning the system is

fully controllable.

b. The closed-loop system dynamics with state feedback u = −kx+r are governed

by:

ẋ(t) = (A−BK)x(t) +Br,

where K =
[
−55 −168

]
.

- Calculate A−BK:

BK =

[
−3

1

] [
−55 −168

]
=

[
165 504

−55 −168

]
.

A−BK =

[
−1 −2

−1 −4

]
−

[
165 504

−55 −168

]
=

[
−166 −506

54 164

]
.
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The characteristic equation of A−BK determines the system’s poles:

det(sI − (A−BK)) = 0.

det

([
s+ 166 506

−54 s− 164

])
= (s+ 166)(s− 164) + 54 · 506.

(s+ 166)(s− 164) + 27324 = s2 + 2s− 166 · 164 + 27324.

= s2 + 2s− 27224 + 27324 = s2 + 2s+ 100.

The poles are:

s = −1± j10.

- The rise time for a second-order system with natural frequency ωn and damping

ratio ζ is approximated as:

tr ≈
π − arccos(ζ)

ωd

,

where ωd = ωn

√
1− ζ2, ωn =

√
100 = 10, and ζ = −Real part of pole

ωn
= 1

10
= 0.1.

Substituting values:

ωd = 10
√
1− 0.12 = 10

√
0.99.

tr ≈
π − arccos(0.1)

10
√
0.99

.

Approximate tr numerically:

tr ≈ 0.3 seconds.

- Overshoot is determined by:

Mp = e
− ζπ√

1−ζ2 .

Substituting ζ = 0.1:

Mp = e
− 0.1π√

1−0.12 .

Approximate Mp:

Mp ≈ 0.74 (74%).

Exercise 03:
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Consider a system described by the state equation:

ẋ(t) = A · x(t) +B · u(t),

where:

A =

[
−2 −2

−1 −3

]
, B =

[
1

−2

]
.

a. Demonstrate that the system is fully controllable.

b. Determine the state feedback gain vector k = [k1, k2] to design a feedback loop

such that the system meets the following specifications: - A phase margin of 60°. - A
rise time of 3 seconds.

Solution of exercise 03:

The state equation of the system is:

ẋ(t) = A · x(t) +B · u(t),

where:

A =

[
−2 −2

−1 −3

]
, B =

[
1

−2

]
.

a. The controllability of a system is determined by the controllability matrix:

C =
[
B A ·B

]
.

Substitute A and B:

C =
[
B A ·B

]
=

[
1 −2

−2 −4

]
.

Check the rank of C: If rank(C) = n, where n is the order of the system (n = 2

here), the system is fully controllable.

det(C) =

∣∣∣∣∣ 1 −2

−2 −4

∣∣∣∣∣ = (1)(−4)− (−2)(−2) = −4− 4 = −8 ̸= 0.

Since det(C) ̸= 0, the controllability matrix is full rank (rank = 2). Thus, the

system is fully controllable.

b. We design the state feedback u(t) = −k · x(t) such that the system achieves:

- hase margin of 60°. - Rise time (Tr) of 3 seconds.

From the rise time, the dominant closed-loop poles are determined using the

approximation:

Tr ≈
3

ωn

,
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where ωn is the natural frequency.

Substitute Tr = 3:

ωn =
3

3
= 1.

The desired damping ratio ζ is derived from the phase margin. For a phase margin

of 60°, ζ ≈ 0.5.

The desired poles are given by:

s1,2 = −ζωn ± jωn

√
1− ζ2.

Substitute ζ = 0.5 and ωn = 1:

s1,2 = −0.5± j
√
1− 0.52,

s1,2 = −0.5± j0.866.

Thus, the desired closed-loop poles are approximately:

s1,2 = −0.5± j0.87.

The characteristic equation of the closed-loop system is:

det(sI − (A−BK)) = 0,

where K = [k1 k2].

The desired characteristic equation is:

(s+ 0.5)2 + 0.872 = 0.

Expand the equation:

s2 + s+ 1.007 = 0.

The closed-loop characteristic equation must match:

det(sI − (A−BK)) = s2 + (2 + k2)s+ (3 + 2k2 − k1) = 0.

Equating coefficients: - Coefficient of s: 2+k2 = 1 =⇒ k2 = 1. - Constant term:

3 + 2k2 − k1 = 1.007. Substitute k2 = 1:

3 + 2(1)− k1 = 1.007,
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8− k1 = 1.007 =⇒ k1 = 4.

Thus, the state feedback gain vector is:

k =
[
5 1.007

]
.

4.7 Conclusion

State feedback control serves as a powerful and versatile tool in the design of mod-

ern control systems, offering precise manipulation of system dynamics through pole

placement. By tailoring the location of poles in the closed-loop system, engineers can

ensure stability and achieve specific performance criteria such as fast response times,

minimal overshoot, and adequate damping.

For single-input single-output (SISO) systems, the pole placement process is rel-

atively straightforward, leveraging simple computation techniques to determine feed-

back gains. However, in the case of multiple-input multiple-output (MIMO) systems,

the complexity increases due to the interplay between multiple control channels. Ad-

vanced computational methods, including Ackermann’s formula and other optimiza-

tion techniques, become indispensable for achieving desired performance.

This chapter has provided a comprehensive exploration of the principles, meth-

ods, and implementation strategies of state feedback control, from fundamental con-

cepts to advanced applications in MIMO systems. With this foundation, readers are

well-equipped to design and analyze control systems that meet diverse performance

requirements in practical scenarios.
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Chapter 5

State Observer Design

5.1 Introduction

The ability to estimate the internal states of a dynamic system plays a critical role

in control and monitoring applications. In many practical scenarios, not all state

variables can be measured directly due to limitations in sensor availability, cost, or

reliability. Observers provide a powerful tool to reconstruct these states using the

measurable outputs and a mathematical model of the system. This chapter delves

into the theory and design of observers, presenting both deterministic and stochastic

approaches.

We begin by exploring ”deterministic observers”, which operate under the as-

sumption of a perfectly known system model and noise-free measurements. A key

example in this category is the ”Luenberger observer”, a widely used technique for

linear systems that guarantees asymptotic state estimation under suitable conditions.

Following this, we discuss ”methods for designing observers”, including practical con-

siderations for tuning observer gains and ensuring stability and robustness. For sys-

tems where full-order observers are computationally expensive or unnecessary, we

introduce ”reduced-order observers”, which estimate a subset of the state variables

to reduce complexity. The chapter then transitions to ”stochastic observers”, which

account for the presence of process and measurement noise. The ”Kalman filter”, an

optimal stochastic observer, is presented as a cornerstone of modern control theory,

with applications ranging from navigation systems to signal processing. By the end

of this chapter, readers will have a comprehensive understanding of the principles and

methods for state estimation, equipping them with the tools to address a wide range

of practical control and monitoring challenges.
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5.2 Deterministic observers

In the pole-placement method for control system design, it is typically assumed that

all state variables are accessible for feedback.

However, in practical applications, not all state variables may be measurable.

This limitation could arise due to the component being located in an inaccessible

area or the high cost of sensors.

To address this challenge, the estimation of unmeasurable state variables, known

as observation, is employed. A device or program that performs this estimation is

referred to as a state estimator, state observer, or simply an observer.

State observers are classified into two main types:

• Full-Order State Observer: Observes all state variables of the system, re-

gardless of whether some are directly measurable or not.

• Reduced-Order State Observer: Focuses solely on estimating the state vari-

ables that are not directly measurable.

This chapter also discusses the integration of state feedback control with an

observer-based approach, where a state observer is used in conjunction with state

feedback to enhance system performance.

• Remarks:

• A state observer estimates the state variables based on the measurements of the

output and control variables.

• Here the concept of observability plays an important role.

• State observers can be designed if and only if the observability condition is

satisfied.

5.2.1 Luenberger observer

Consider a plant described by the following equations:

ẋ = Ax+Bu, y = Cx (5.1)

The observer’s mathematical model closely resembles that of the plant but in-

cludes an additional term to account for estimation errors. This term compensates

for inaccuracies in the matrices A and B, as well as the initial estimation error.
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The estimation error (or observation error) is defined as the difference between the

measured output and the estimated output. The initial error refers to the difference

between the actual initial state and the estimated initial state(Figure 5.1).

The mathematical model of the observer is defined as follows: x̂ represents the

estimated state vector, Ĉx denotes the estimated output, and Ke is the observer gain

matrix.

The observer’s dynamic equation is expressed as:

˙̂x = Ax̂+Bu+Ke (y − Cx̂) (5.2)

Figure 5.1: The Full-State Luenberger Observer.

5.2.2 Full Order State Observer

The state observer discussed here has the same order as the plant.

Consider a plant represented by the following equations:

ẋ = Ax+Bu, y = Cx (5.3)

- The equation for the state observer is expressed as:

˙̂x = Ax̂+Bu+Ke(y − Cx̂) (5.4)

- To derive the observer error equation, subtract Equation (Equation 5.4) from (Equa-

tion 5.3):

ẋ− ˙̂x = Ax+Bu− [Ax̂+Bu+Ke(y − Cx̂)] (5.5)
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⇒ ẋ− ˙̂x = Ax+Bu− Ax̂−Bu−Ke(Cx− Cx̂) (5.6)

- By simplifying the above equation, we can express it as:

ẋ− ˙̂x = A(x− x̂)−KeC(x− x̂) (5.7)

- Define the error vector e as the difference between x and x̂:

e = x− x̂ (5.8)

- Substituting e into (Equation 5.7), the error dynamics can be written as:

ė = Afe−KeCe (5.9)

- Finally, the error equation simplifies to:

ė = (A−KeC)e (5.10)

From the equation above, we observe that the dynamic behavior of the error

vector e is governed by the eigenvalues of the matrix A−KeC.

If A − KeC is a stable matrix, the error vector e will converge to zero for any

initial error vector e(0).

This implies that x̂(t) will approach x(t) regardless of the initial state x(0).

Furthermore, if the eigenvalues of A−KeC are selected such that the error dy-

namics are asymptotically stable and sufficiently fast, the error vector e will converge

to zero (the origin) at an adequate speed.

If the plant is fully observable, it can be demonstrated that it is possible to select

the matrix Ke such that A−KeC has any desired eigenvalues.

In other words, the observer gain matrix Ke can be chosen to produce the desired

matrix A−KeC.

5.2.3 Reduced-order State Observer

We consider a linear, time-invariant system described by:

ẋ = Ax+Bu, y = Cx+Du. (5.11)
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Assume that p of the n states can be directly measured. Let the state vector x

be partitioned as follows:

x =

[
x1

x2

]
,

where x1 ∈ Rp and x2 ∈ Rn−p.

The system dynamics can then be expressed as:

ẋ1 = A11x1 + A12x2 +B1u, ẋ2 = A21x1 + A22x2 +B2u. (5.12)

The system’s observation equation is given by:

y = C1x1 =⇒ x1 = C−1
1 y. (5.13)

Since x1 ∈ Rp is measurable, it is sufficient to estimate x2 ∈ Rn−p. We propose

the estimate:

x̂2 = Ly + z, (5.14)

where z evolves according to:

ż = Fz +Gy +Hu. (5.15)

If we select the matrices as follows:

F = A22 − LC1A12, H = B2 − LC1B1, GC1 = A21 − LC1A11 + FLC1, (5.16)

then the dynamics of the estimation error are governed by:

e2 = Fe2, e2 = x2 − x̂2. (5.17)

• Example:

Consider a linear time-invariant (LTI) system represented as:

ẋ = Ax+Bu, y = Cx,

where:

A =


0 1 0

0 0 1

−6 −11 −6

 , B =


0

0

1

 , C =
[
1 0 0

]
.

We aim to design a reduced state observer that estimates the unmeasured states

x2, x3 ∈ R2, assuming x1 ∈ R is directly measurable.
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- Step 1: Partition the State Space

Partition the state vector x into:

x =

[
x1

x2

]
,

where:

x1 = x1 ∈ R, x2 =

[
x2

x3

]
∈ R2.

The system matrices are partitioned as:

A =

[
A11 A12

A21 A22

]
, B =

[
B1

B2

]
,

where:

A11 = 0, A12 =
[
1 0

]
, A21 =

[
0

−6

]
, A22 =

[
0 1

−11 −6

]
, B1 = 0, B2 =

[
0

1

]
.

- Step 2: Reduced State Observer Dynamics

The reduced state observer is designed to estimate x2 ∈ R2 using the following

structure:

x̂2 = Ly + z, ż = Fz +Gy +Hu,

where:

e2 = x2 − x̂2, ė2 = Fe2.

- Step 3: Design the Observer Matrices

a. Error Dynamics: The observer gain matrix L is chosen such that the error

dynamics:

ė2 = Fe2,

have stable eigenvalues. The matrix F is given by:

F = A22 − LC1A12.

b. Auxiliary Matrices:

H = B2 − LC1B1, GC1 = A21 − LC1A11 + FLC1.
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Eigenvalue Placement: Assume we desire the eigenvalues of F to be −2 and −3.

The characteristic polynomial is:

p(s) = (s+ 2)(s+ 3) = s2 + 5s+ 6.

We equate this to the determinant of (sI − F ):

det(sI − F ) = s2 − tr(F )s+ det(F ).

Thus:

tr(F ) = −5, det(F ) = 6.

- Step 4: Calculate Observer Gain

Matrix Equations:

F = A22 − LC1A12.

Substitute:

A22 =

[
0 1

−11 −6

]
, A12 =

[
1 0

]
, C1 =

[
1 0 0

]
.

Compute:

C1A12 = 1, LC1A12 = L.

Let:

L =

[
ℓ1

ℓ2

]
.

Then:

F =

[
0 1

−11 −6

]
−

[
ℓ1

ℓ2

]
· 1 =

[
−ℓ1 1

−11− ℓ2 −6

]
.

Equate the characteristic polynomial:

s2 + 5s+ 6 = det

(
sI −

[
−ℓ1 1

−11− ℓ2 −6

])
.

From F :

tr(F ) = −ℓ1 − 6 = −5 =⇒ ℓ1 = 1.

det(F ) = (−ℓ1)(−6)−(1)(−11−ℓ2) = 6 =⇒ (1)(6)−(−11−ℓ2) = 6 =⇒ ℓ2 = −11.

Thus:

L =

[
1

−11

]
.
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Other Matrices:

H = B2 − LC1B1 =

[
0

1

]
−

[
1

−11

]
· 0 =

[
0

1

]
.

GC1 = A21 − LC1A11 + FLC1 = A21 + F · L =

[
0

−6

]
+

[
−1 1

−22 −6

]
·

[
1

−11

]
.

- Step 5: Observer Dynamics

The reduced observer becomes:

ż =

[
−1 1

−22 −6

]
z +

[
0

1

]
y +

[
0

1

]
u,

and the state estimate:

x̂2 = Ly + z.

The reduced state observer provides an estimate for x2 while using the measurable

state x1. The designed matrices ensure stability and accurate estimation based on

the desired eigenvalues.

5.2.4 Duality Property

The design of the full-order observer involves selecting an appropriate Ke such that

A−KeC has the desired eigenvalues.

Therefore, the problem essentially becomes equivalent to the pole-placement prob-

lem.

In fact, the two problems are mathematically identical. This property is referred

to as duality.

Consider the system described by Equation (Equation 5.3). In designing the full-

order state observer, we can approach the problem by solving the dual problem, which

means solving the pole-placement problem for the dual system. Assuming the control

signal v is given, the system is represented as:

v = −Kz (5.18)

For the dual system, we have:

ż = A∗z+C∗v, n = B∗z (5.19)
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If the dual system is fully state controllable, the state feedback gain matrix K

can be chosen such that the matrix A∗ − C∗K achieves the desired eigenvalues.

- Let µ1, µ2, . . . , µn represent the desired eigenvalues for the state observer matrix.

By selecting these same µi values as the desired eigenvalues for the state feedback

gain matrix of the dual system, we achieve the desired result.

- Since the eigenvalues of A∗ − C∗K and A−K∗C are identical, we can express:

|sI − (A∗ − C∗K)| = (s− µ1)(s− µ2) . . . (s− µn) (5.20)

Given that the eigenvalues of A∗−C∗K and A−K∗C are identical, we can express

the relationship as follows:

⇒ |sI − (A∗ − C∗K)| = |sI − (A−K∗C)| (5.21)

This implies that the placement of the eigenvalues for the dual system directly

corresponds to the eigenvalues of the original system.

- By comparing the characteristic polynomial sI − (A − K∗C) with that of the

observer system sI − (A−KeC), it becomes clear that Ke and K∗ are connected.

- Consequently, the observer gain matrix Ke for the original system can be ob-

tained by utilizing the matrix K derived through the pole-placement method in the

dual system, based on the relationship Ke = K∗.

5.3 Methods for designing observers

The design of a full-order observer is essentially reduced to determining the observer

gain matrix Ke such that the error dynamics become asymptotically stable. There-

fore, the task involves finding an appropriate matrix Ke so that [A − KeC] has the

desired eigenvalues. This makes the problem equivalent to the pole-placement prob-

lem, allowing similar techniques to be applied.

5.3.1 Direct Substitution Method

- The feedback signal provided by the observer gain matrix Ke acts as a corrective

input to the plant model, compensating for the uncertainties present in the system.

- When the system contains substantial uncertainties, the feedback signal generated

through Ke needs to be relatively strong.

- Conversely, if the output signal y is heavily affected by disturbances or mea-

surement noise, it becomes less reliable, and the feedback signal through Ke should

be reduced accordingly.
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- The observer gain matrix Ke is determined by the desired characteristic equa-

tion: (s−β1)(s−β2) · · · (s−βn) = 0. - To ensure that the estimation error (observation

error) converges to zero rapidly, the observer poles must be two to five times faster

than the controller poles. - This means that the observer’s estimation error decreases

two to five times faster than the state vector x itself. - Such a faster decay of the

observer error, compared to the desired system dynamics, ensures that the controller

poles dominate the system’s response.

It is crucial to mention that if sensor noise is significant, we might opt to set the

observer poles slower than twice the speed of the controller poles. This adjustment

will reduce the system’s bandwidth and help smooth the noise. In this scenario,

the system’s response will be more strongly influenced by the observer poles. If the

observer poles are positioned to the right of the controller poles in the left half of the

s-plane, the system’s behavior will be dominated by the observer poles rather than

the control poles.

In state observer design, it is preferable to determine multiple observer gain matri-

ces Ke based on different desired characteristic equations. For each of these matrices,

simulation tests should be conducted to assess the resulting system performance. The

best Ke is then chosen based on the overall system’s performance. In many practical

situations, selecting the optimal matrix Ke involves a trade-off between fast response

and the system’s sensitivity to disturbances and noise.

• Example:

Consider the system: [
ẋ1

ẋ2

]
=

[
0 20.6

1 0

][
x1

x2

]
+

[
0

1

]
u(t)

The output equation is:

y =
[
0 1

] [x1

x2

]
We employ an observer-based approach to design state feedback control such that:

u = −Kx̂

Design a full-order state observer, assuming the desired eigenvalues of the observer

matrix are β1 = −10 and β2 = −10.

Let us first analyze the observability matrix.

The observability matrix is:

O =

[
C

CA

]
=

[
0 1

1 0

]
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Since the rank of the observability matrix O is 2, the given system is fully state

observable, and the determination of the desired observer gain matrix is feasible.

The characteristic equation for the observer error matrix is given by:

|sI − (A−KeC)| = 0

Assuming that:

Ke =

[
ke1

ke2

]
We can express the equation as:

|sI − (A−KeC)| =

[
s 0

0 s

]
−

[
0 20.6

1 0

]
+

[
ke1

ke2

] [
0 1

]
This simplifies to:

s2 + ke2s− 20.6 + ke1 = 0

This represents the characteristic equation for the observer error matrix, which

relates the observer gain parameters ke1 and ke2 to the system dynamics.

The desired characteristic polynomial is:

s2 + 20s+ 100 = s2 + ke2s− 20.6 + ke1

By comparing the coefficients of the powers of s, we get:

(s− β1)(s− β2) = s2 + 20s+ 100

From this comparison, the observer gain matrix Ke is determined as:

Ke =

[
120.6

20

]
We obtain the same Ke regardless of the method used.

The full-order state observer equation is given by:

˙̂x = Ax̂+Bu+Ke(y − Cx̂)

Expanding this:[
˙̂x1

˙̂x2

]
=

[
0 20.6

1 0

][
x̂1

x̂2

]
+

[
0

1

]
u(t) +

[
120.6

20

]
(y −

[
0 1

] [x̂1

x̂2

]
)
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Simplifying the equation:

[
˙̂x1

˙̂x2

]
=

[
0 20.6

1 0

][
x̂1

x̂2

]
+

[
0

1

]
u(t) +

[
120.6

20

]
y −

[
120.6

20

] [
0 1

] [x̂1

x̂2

]

Which results in:[
˙̂x1

˙̂x2

]
=

[
0 −100

1 −20

][
x̂1

x̂2

]
+

[
0

1

]
u(t) +

[
120.6

20

]
y

5.3.2 Using Transformation Matrix Q

The observable canonical form method is called alsow (transformation matrix Q).

The observation form of the system’s state equations is given by: The state-space

form is given by:

ẋ =



0 0 0 · · · −a0

1 0 0 · · · −a1
... 1

. . . · · ·
0 · · · · · · 0 an−2

0 0 · · · 1 −an−1


x+



b0

b1
...

bn−2

bn−1


u

y = [0 0 · · · 0 1]x

The value of the observer gain matrix Ke can be calculated by:

Ke = Q


α0 − a0

α1 − a1
...

αn−1 − an−1


Where Q is the transformation matrix that converts the system state equation

into the observable canonical form:

Q = (W.Ob)−1

Here, W is the matrix defined previously, and Ob is the observability matrix:
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Ob =


C

CA
...

CAn−1


Note that Q = I if the system is already in observable canonical form.

• Example:

Consider the identical system from the previous example. The system provided is

already in observable canonical form, so the transformation matrix Q is the identity

matrix (I).

The characteristic equation is:

|sI − A| = s2 − 20.6 = 0

From this, we obtain:

a1 = 0, a2 = −20.6

The desired characteristic polynomial is:

(s− β1)(s− β2) = (s+ 10)(s+ 10) = s2 + 20s+ 100

we have:

α1 = 20, α2 = 100

The observer gain matrix Ke can be calculated using the following formula:

Ke =

[
α2 − a2

α1 − a1

]
Where:

α1 = 20, α2 = 100

And:

a1 = 0, a2 = −20.6

Thus:

Ke =

[
100− (−20.6)

20− 0

]
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Finally:

Ke =

[
120.6

20

]

5.3.3 Ackermann’s Formula

In this method, the observer gain matrix can be calculated as:

Ke = ϕ(A)O−1
b



0

0
...

0

1


or:

Ke = ϕ(A)


C

CA
...

CAn−1


−1 

0

0
...

1


where ϕ(A) is defined previously.

• Example:

Consider the same system from the previous example. Using Ackermann’s for-

mula:

Where [
ẋ1

ẋ2

]
=

[
0 20.6

1 0

][
x1

x2

]
+

[
0

1

]
u(t)

y =
[
0 1

] [x1

x2

]
Using Ackermann’s formula:

Ke = ϕ(A)

[
C

CA

]−1 [
0

1

]
where:

ϕ(A) = A2 + α1A+ α2I

A. Djari



5. State Observer Design 107

With α1 = 20 and α2 = 100, we have:

ϕ(A) = A2 + 20A+ 100I

ϕ(A) =

[
0 20.6

1 0

]2
+ 20

[
0 20.6

1 0

]
+ 100

[
1 0

0 1

]

ϕ(A) =

[
120.6 412

20 120.6

]
Using Ackermann’s formula:

Ke = ϕ(A) ·

[
C

CA

]−1

·

[
0

1

]

Ke =

[
120.6 412

20 120.6

]
·

[
0 1

1 0

]−1

·

[
1

0

]

Ke =

[
120.6

20

]

5.4 Stochastic observers and Kalman filter

The Kalman filter is the optimal stochastic observer for linear time-invariant (LTI)

systems subjected to process and measurement noise. Below are the equations that

model the system and the Kalman filter. The continuous-time LTI system is modeled

as:

ẋ(t) = Ax(t) +Bu(t) + w(t) (5.22)

y(t) = Cx(t) + v(t)

Where: - x(t): State vector (n×1). - u(t): Input vector (m×1). - y(t): Measurement

vector (p × 1). - w(t): Process noise, assumed to be Gaussian with zero mean and

covariance Q (w(t) ∼ N (0, Q)). - v(t): Measurement noise, Gaussian with zero

mean and covariance R (v(t) ∼ N (0, R)). - A,B,C: System matrices of appropriate

dimensions.

The Kalman filter provides an optimal estimate x̂(t) of the state x(t) based on

noisy measurements y(t).
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The predicted state at time t is given by:

˙̂x(t) = Ax̂(t) +Bu(t) +K(t)
(
y(t)− Cx̂(t)

)
(5.23)

Where: - K(t): Kalman gain matrix.

The covariance of the estimation error P (t) evolves as:

Ṗ (t) = AP (t) + P (t)AT +Q− P (t)CTR−1CP (t) (5.24)

The Kalman gain is computed as:

K(t) = P (t)CTR−1 (5.25)

The estimation error e(t) = x(t)− x̂(t) dynamics are governed by:

ė(t) = (A−K(t)C)e(t) + w(t)−K(t)v(t) (5.26)

For steady-state systems (time-invariant A,B,C,Q,R), the Kalman filter simpli-

fies as follows:

- The steady-state error covariance P is the solution to the Algebraic Riccati

Equation (ARE):

AP + PAT +Q− PCTR−1CP = 0 (5.27)

- The steady-state Kalman gain becomes:

K = PCTR−1 (5.28)

Summary of Kalman Filter Steps

1.Initialize:

x̂(0) = x̂0, P (0) = P0

2. Prediction:

˙̂x(t) = Ax̂(t) +Bu(t)

Ṗ (t) = AP (t) + P (t)AT +Q

3. Update:

K(t) = P (t)CTR−1

x̂(t) = x̂(t) +K(t)
(
y(t)− Cx̂(t)

)
P (t) = (I −K(t)C)P (t)

4. Iterate: Repeat steps for each time increment.
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Applications: - State estimation for control systems. - Sensor fusion. - Signal

denoising in stochastic environments.

These equations form the backbone of continuous-time stochastic state observers

and Kalman filtering.

• Example:

Consider a continuous-time linear time-invariant (LTI) system given by the state-

space equations:

ẋ(t) = Ax(t) +Bu(t) + w(t),

y(t) = Cx(t) + v(t),

where: - x(t) is the state vector, - u(t) is the control input, - y(t) is the measured

output, - w(t) and v(t) are process and measurement noise, assumed to be zero-mean

white noise with covariances Q and R, respectively.

Let:

A =

[
0 1

−2 −3

]
, B =

[
0

1

]
, C =

[
1 0

]
.

Assume:

Q =

[
0.1 0

0 0.1

]
, R = 0.5.

The Kalman filter gain K is obtained by solving the continuous-time algebraic

Riccati equation (CARE):

ATP + PA− PCTR−1CP +Q = 0,

where P is the error covariance matrix. The Kalman gain is then given by:

K = PCTR−1.

1. Solve the CARE for P :

Using the given A, C, Q, and R:

AT =

[
0 −2

1 −3

]
, CT =

[
1

0

]
.

Substitute these into the CARE:[
0 −2

1 −3

]
P + P

[
0 1

−2 −3

]
− P

[
1

0

]
1

0.5

[
1 0

]
P +

[
0.1 0

0 0.1

]
= 0.
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Solving this matrix equation (numerically or analytically) gives:

P =

[
0.311 0.123

0.123 0.289

]
.

2. Compute the Kalman Gain K:

Using K = PCTR−1:

K =

[
0.311 0.123

0.123 0.289

][
1

0

]
1

0.5
.

K =

[
0.622

0.246

]
.

The Kalman gain for this system is:

K =

[
0.622

0.246

]
.

This gain minimizes the estimation error for the states x(t), considering the given

noise characteristics.

5.5 Solved exercises

Exercise 01: Consider the system:
ẋ1

ẋ2

ẋ3

 =


0 1 0

0 0 1

−5 −6 0



x1

x2

x3

+


0

0

1

u(t)

The output equation is:

y =
[
1 0 0

]
x1

x2

x3


We employ an observer-based approach to design state feedback control such that:

u = −Kx̂

Design a full-order state observer, assuming the desired eigenvalues of the observer

matrix are β1 = −10 , β2 = −10 and β3 = −15

A. Djari



5. State Observer Design 111

Solution of exercise 01: - System Dynamics:

ẋ(t) = Ax(t) +Bu(t), A =


0 1 0

0 0 1

−5 −6 0

 , B =


0

0

1

 ,

y(t) = Cx(t), C =
[
1 0 0

]
.

We aim to design a full-order state observer such that the eigenvalues of the

observer error dynamics are {−10,−10,−15}.
The observer equation is:

˙̂x(t) = Ax̂(t) +Bu(t) + L
(
y(t)− Cx̂(t)

)
,

where x̂(t) is the estimated state vector, and L is the observer gain matrix.

Define the error e(t) = x(t)− x̂(t). The error dynamics are:

ė(t) =
(
A− LC

)
e(t).

The matrix A− LC must have eigenvalues {−10,−10,−15}.
- Characteristic Equation of A−LC: The eigenvalues {−10,−10,−15} correspond

to the characteristic equation:

det(sI − (A− LC)) = (s+ 10)2(s+ 15).

Expanding this, we get:

s3 + 35s2 + 400s+ 1500 = 0.

- Matrix A− LC:

A− LC =


0 1 0

0 0 1

−5 −6 0

−


l1

l2

l3

[1 0 0
]
.

Simplify A− LC:

A− LC =


0 1 0

0 0 1

−5− l1 −6− l2 −l3

 .
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- Find L Using the Desired Polynomial: The characteristic polynomial of A−LC

is determined by:

det(sI − (A− LC)) = s3 + (6 + l2)s
2 + (5 + l1 + l3)s+ (5l2 + l3).

Match this with s3 + 35s2 + 400s+ 1500 to find l1, l2, l3:

- From the s2-term: 6 + l2 = 35, so l2 = 29.

- From the s-term: 5 + l1 + l3 = 400, so l1 + l3 = 395.

- From the constant term: 5l2 + l3 = 1500, so 5(29)+ l3 = 1500, giving l3 = 1355.

Substitute l3 = 1355 into l1 + l3 = 395 to find l1 = −960.

Thus, the observer gain matrix is:

L =


−960

29

1355

 .

Exercise 02:

Consider the double integrator system defined as follows. By selecting the state

variables appropriately, the state-space representation of the system becomes:

ẋ =

[
0 1

0 0

]
x+

[
0

1

]
u, y =

[
1 0

]
x.

- The goal is to design a regulator for this system. - Using the pole-placement-

with-observer approach, design an observer-based controller. The desired closed-loop

poles for the pole-placement part are:

s = −0.7071 + j0.7071, s = −0.7071− j0.7071.

- For the observer design, assuming a minimum-order observer, choose the desired

observer pole at:

s = −5.

Solution of exercise 02:

- State-Space Representation of the System: The double integrator system is

represented in state-space form as:

ẋ =

[
0 1

0 0

]
x+

[
0

1

]
u, y =

[
1 0

]
x,
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where: - x =

[
x1

x2

]
is the state vector, - u is the control input, - y is the system

output.

The closed-loop poles for the state feedback control are:

s1 = −0.7071 + j0.7071, s2 = −0.7071− j0.7071.

This corresponds to a characteristic equation:

(s+ 0.7071)2 + 0.70712 = s2 + 1.4142s+ 1.

The observer pole is chosen at:

so = −5.

a. To design the state feedback control u = −Kx, the system matrix A is modified

as:

Acl = A−BK.

The characteristic equation of Acl is:

det(sI − (A−BK)) = s2 + 1.4142s+ 1.

Substitute A and B:

A−BK =

[
0 1

0 0

]
−

[
0

1

] [
k1 k2

]
,

A−BK =

[
0 1

−k1 −k2

]
.

The characteristic polynomial is:

det(sI − (A−BK)) = det

[
s −1

k1 s+ k2

]
= s2 + k2s+ k1.

Equating coefficients with s2 + 1.4142s+ 1, we get:

k2 = 1.4142, k1 = 1.

Thus, the state feedback gain vector is:

K =
[
1 1.4142

]
.
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b. Observer Design (L): For the observer, the dynamics are given by:

˙̂x = Ax̂+Bu+ L(y − Cx̂),

where the observer error dynamics are governed by:

ė = (A− LC)e.

The observer pole is at so = −5, corresponding to the characteristic equation:

det(sI − (A− LC)) = s+ 5.

Substitute A, L, and C:

A− LC =

[
0 1

0 0

]
−

[
l1

l2

] [
1 0

]
,

A− LC =

[
−l1 1

−l2 0

]
.

The characteristic polynomial is:

det(sI − (A− LC)) = det

[
s+ l1 −1

l2 s

]
= s2 + l1s+ l2.

Equating coefficients with s+ 5, we get:

l1 = 5, l2 = 0.

Thus, the observer gain vector is:

L =

[
5

0

]
.

Exercise 03: Consider the system:
ẋ1

ẋ2

ẋ3

 =


0 1 0

0 0 1

−6 −11 −6



x1

x2

x3

+


0

0

1

u(t)

The output equation is:
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y =
[
1 0 0

]
x1

x2

x3


Design a regulator system using the pole-placement-with-observer approach. Assume

the desired closed-loop poles for the pole placement are at:

s = −1 + j, s = −1− j, s = −5.

The desired observer poles are placed at:

s = −6, s = −6, s = −6.

Additionally, determine the transfer function of the observer-based controller.

Solution of exercise 03:

To design a regulator system using the pole-placement-with-observer approach,

we need to determine the state feedback gain matrix K and the observer gain matrix

L that achieve the desired closed-loop poles and observer poles. The process involves

the following steps:

- Step 1: Define the system matrices The system is given by:

ẋ(t) = Ax(t) +Bu(t)

where

A =


0 1 0

0 0 1

−6 −11 −6

 , B =


0

0

1

 , C =
[
1 0 0

]

The output is y(t) = Cx(t).

- Step 2: Desired closed-loop poles The desired closed-loop poles for the pole

placement are at:

s = −1 + j, s = −1− j, s = −5.

These poles correspond to the eigenvalues of the closed-loop system.

- Step 3: Pole placement for state feedback K The goal is to place the poles of the

system by selecting an appropriate state feedback gain matrix K such that the poles

of the closed-loop system are located at the desired values. The closed-loop dynamics

with state feedback control u(t) = −Kx(t) are:

ẋ(t) = (A−BK)x(t).
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The characteristic equation of the closed-loop system is determined by the eigenvalues

of the matrix (A−BK). By using the desired poles, we can compute the value of K.

- Step 4: Observer design for L The observer is designed such that the estimation

error dynamics are stable with poles at the desired observer locations. The observer

is given by:

˙̂x(t) = Ax̂(t) +Bu(t) + L(y(t)− Cx̂(t)),

where x̂(t) is the estimated state, and the observer poles are specified to be at:

s = −6, s = −6, s = −6.

The observer gain matrix L is determined by placing the poles of the observer’s error

dynamics.

- Step 5: Solving for K and L

Using pole placement, we can compute the state feedback gain matrix K that

places the poles at −1+j,−1−j,−5. This can be done using the Ackermann’s formula

or any pole-placement method available in control software such as MATLAB.

Similarly, the observer gain matrix L is computed by placing the observer poles at

−6,−6,−6. This can be done using the LQR method or pole-placement techniques.

- Step 6: Controller design The total system controller consists of two parts: the

state feedback and the observer.

- State feedback: u(t) = −Kx(t). - Observer: x̂(t) is estimated using the observer

equation, and then the control input is calculated as u(t) = −Kx̂(t).

The transfer function of the observer controller can be derived by considering the

closed-loop system with the observer and the state feedback.

- MATLAB Example: To calculate K and L using MATLAB, the following code

can be used:
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This code calculates the state feedback gain K and observer gain L, and places

the poles at the desired locations.

5.6 Conclusion

In this chapter, we have explored the fundamental principles and methods for design-

ing state observers, highlighting their crucial role in control and monitoring systems.

Starting with deterministic observers, such as the Luenberger observer, we established

the theoretical framework for state estimation in noise-free environments. Practical

considerations for gain tuning, stability, and robustness were also addressed, providing

a foundation for real-world implementation.

The discussion then extended to reduced-order observers, offering solutions for

systems where computational efficiency or complexity reduction is paramount. Fi-

nally, we delved into stochastic observers, emphasizing the Kalman filter’s optimality

and versatility in handling noisy measurements and system uncertainties.

By synthesizing these concepts, the chapter equips students with a robust under-

standing of state observer design. This knowledge is essential for developing advanced

control systems capable of operating reliably in diverse and challenging scenarios.
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