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Abstract

This course handout is intended for first-year university students enrolled in Science
and Technology programmes (Licence and Engineer cycle). It provides a self-contained
and progressive introduction to the fundamental concepts of Algebra, spanning seven
chapters that cover the essential mathematical structures required for advanced study

in mathematics, physics, computer science, and engineering.

The handout opens with the basic language of set theory, relations, and functions, before
developing the algebraic and geometric theory of complex numbers. It then introduces
vector spaces and linear maps, examining their properties and the relationship between
linear transformations and matrices. A thorough treatment of matrix algebra and
determinants follows, including methods for computing inverses and solving linear
systems. The handout concludes with the reduction of matrices, covering eigenvalues,
eigenvectors, and diagonalisation. Throughout, theoretical results are supported by
detailed worked examples and exercises designed to reinforce understanding and build

problem-solving skills.

Keywords:
relations, functions, complexr numbers, vector spaces, linear independence, basis, di-
mension, linear maps, matrices, determinants, invertibility, eigenvalues, eigenvectors,

systems of linear equations, Gaussian elimination, Cramer’s rule.
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Preface

This course notes handout is intended for first-year university students (Science
and Technology). It covers the foundational topics of linear algebra and mathematical
structures that are essential not only for the study of pure mathematics but also for a
wide range of applied sciences, including physics, computer science, and engineering.

The material presented here has been carefully structured to guide the student from
abstract mathematical concepts toward their concrete applications, building rigour
and intuition simultaneously. Each chapter opens with the necessary definitions and
theoretical results, illustrated by worked examples and followed by exercises designed
to consolidate understanding.

The handout is organised into seven chapters:

o Chapter 1 — Sets, Relations and Applications introduces the basic lan-
guage of mathematics. The notions of sets, binary relations, equivalence and
order relations, as well as functions and their properties (injectivity, surjectivity,

bijectivity), form the logical backbone upon which all subsequent chapters rest.

o Chapter 2 — Complex Numbers extends the real number system to the
complex plane. Students will study the algebraic and geometric representations
of complex numbers, modulus and argument, de Moivre’s theorem, and the

extraction of roots, with emphasis on their role in solving polynomial equations.

o Chapter 3 — Vector Spaces introduces one of the central structures of linear
algebra. The concepts of vector spaces over a field, subspaces, linear independence,
bases, and dimension are developed rigorously and illustrated through numerous
examples drawn from classical spaces such as R", polynomial spaces, and spaces

of matrices.

o« Chapter 4 — Linear Maps studies structure-preserving transformations
between vector spaces. The kernel, image, rank, and nullity of a linear map are
examined, and the fundamental rank-nullity theorem is proved. The relationship

between linear maps and matrices is explored in detail.

o Chapter 5 — Matrices, Associated Matrices, and Determinants pro-
vides a thorough treatment of matrix algebra, including operations on matrices,

invertibility, and the computation of determinants via cofactor expansion and row
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reduction. The notion of the matrix associated with a linear map with respect to

a given basis is also developed.

o Chapter 6 — Reduction of Matrices addresses the problem of simplifying
the representation of a linear operator. Eigenvalues, eigenvectors, characteristic
polynomials, and the conditions for diagonalisation are studied, along with the

construction of a diagonalising basis when one exists.

o Chapter 7 — Systems of Linear Equations presents the theory and methods
for solving linear systems, including Gaussian elimination, Cramer’s rule, and the
inverse matrix method. The conditions for existence and uniqueness of solutions

are discussed in the framework of the rank of the augmented matrix.

Students are expected to have a solid background in high-school mathematics,
particularly in elementary algebra and geometry. No prior knowledge of university-level
mathematics is assumed; the text is self-contained and progresses gradually from
foundational ideas to more advanced topics.

It is strongly recommended that students attempt all exercises after studying each
chapter. Mathematics is a discipline learned through active practice: reading alone is
not sufficient. Solutions to selected exercises are provided at the end of the booklet to

allow self-assessment.

The author hope that this handout will serve as a reliable and accessible companion
throughout the academic year, and that the ideas encountered here will spark a deeper

curiosity for the beauty and power of mathematics.

The Author



Chapter 1

Sets, Relations and Applications

This chapter introduces the fundamental concepts of mathematical logic, sets, relations,
and applications. It provides the basic tools needed to understand logical reasoning,
mathematical statements, and their structures. The chapter also presents the theory
of sets and explores different types of relations and their applications in various
mathematical contexts. These concepts form an essential foundation for further studies

in mathematics and computer science.

1.1 Elements of Logic

1.1.1 Assertion

Definition 1.1.1

An assertion is a sentence that is either true or false but not both at the same

time.

We denote the "True" by (T) or (1) and by (F) or (0) for the "False'

Examples:
L 24 2 = (T)
0/ B2 B (F)
3/ Forall m € R : @ >0 oottt (T)
4/ Forall z€ C: 2] =1 oo (F)
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1.2 Logical Operations

1.2.1 Negation —

Definition 1.2.1

Given a logical proposition P, we call the negation of P the logical proposition

P, also written =P, which is false when P is true and true when P is false.

Examples:
O T (T)
(Pt A > 5 (F)
2/ (q): Forallz € N: (x —6)(x —5) =0 .oooiriii (F)
(q): There exists at least one x € N: (z —6)(x —5) #0 ................. .. (T)

1.2.2 Conjunction A (and)

Definition 1.2.2

We call the conjunction of P and @) the logical proposition P A @), which is True
when P and () are both true.

Truth table for "Conjunction"

PlQ|PAQ
111 1
10| o
0[1] o0
0/0] 0

1.2.3 Disjunction V (or)

Definition 1.2.3

We call the disjunction of P and () the logical proposition PV ), which is True

when at least one of the propositions P or () is true.
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Truth table for "Conjunction”

PlQ|PVQ
1171 1
110 1
01 1
010 0
1.2.4 TImplication =
Definition 1.2.4
The proposition (P = @) is False if P is True and @) is False. ]

Remark 1.2.1. The logical proposition (P V @) is equivalent to (P = Q).

Truth table for "Implication"

PIP|Q|PVQ|P=Q
1jof1] 1 1
1iolo| o0 0
ol1/1] 1 1
ol1/0]| 1 1
Examples:
1/ (2€N) = (=83>0) oo (F)
2/ (V2T =3)= (3 =05) ... (T)

1.2.5 Equivalence <

Definition 1.2.5

We say that (P = Q) A (Q = P) is the logical proposition (P < Q).

Properties of logical operations
1/ PesP
2/ PNQ& QAP

3/ PVQ&QVP
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4/ PNQ < PV (@ (De Morgan)
5/ PVQ < PAQ (De Morgan)

6/ (P= Q)< (Q= P) (Contraposition)

1.3 Open Sentences

Definition 1.3.1

A sentence P may depend on a parameter z; for example “x < 1”: the sentence

P(z) is true or false depending on the value of z.

1.4 Quantifiers

We use the following symbols:
1. dis the existential quantifier: we write dx to read “There exists x”.
2. V is the universal quantifier: we write Vx to read “For all x”.
3. We write J!x to read “There exists a unique z”.
Examples:
o Wz e[l,4o00[: (x >1)"1is true.
e “GreR : (2% <0)” is false.

o “Yn € N: n(n+ 1) is divisible by 2” is true.

1.4.1 Negation of Quantifiers

« The negation of “Vx € E: P(x)" is “Jx € E : P(x)".

« The negation of “Jx € E: P(x)" is “Vx € E : P(x)".
Examples:

e The negation of “Vz € [1,+oo[: (z > 1)"is “Jz € [1,+o0[: (z < 1)"

o The negation of “Vx € R, 3y >0: (z+y>10)"is“Ir e R, Vy>0: (x +y <
10)”.
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Remark 1.4.1. The order of quantifiers is very important.
VreR, JyeR:(x—y>0) (true)

JyeR, VeeR: (z—y>0) (false)

1.5 Tutorial 1 — Logic and Sets

Exercise 1.5.1. Let be P, () two statements. Write the truth tables of the following

stetements
1) PV (PAQ)
1) (PANQ)= P.
2) P+ (PAQ)

Then write the negation

Exercise 1.5.2. 1. Write the following sentance using the Quantifiers
" For any real number z, its squar is positive" . Then write the negation
" For every integer n, there exist a real x such that exponentiel of z is equal to n".

Then write the negation
2. Write the following negation
a)Vr e R,Jy > 0: (x+y >0)

b) if n? is even then n is even

Exercise 1.5.3. Let a,b € R . Demonstrate by Contraposition that
1)if (a# —1)A(b# —1) then (a+b+ab+1#0)

2) Vn € N*if (n? — 1) is not divisible by 8, then n is even
3) if b < vab < a then a > b, a,be Ry
4) (a <b) = (x/a—i— —Va> b+ —\/5), a,be Ry

Exercise 1.5.4. Let A= {-7,-5-3,-1,1,3,5,7}, B={r € Z, /2*<9},
C=1{2,3,4,5,6} , D={xe€Z, |x*><9}
In each of the following fill in the blank with most appropriate symbol from
€,¢,C,C,=,#, so that resulting statement is true
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1.6 Set Theory

Definition 1.6.1

We call a set E' any collection of objects. An object = is an element of E; we
say that x belongs to ' and write x € E. If z is not an element of E, we write

Examples:
1. A={1,2,a,r,m,/2} is given by liste; card(A) = 6.
2. B={n € N|nisodd} is given by characteristic special.

3. A set can be illustrated by a Venn diagram:

Set A

The empty set () or { } contains no element.

1.6.1 Subsets (Inclusion)

Definition 1.6.2

A C B (read “A is a subset of B”) iff every element of A is in B:

ACB <= Vz(r€ A=z € B).

I
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1.6.2 Power Set

Definition 1.6.3

The power set of a set A is the set of all subsets of A, including the empty set
and A itself. It is usually denoted by P(A).

Examples: A = {a,1,7}: P(A) ={0,{a}, {1}, {7}, {a, 1}, {a, 7}, {1, 7}, A}.

Definition 1.6.4 Equality of Sets

A=B <+ (ACB)A(BC A

1.7 Operations on Sets

1.7.1 Intersection "N"

ANB={z|(x € A) A (x € B)}.

b o

Intersection
Properties: (1) ENF=FNE; 2)(ENF)NG=EN((FNG); 3)ENH=0.

1.7.2 Union "U"

AUB={z|(z €AV (z € B)}.

’

Union

Properties: (1) FUF=FUE; (2)(FEUF)UG=FEU(FUG), (3) EUl=FE.
Examples: A = {a,¢,5,z,y,7}, B = {a,z,1,4}: ANB = {a,z}, AUB =
{a,c¢,1,5,z,y,m,4}.
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1.7.3 Complement "A"
Cod={rcE|z¢ A=A
E
A A

Properties:
1/ ACB& BCA
2/ A=A
3/ ANB=AUB
4/ AUB=ANB

Proof. We have

ACB&Vrek, (x

sVrekl, (x
& B C A

Let z € E. Then

Therefore,

Let x € E. Then

cA) = (re
sVrekl, (x¢B)= (v ¢

Complement A

(z € B)

B
A

rcAsrd¢A

S e A

|
I
S

reANBs ¢ ANB

& (g A)V(z
S (xed)V(x
s e (AUB).

) (Contraposition of implication)

€ B)= (z € A)

B)
B)
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Hence,

1.7.4 Difference "\"

A\B={r € Aand z ¢ B},

1.7.5 Symmetric Difference "A"
AAB=(A\B)U(B\A).

AAB=(AUB)\ (AN B).

A\ B AAB

1.7.6 Cartesian Product

Definition 1.7.1

The Cartesian product of two sets A and B is the set of all ordered pairs (z,y),

where z is an element of A and y is an element of B. In other words, we have

Ax B={(z,y) |z € Aand y € B}.

Examples:, if
A ={a,b,c}, B =1{1,2,3,4,5},

then

s
X
vy
Il
—
—
8
—_
N~—
—~
8
DO
:_/
—
\.Q
w
N—
8
W
N—

1.7.7 Partition of a Set

A partition of E is a set of one or more nonempty subsets of E: Ej, Es, ... such that
1)E1UE2U...:E 2)1f@7é]thenEzﬂEJ:®
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Examples: F = {{a,y}, {d,, 5}, {c,1},{3, ¢}, {b}} is a partition of £ = {1,a,¢,3,b,¢,d, o, B,7}.

1.8 Relations

Definition 1.8.1 Binary Relation

A binary relation on E is an assertion xRy between two elements that may or

may not hold.

Examples: On A = {1,2,3,4}, the divisibility relation R = {(a,b) | a divides b}
gives:

R=1{(1,1),(1,2),(1,3),(1,4), (2,2),(2,4), (3,3), (4,4)}.

IS

Divisibility on {1,2,3,4}

1.8.1 Reflexive Relation
R reflexive & Vr € F, xRz.

Examples
1. The relation “equal to” (=) is reflexive on R.
2. The relation “divides” is reflexive on N*.

3. The relation “is a multiple of” is reflexive on N.

1.8.2 Symmetric Relation
R symmetric < Vz,y, tRy = yRx.

Examples
1. The relation “perpendicular to” is symmetric in the set of lines.
2. The relation “parallel to” is symmetric in the set of lines.

3. The relation “equal to” is symmetric on R.



1.8. Relations 13

1.8.3 Antisymmetric Relation
R anti-symmetric < (xRy AyRzx) = = = y.
Examples
1. The relation “equal to” is antisymmetric on R.
2. The relation “less than or equal to” (<) is antisymmetric on R.

3. The relation “is a multiple of” is antisymmetric on N.

1.8.4 Transitive Relation
R transitive < (zRy A yRz) = zRz.

Examples
1. The relation “parallel to” is transitive in the set of lines.
2. The relation “less than or equal to” (<) is transitive on R.

3. The relation “is a multiple of” is transitive on N.

1.8.5 Equivalence Relation

Definition 1.8.2 Equivalence Relation

R is an equivalence relation on E if it is reflexive, symmetric and transitive.
The equivalence class of a is @ = {z € E | zRa}.

The set E/R of all classes is the quotient set.

Exercise

Let R be the relation defined on R by

Vo, y € R, zRy <= 2°—y> =2> —y°

Show that R is an equivalence relation.



14 Chapter 1. Sets, Relations and Applications

Solution

Reflexivity For every z € R,
-t =2 — 22 =0,

0=0, (true)

so xRx. Therefore R is reflexive.

Symmetry If xRy, then

2P = R

Multiplying both sides by —1,
v — =2 — 22,
hence yRx. Therefore R is symmetric.

Transitivity Observe that

TRy <= 2% — 1P =a? — >

yRz <= y® — 2% =% — 22

When the two equalities are added end-to-end, the result is

which implies x Rz. Therefore R is transitive.

Since R is reflexive, symmetric, and transitive, it is an equivalence relation.

Exercise 1.8.1. Let A be the set {«, 3,7,0}. Let the relation
R={(a,a),(a,B),(8,2),(8,8).(v:0),(0,0),(7.7),(0,7)}. Is this relationship

reflexive 7 symmetric? transitive

Solution
Let A ={a,8,7,d}
and R = {(o, ), (a,8),(8,2),(8,8),(v,0),(0,0),(7,7),(0,7)}
We study the properties of R.

Reflexive
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A relation R is reflexive if: Vo € A, xRz

We have: (o, ), (8, 08),(v,7),(0,0) € R

Hence R is reflexive

Symmetric

R is symmetric if: Ry = yRx

For example:a RS and SR«

Therefore: R is symmetric

Transitive

R is transitive if: zRy and yRz = zRxz.

The required pairs are satisfied, therefore: R is transitive.

Hence R is an equivalence relation.

1.8.6 Order Relation

Definition 1.8.3 Order Relation

R is an order relation on E if it is reflexive, transitive and anti-symmetric.

Definition 1.8.4 Total Order

We say that a relation R is a total order on a set F if:

Ve,ye E: zRy V yRx

Definition 1.8.5 partial Order

We say that a relation R is a partial order on a set F if:

Jr,ye E: xRy A yRx

Examples

1/ The relation “<” is a total order on R.

2/ The relation “multiple” is a partial order on N.

1.9 Applications and Functions
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1.9.1 Basic Definitions

Definition 1.9.1 Application

Let E and F be two sets. An application from E to F is a rule that associates
each element x € E with a unique element y € F', denoted by

f:E—=F, y = f(x).

The element y = f(x) is called the image of x, while x is called a preimage (or
antecedent) of y.

The set E is called the domain of f, and F is called the codomain.

Definition 1.9.2 Function

A relation between two sets F and F' is called a function if every element of F

has at most one image in F'.

1.9.2 Types of Applications

Definition 1.9.3 Injective Application

A mapping f : F — F is said to be injective if
Ve,ye B, f(z)=fly) =z =y

Definition 1.9.4 Surjective Application

A mapping f: F — F is said to be surjective if
Yy € F, dr € F such that f(z) =v.

Definition 1.9.5 Bijective Application

A mapping f : E — F is said to be bijective if it is both injective and surjective.
Equivalently,
Yy € F, Jl,x € F such that f(z) =y.

Examples
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E F

i

Injective Surjective Bijective

1.9.3 Inverse Application

Proposition 1.9.1

If f: E — F is bijective, then there exists an inverse mapping f~!: F — E,
defined by f7l(y) =2 <<= f(z)=y.

Example Consider the function f: R\ {1} — R\ {1}, f(z) = =2,
Let y = Z£2 then y(z — 1) =z + 5,

which gives z(y — 1) =y + 5.

y+5
y—17

and consequently f~1(y) = 42

Therefore,z = =g

1.9.4 Composition of Application

Definition 1.9.6

Let f: E— F, g : F'— G. The composition of f and g is the application
go f:E — G defined by (go f)(z) = g(f(x)).

1.10 Image of an Interval Under a Continuous Function

Theorem 1.10.1

Let I be an interval of R. If f is continuous on I, then f(I) = f(x):x €[ is

also an interval.

If f is continuous and increasing on [a, b], then f([a,b]) = [f(a), f(b)].
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If f is continuous and increasing on [a, b], then f([a,b]) = [f(b), f(a)].
Example Let

f@) = 2.
Then
£(1-2,3)) = £([2,01 U [0,3)
— F([=2.0]) U £(]0,3)).

Since

F(1-2,00) = 0,4
and

7(0.3)) = [0.9],
we obtain

7(-2,3) = 0,91

Remark 1.10.1. In general, f(AN B) # f(A) N f(B).

1.11 Properties of Continuous and Monotone Functions

Proposition 1.11.1

Let (f) be a real-valued function.

1. If (f) is strictly monotone, then (f) is injective.

2. If (f) is continuous, then the image of every interval is an interval.

Theorem 1.11.1 Bijection Theorem

If f: I — R is continuous and strictly monotone on an interval I, then f is a
bijection onto J = f(I), and f~': J — I is continuous and strictly monotone

with the same sense of variation.

1.12 Tutorial 2 — Sets, Relations and Operations

Exercise 1.12.1. We consider the relation p defined on R by

Ve,yER:apy &2 —y> =2 —y
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1) Show that p is an equivalence relation on R.

2) Determine the equivalence class of an element a of R

Exercise 1.12.2. Let ¢ be a relation defined on Z by
Va,y € Z : x¢y < x — y multiple of 2.

1) Show that ¢ is an equivalence relation on Z.
2) Determine 0,1,2,3

3) Determine the quotient set

Exercise 1.12.3. Let R be a relation defined on R by
Ve,ye R: xRy x<y.

1) Show that R is an order relation on R.

2) Is the order total 7

Exercise 1.12.4. In N, we define the relation R by
Vn,m e N:nRm<< dieN:n=4k+m

1) Check 1R9 and 9R1
2) Show that R is an order relation on N
3) Is the order total ?

Exercise 1.12.5. Let f: {1,2,3,4} — {x,y,z} given by f(1) =z, f(2) =y, f(3) = 2,
f4) =y

Determine injectivity and surjectivity.
Exercise 1.12.6. Let f: N — N defined by f(n) = n + 1 Is it :injective, surjective,

bijective?

Exercise 1.12.7. Let f: R\ {2} — R\ {1} defined by f(z) = -%;
Show that f is bijective by finding its inverse.

Given the expression (f o f) (z). Find (f~') (z)

Exercise 1.12.8. Let f : R — R defined by f(z) = e*. Determine injectivity and
surjectivity.

Would you need to change the domain for it to be bijective? If yes, what codomain?
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Complex Numbers

2.1 Historical Background

Complex numbers were born in the 16th century when the Italian Gerolamo Cardano
(1501-1576) introduced /=15 to solve cubic equations. In 1572, Rafaele Bombelli
(1526-1573) published numbers of the form a + by/—1 in his Algebra. At that time
roots of negative numbers were called imaginary. The notation ¢ appeared in 1777 with
Leonhard Euler (1707-1783), who called them impossible numbers. In the 19th century,
Gauss and Hamilton established the algebraic structure of C; purely real numbers

became a special case.

2.2 Definition

Definition 2.2.1 The Set C

There exists a set of numbers, denoted C and called the set of complex

numbers, with the following properties:
1. C contains R.
2. In C, addition and multiplication obey the same rules as in R.
3. There exists in C a number i such that i2 = —1.

4. Every element z € C can be written uniquely in the form z = a 4 b with

a,b eR.

20
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Definition 2.2.2 Vocabulary

The writing z = a + ib is called the algebraic form of z.

« a = Re(z) is the real part of z.

o b=1Im(z) is the imaginary part of z.

Remark 2.2.1. o If b= 0, then z is a real number.

e If a =0, then z is a purely imaginary number.

Example 2.2.1. 3+ 47, —2 — 1, % are complex numbers. The reals 0, —2, /3 are

also complex numbers (with b = 0).

2.3 Arithmetic in C

Proposition 2.3.1 Equality and Zero

a) Two complex numbers are equal if and only if they have the same real part

and the same imaginary part.

b) A complex number is zero if and only if both its real part and imaginary

part are zero.

Proof. Immediate consequence of the uniqueness of the algebraic form. |
Examples: Simplify each expression to algebraic form.

1 =3-5i—(3i—4), z=3-2i)(-1+5i), 2z =(2—3i)>

| 1 1+
a=Q@)% m=ga =5
Solutions:
2 =3—5i—3i+4 — 78

2o =—34+15i+2i —10i* = -3+ 17i+ 10 =7+ 17i
23 =4—-12i4+92=4—-12{ -9 =—-5—-12
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2y =21 = 8192 (%)% - i = 8192 (~1)%-i  =8192i
1 4420 A+2i 1y
BT 42 4+2 16+4 BRI
(1+)2+4) 24+i+2—1 143 ,
(2—14)(2+1) 5 5
2.4 Conjugate of a Complex Number
Definition 2.4.1 Conjugate
Let z = a + ib. The conjugate of z is the number zZ = a — b. ]

Examples: If z =4 +5i then z=4 —5i. —3i=3i. 5=05.

2.4.1 Properties of Conjugation

Proposition 2.4.1 Conjugation Rules

For z,2/ € C and n € N*:

D (S)=2 (#0)

Proof. Write z = a + ib and 2’ = a' 4 ib'.

(d)z=a—ib=a+ib=z.

(c) 22/ = (a+ib)(a' +ib) = aa’ — bV +i(all + a'b) = aa’ — bb' — i(ab + a'b). And
7.2 = (a—ib)(a —ib) = ad’ — bV — i(al + a'b). Equal.

(d) By induction: base n = 2 uses (c). Inductive step: 2Ft1 =2k . 2 = 2k .2 =72". 7 =
Sht1

1 a—ib a+ib 1 1
(e) z a?+b? a?+b? = a—ib = Z u
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Proposition 2.4.2 Real and Purely Imaginary Characterisation
a) zisreal <= 2z =72.
b) z is purely imaginary <= z = —Z.
Proof. (a) z=Z < a+ib=a—ibs2ib=0<b=0.
(b) z=—Z2ea+ib=—a+ibs2a=0sa=0. |
Proposition 2.4.3 Product with Conjugate
For any z = a +ib: 2z =a® + b ]
Proof. 2z = (a +1ib)(a — ib) = a* — (ib)? = a® + b*. |

3+ 21
Examples: Compute z7 and z3 for z; = (2 —4)(i — 5), 20 = + L

]

Z=02—-49)- (-5 =2+i)(~i—5)=—2i—10 —i* — 5i = -9 — 7i.

(3—2i)i  3i— 2
i —1 —2 1

=2+ 3.

Exercise: Solvein C: (a) 3z —6=4i+2, (b)3z—2=%Z+1.
Solution (a): 2z =6 +4i = z = 3 + 2i.
Solution (b): Set z = a + ib:

3latib)—2=(a—ib)+1=3a+3bi—2—a+ib—1=0= (2a—3)+ 4bi = 0.

So2a—3=0and 4b=0, givinga=32,b=0, ie z=3.

2.5 Newton’s Binomial Theorem

Theorem 2.5.1 Binomial Formula

For all complex numbers a, b and integer n > 1:

(a+b)" = Zi: (Z)a""fb’f = (g) a™ + (T) a4+ (Z) b

Proof. By induction on n.

Basen=1: (a+b)'=a+b= (é)a%—(i)b. v
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Induction: Assume the formula holds for some & > 1. Then

(a+ b = (a+b)(a+b)k = (a+b) Zk: <;€> a" Iy

J=0

5 (B 5 (B
o \J J

j=0
k T/k k o
_ ak-‘rl +Z [( ) + ( )] ak—l—l—jbj —I—bk—H.
iRV J—1
Bv P I’ 1 (k k _ (k41 . . .
y Pascal’s rule ].) + (j_l) = ( i ), which completes the induction. |

Remark 2.5.1. The coefficients (Z) are read from Pascal’s triangle:

n\k|0 1 2 3 4 5 6
0 |1

1 /1 1

2 |11 2 1

3 |1 3 3 1

4 |1 4 6 4 1

5 |1 5 10 10 5 1
6 |1 6 15 20 15 6 1

Example: Expand (z + 5)°.

6 6 6 6
(z+5)% = <O>zﬁ+ <1>25-5+ (2)24-25+ <3>z3 - 125
6 6 6
+ <4>z2-625+ <5>z-3125+ <6> - 15625

= 254 302° + 3752% + 250023 + 937522 + 187502 + 15625.

2.6 Representation in the Complex Plane

Definition 2.6.1 Affix, Image, Complex Plane

Fix a direct orthonormal frame (O;u, v). For z = a + ib:
o The image of z is the point M with coordinates (a, b).
o The affix of a point M(a,b) is z = a + ib.

e The affix of a vector w(g) is z = a + b.
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We write M (z) and w(z).

Examples: The point M (3) has affix z = 3 4 24; the vector w (3) also has affix 3 + 2.

Imaginary axis
4

w

M (3 4 2i)
B+21)

P =Elw

Y

> Real axis

gl
i
N
w
IS

2.7 Properties

Proposition 2.7.1 Geometric Properties of Affixes

Let M(zp) and N(zy) be two points; 4(2), U(z") two vectors.

—
a) MN has affix zy — zj.
b) @+ ¥ has affix z + 2/

c) ki (k € R) has affix kz.

ZMm + zZN

d) The midpoint I of [M N] has affix z; = 5

Proof. (a) M = (xM), N = (Zg) Then MN = (mN_’”M) and its affix is (xx — zp) +

Ym YN—YMm
i(yn —ynm) = 2y — 2. Parts (b)—(d) follow analogously from vector coordinates. W

Example 2.7.1. Consider A(—2+ 3i), B(2 + 4i), C(5+ 3i), D(1+ 2i), E(—7).

(a) ABCD is a parallelogram: z3 = 2 — 24 = (2+4i) — (=2 + 3i) = 4 + 4.

Zpe = 2c —2p = (5+31) — (1+2i) = 4+i. Since AB = D?, ABCD is a parallelogram.
U 4 :
Centre I: zI:ZA—gZC: +312+5+3Z:§+3i.

(b) D, C, E are collinear: 25z =4 +1i; zpp =25 —2p = —7— (1 +2i) =
—8—2i=—-2(441). So DE = —2DC: collinear.
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2.7.1 Image of a Conjugate

Remark 2.7.1. The images M and M’ of z and Z are symmetric with respect to
the real axis.

Imaginary axis

A
3
b ® M(a+ib)
1
AlQxzparaateys gz g el
—— e Symmetyw > tReehhaids
-1
—b ® M'(a —ib)

2.8 Modulus and Argument

Definition 2.8.1 Modulus

The modulus of z = a + b is the non-negative real number

|z| = Va2 + b2

Geometrically, if M is the image of z, then |z| = OM.

Imaginary axis

b M (a + ib)
2] = VP + b2

> Real axis
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Proposition 2.8.1 Basic Modulus Properties

For any z € C:
a) |2|° =2z
b) |z = ||
c) |-z =|z]

Proof (a) 2z = (a +ib)(a — ib) = a® + b? = |2|°.

b) [Z| = y/a? + (=b)? = Va?® + b? = |2|.

<>r—z\ w—a) +< b)2 = |2]. n

Proposition 2.8.2 Modulus of Products and Powers

For non-zero z,z’ € C and n € N*:

Operation Rule

Product |22'| = |2| ||
Power |2"| = |2|"

1 1
Inverse —| =

2l e

- 2 _

Quotient

21 ||

Proof. Product: |z2/|* = 22/ - 22 = 2277 = |27 ||, so |22/| = || |#/].
Power: By induction; the base n = 2 follows from the product rule. The hereditary

=122 = |2Ml2] = |2lfla] = |2 u

step: |z
Examples

a) 3-2i=v9+4=13

b) [=3i] = [=3[]i] = 3

c) ‘\/i—l—i‘:\/ﬁ:\/g

’ —3i -3 3
(V2 +1)?

W2+ 3



28 Chapter 2. Complex Numbers

2.9 Argument

Definition 2.9.1 Argument

Let M be the image of a non-zero z. The argument of z, written arg(z), is any

—
measure (in radians) of the angle (7; OM).

Imaginary axis

A
3

> Real axis

4 2 3 4 5 6

Remark 2.9.1. A non-zero complex number has infinitely many arguments of the

form arg(z) + 2km, k € Z. We write arg(z) (mod 27). The number 0 has no argument.

Examples z = 3 +3i:  |2| =18 =3V2, arg(z) = % (mod 27r).

Proposition 2.9.1 Argument Properties

For non-zero z € C:
a) z € R < arg(z) =0 (mod )

b) z purely imaginary < arg(z) = % (mod )

c) arg(z) = —arg(z)
d) arg(—z) = arg(z) + «

For non-zero z, 2’ and n € N*:

Operation Rule

Product  arg(zz') = arg(z) + arg(2’)
Power arg(z") = narg(z)

Inverse arg( (

Quotient arg(
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2.10 Trigonometric Form

Definition 2.10.1 Trigonometric Form

The trigonometric form of a non-zero z with 6 = arg(z) is

z = |z|(cos @ + isinf).

b=|z|sinf
\

ey

=5
IS

Examples
1. 2 = 3(cosm +isinm) = 3(—1 + 0i) = —3.
2. 2 =+/3(cos(—%) +isin(-%)) = V3(L - 1) = - L.
3. 25 = —bi: |25| = 5, arg(z) = —5. Trig form: 5(cos(—5) +isin(—7)).

4. 2y =B+ i || =2, é—j‘:§+%i:cos%+isin%. So z4:2(cos%+isin%>.

2.11 The Unit Circle U

Definition 2.11.1 Unit Circle

U is the set of complex numbers of modulus 1. Geometrically it is the unit circle

(trigonometric circle). If z = a + ib € U, then a? + b = 1.

Im
A

0

0

N
=
5
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2.12 Trigonometric Identities

2.12.1 Addition Formulas

Proposition 2.12.1 Addition Formulas

For all real a, b:

cos(a — b) = cosacosb + sin asin b
cos(a +b) = cosacosb — sinasinb
sin(a — b) = sinacosb — cosasinb
sin(a 4+ b) = sina cosb + cosasin b

- =

Proof. Let (O;7,) be an orthonormal frame and @, ¥ unit vectors with (i;@) = a and
(i:5) = b, so @ = (%) and 7 = (502).

First formula: @ - ¢ = cosacosb + sinasinb. Also @ - v = ||ul|||v]| cos(u;v) =
cos(b — a) = cos(a — b).

Second formula: cos(a + b) = cos(a — (—b)) = cosacos(—b) + sinasin(—b) =
cosacosb — sinasinb.

Third formula: sin(a—b) = cos(g —(a— b)) = COS((% - a) + b) = cos(g - a) cos b—
sin(g — a) sinb = sina cosb — cosasin b.

Fourth formula: sin(a + b) = sin(a — (=b)) = sinacos(—b) — cosasin(—b) =

sina cos b + cos asin b. -
Examples Compute cos >~ and sin -
xamp ompute cos 19 and sin 17
5T <7r 71) V2 V3 OV2 1 V6—V2
oS — =cos| —+ — ) =~ . XY= Y= =
12 4 6 2 2 2 2 4
(T T) VI VI L Ve
sin— =sin|( -+~ ) = 2. X2 4 Y7 .~ —
12 4 6 2 2 2 2 4
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2.12.2 Double-Angle Formulas

Proposition 2.12.2 Double-Angle Formulas

For any real a:

cos(2a) = cos®>a —sin®a = 2cos’a — 1 = 1 — 2sin’a

sin(2a) = 2 cosasina

2 2

Proof. Set b = a in the addition formulas: cos(2a) = cos*a — sin®a and sin(2a) =

2cosasina. Using cos?a +sin?a = 1: cos’a —sin®a = 2cos?’a — 1 =1—2sin’a. N

Example Compute cosg and sin %

s ) T o ldcosT 2442 s 2++/2
cos— =2cos”"— —1 = cos” — = = , COS— = .
4 8 8 2 4 8 4

2 V2 sinzz 2-v2

8 4

o T T
sin?— =1—cos® = =

8 8 4

Example Solve cos(2x) = sinz in [0, 27].
1 —2sin®z =sinz = 2sin’z +sinz — 1 =0.

Let X =sinz: A =9, X;

T = 37” Solution set: {

or 2. sinzx =—-1=

N[

2.13 Exponential Form

Definition 2.13.1 Exponential Form

Every non-zero complex z of modulus r and argument 6 writes as

Proof. €™ =cosm +isinm=—1+i-0= —1. [ |
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Remark 2.13.1. Euler’s identity connects the five fundamental mathematical con-

stants: e, ¢, m, 1, 0.

Examples

eV =1 =4 2=

Proposition 2.13.2 Exponential Rules

For real 0, 6’:

a) 010 010 — Li(0+6")

1
- i
b) o = ¢
i0
) € _ Li(o-0)
it

Examples Convert to exponential form:

1. 21 = —21: |Zl| = 2, al‘g(zl) = —%7 SO0 21 = 2€—i7r/2‘

2. 29 = —3: |29] = 3, arg(2y) = 7, S0 25 = 3€'".

3. 25 = /3 — 3 |zs] = 23, |Z3’ -
z3

2v/3 /3,
Convert to algebraic form:
1. 24 = ei™/6 = cos & +isink = § + 2i.

2. 25 =4de™ = 4( R +i2) = 2V2 + 2iV2.
Example z = 1 + iy/3 = 2¢/™/3. Deduce:

iz = 203 — 96iT/20im/3 _ 9,i57/6
iT — e /3 _ 9gin/2,—im/3 _ 9,in/6

2% 92— —im/2
——Z— ( Z):e = e

— ‘ ‘ —i5m/6 _ ez77r/6.
P 2eim/3 eim/3
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2.13.1 De Moivre and Euler Formulas

Theorem 2.13.1 De Moivre’s Formula

For n € N* and 0 € R:

(ew)n = emf, ie., (cosf+isinh)" = cos(nb) + isin(nh).

Example

Express cos(3z) in terms of cosx.

cos(3z) + isin(3z) = (cosz + isinxz)?
o 3 . 2 . . 92 . .3
= cos’ x + 3icos’ zsinz — 3cos zsin’ z — isin® z.
Taking real parts: cos(3z) = cos® x — 3coszsin?x = 4cos® z — 3cosz (using sin? x =

1 — cos®x).

Proposition 2.13.3 Euler’s Formulas

For 0 € R: " Y . .
€Z _|_ e*'L . e’L —1
cos = ———| sin = ——

3 3

Example Linearise cos’® z and find a primitive of x — cos” x.

, e et \ 3 gBim | iz | 3p—iv | o=3ir (0937 4+ 3cos
cos"x =|——] = = )
8 4
sin3x 3sinx

B + T Example [Divertissement: proof of cos?§ + sin?§ = 1]

A primitive:

cos® § + sin? @ = cos? @ — i*sin? @ = (cos @ — isinf)(cosh + isinf) = e e =0 = 1.

2.14 Applications to Geometry

2.14.1 The logarithm of a complex number

Let
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where 7 = |z| > 0 is the modulus of z and € = arg(z) is an argument of z. The complex

logarithm is defined by

log z = Inr + (6 + 2kn), ke Z.

Examples.

1. For the complex number z = 1, we have
|z| =1, arg(l) = 2km, keZ.

Hence,
log(1) = i 2km, keZ,
and the principal value is
Log(1) = 0.
2. For z = —1, we have
| —1] =1, arg(—1) =+ 2km, ke€Z.
Therefore,
log(—1) = i(m + 2km), keZ,

while the principal logarithm is

Log(—1) = .

3. Consider z = 1 + 4. Since
114 = V2, arg(l—i—i)z%—i—le,

we obtain

log(1 + i) = In(v/2) + i (Z 4 2k:7r) . keZ

Using In(v/2) = %ln 2, the principal value is

X |
Log(1 + 1) = 51112—1—%.
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Proposition 2.14.1 Geometric Properties

Let A(za), B(zg), C(z¢) be distinct points.
a) AB = |zp — z4]
b) (& AB) = arg(zs — 24)
c) (ﬁ,@) = arg(zc — ZA)

ZB — RA

J

Proof. (a) Let E with OF = B, affix e = 25 — z4. Then AB = OF = |e| = |zp — 24|
(b) arg(zp — za) = arg(e) = (4; O?) = (4 1@) -
(c) (@, ﬁ) = (@, W) + (; 1@) = arg(zg — 24) —arg(zp — za) = arg(zc ZA). |

ZB — RA

Example A(—2 — i), B(1 —2i), C(—1+ 2i).

(a) Isosceles in A: AB = |3 —i| = /10, AC = |1 + 3i| = v/10. So AB = AC. v
, Czo—za 1430 (1430)3+i) 100 N
(b) Right angle at A: el 10 =10 =& arg(i) = 7,

so angle BAC = 5. Right-angled at A. v’Example Determine and sketch each set of

points M with affix z:
(a) |z — 2i|] = 3: circle of centre A(27), radius 3.
(b) |iz — 3| = 1: rewrite as |z — (—=3i)| = 1, circle of centre A(—3i), radius 1.
(c)|z=3+1i =1]z2=5]: z—3+4+1i =|2—3—1i] = |z — (3+1)|. Set of points
equidistarnt fr(|)m A(3+1i) and B(5): perpendicular bisector of [AB].
z—1
(d) E

2 .
322 + 32 + 2y = 1 = 22 —i—(y + %) = 5. Circle of centre A(—%), radius 3.

=2 [z —i| =2l2]. Set z =z +iy: 2+ (y — 1)? = 4(2* + ) =

(e) arg(z) = § (mod 7): the bisector of the axes (without origin).
(f) arg(z —2+14) = § (mod 2): half-line from A(2 — i) at angle § (excluding A).
® A(20)
(b) cirche, r =1 B(5)
> >
| (¢) perpendicular bisector
(a) circle, r =3
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2.15 n-th Roots of Unity

Definition 2.15.1 n-th Root of Unity

A n-th root of unity is a complex z with 2" =1, n € N*.

Theorem 2.15.1 n-th Roots of Unity

The set U,, of n-th roots of unity has exactly n elements:

i 2km
wy=¢€"n, k=0,1,....,n—1.

Proof. Existence. If 2" = 1 then |2|* =150 |2| = 1, i.e. 2 =¢?. ()" =1= e =

1=nl=2kr=0= 2’“7” Restricting k € {0,...,n — 1} gives n roots.

2k 2k’

Uniqueness. If w;, = wy then en = e n | so 2’“7” = % + 2w, giving k—k' = In.
Since 0 < k — k' < n, we need [ = 0, hence k = k. |

2.15.1 Geometric Representation

The images of the n-th roots of unity form a regular n-gon inscribed in the unit circle.

N A
1

g

NE

n + 2 n :uo&(equlilateral N)

Example
Solve in C:
(@) (z—1)3 = 1: z—11is a 3rd root of unity: z — 1 = 5" for k = 0,1,2.
S={2,1+e%, 1+e7%}
(b) z° = —1: (i>5 =180 & = ei%Tﬂ, k=0,...,4. z = _eitr = oi(mHE)
5

3r

S = {—1, e 5 et

2.15.2 Quadratic Equations in C

Definition 2.15.2 Discriminant

The discriminant of az? + bz + ¢ (a,b,c € R, a # 0) is A = b*> — 4ac. ]
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Proposition 2.15.1 Solutions of az% + bz +c¢ =0

—b+ VA

o A > 0: two distinct real roots 21 9 = 5
a

e A =0: one real root zg = ——.
2a

—b+iv—-A

o A < 0: two conjugate complex roots 219 = 5
a

102

24 g = iR, |

2 2
Proof. Canonical form: a(z~|—%) = %. IfA <O (z—i— %) = A i2$, SO

Proposition 2.15.2 Vieta’s Formulas

b
The sum S and product P of the roots of az? + bz + ¢ = 0 satisfy S = —— and
a

p==5
a
Example
(a) 22+5=0: 22=-5=52=2=4i/5. S=0, P=5.
—3 407 3 7
(b)22+3z+4—0:A—9—16——7<0.zl72—22\/_——2:|:\é_i.

2.15.3 Polynomial Equations of Degree n

Definition 2.15.3 Polynomial Function

A polynomial P over C is a function P : C — C of the form P(z) = ag+ a1z +
azz% + -+ + a,2" with a, # 0. The integer n is the degree of P.

Definition 2.15.4 Root

A complex number « is a root of P if P(a) = 0. ]

Example

i and —i are the roots of P(z) = 2% + 1.
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2.15.4 Factorisation Theorem

Theorem 2.15.2 Root Factorisation

Let P(z) = 2" — a". There exists a polynomial @ of degree n — 1 such that
P(z) = (z = a)Q(2).

Proof. Fora=1: (z —1)(z" ' +2"2+ ...+ 1) = 2" — 1. For general a, substitute
2z — z/a and multiply by a”". |

Corollary 2.15.1

If a is a root of a polynomial P of degree n, then there exists a polynomial ) of
degree n — 1 such that P(z) = (z — @)Q(2).

Corollary 2.15.2

A polynomial of degree n has at most n roots.

Proof. Suppose aj,...,q, are distinct roots. By repeated factorisation: P(z) =
(z—a1)(z—ag) -+ (2 — ap)Qp(2). The degree of the right side is p + deg @), > p, so
p<n. |

Example Factorise P(z) = 23 + 22 +4z+4 over C. P(—1)=—-1+1—-4+4=0,
so z = —1 is a root. Write P(z) = (z + 1)(az? + bz + ¢); by identification: a = 1, b = 0,
c=4. Q(z)=224+4=(2—-2i)(z2+20). |P(z) = (z+1)(z — 2i)(z + 21) |

Example Solve 2° + 22 —=3r+1=0inR. P(1)=1+1-3+1=0,s0z =1
is aroot. P(x) = (z—1)(a?+2r—1). 22 +20—-1=0 A =8 2 =—-1+2
S={-1-v2, —1++2, 1}.

2.16 Tutorial 3 — Complex numbers

Exercise 2.16.1. rite in the “algebraic” form (a + ib) the following complex numbers

2= (1+2i) =208 —-2i),20=(2+14) (i +1),23 = 535, 24 = -

Exercise 2.16.2. Solve the following equations, with unknown z € C

1) 24+ 2 =iz —3 2)2z+5bi=z+4  3)dr—3z=128

Exercise 2.16.3. Write the following numbers in trigonometric and exponential form.

21 :1+i\/§,22:—1+i,2322122724: £

22

Exercise 2.16.4. Calculate 1) In (1 — 1) 2) In(—1)
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Exercise 2.16.5. Using the complex logarithm, solve in C : e~ = —ie?

Exercise 2.16.6. Find the square roots of z; = —1, 2z = —7 4+ 61/2i
Exercise 2.16.7. Calculate the 5th roots of complex numbers : i, 22 + 24/2i

Exercise 2.16.8. Solve the equations:
24+241=0,
22 —\32—i=0,
Exercise 2.16.9. z° — (1+4i)2* —3(1-3i)2+14—-2i=0, z2€C
Find the three solutions of the above equation given that one of these solutions is

purely imaginary



Chapter 3

Vector Spaces

This chapter introduces the fundamental concepts of vector spaces and their basic
properties. It presents the definitions of vectors, vector spaces, subspaces, and the
operations defined on them. The chapter also discusses linear combinations, linear
dependence, and bases, which are essential tools in linear algebra. These concepts

provide the foundation for studying many mathematical and applied problems.

3.1 Vector space

Definition 3.1.1 Vector space

Let K be a field. A non-empty set E equipped with two operations, (+) and (+),

is called a wvector space over K if the following axioms hold:
1. Forall z,y e B, v +y € E.
2. Forallz,ye B,z +y=y+uz.
3. Forallz € E, v + 0 = x.
4. Forallz € £, —x € E.
5. Forall z,y,z € E, (z+y)+z=x+ (y + 2).
6. Forall N\ e Ketx € E, \x € E.
7. Mupz) = (A\w)z, VA ue K, Ve e E.
8 A+pxr=+pr, Y\pe kK, Veek.

9. Mz+y)=Xx+ Xy, VAeEK, Vr,y€eE.

40
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10. 1z =2, Vr€FE.

The elements of E are called wvectors; the elements of K are called scalars.

Examples

1. R[X] is a vector space over R endowed with the operations

(ap+ a1 X + -+ a, X")+ (bp + 01 X + -+ b, X")

= (ap+bo) + (a1 +b1) X + -+ + (a, + b,) X"

and

Mag+ar X + -4+ a, X") = dag + A\an X + -+ - + Aa, X"

2. E=R"=R x --- xR is a vector space over the field K = R with
—_———

n

l’+y:(l’1+y1,...,$n+’yn),
Ar = (Azy, ..., Axy,),

for v = (z1,...,20), y = (Y1,---,yn) € R" and X € R.

3. If £ and F are vector spaces over the same field K, then £/ x F is a vector space

with

(z,y) + (2", y) = (@ + 2", y+9), Mz,y) = (Az, \y).

Proposition 3.1.1

Forall A e K, z € E:

(i) A\-0=0and 0z =0;
(i) e =0=A=0or z = 0;
(iii) (=\)z = —Az.

Proof.

1. A(0+0) = A0+ A0 = A0 which implies A0 = 0. Moreover, (04 0)z = 0x+ 0z = 0z

hence 0z = 0.
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2. Suppose that Az = 0. If A # 0, then A™'(\z) = 0 and therefore z = 0.

3. A+ (=A)x = Az + (=N)ax = 0 thus (—=\)z = —(Az). In the following, (—\)x
will be denoted by —Az and z + (—y) will be denoted by = — y.

3.2 Subspaces

Definition 3.2.1 Subspace

Let E be a vector space and let F' be a nonempty subset of £. We say that F' is
a vector subspace of F if the restriction of the operations of E to F' makes F' a

vector space.

Proposition
Let E be a vector space and let F' C E. Then F' is a vector subspace of E if and
only if:

1. F42.

2. (a) Forallu,v e F,v+v € F.

(b) Forallu e Fand A € K, Au € F.
Examples £ = {(z,y,2) € R® | 22 —y — 2 =0} .
e 2x0-0-0=0=(0,0,0) € E= F # @.

o Foralla € R, forall a = (z,y,2) € EFand o« = (2/,y,7') € E,
aa+ad = a(r,y,z) + (2,9, 2)
= (ax, oy, az) + (2, Y, 2)
= (ax + 2, ay + 1y, az + 2'). Moreover, 2(ax + 2') — (ay +v') — (az + 2')
= Q2ar—ay—az)+ (22 —y — 2)
=ar—y—2)+ 22—y - 2).
Sincea € FEandd € E,2r —y—2=0 and 22—y — 2 =0.
Hence, a(2x —y — 2) + (22/ — ¢’ — 2') = a0 + 0 = 0. Therefore, aa + a' € E.

Thus, E is a vector subspace of R®. Examples Find which of the sets E, Ey, E5, E,

and Fs are vector subspaces.
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={(z+y,x—y2y) eR® | z,y € R}
r,y,2) ER? |z —y+2=0}
z,y) € R* | 22 4 3y = 1}

z,y) € R? |y = 2%}

o~ o~ o~ o~~~

2,y) ER* | (v —y)* =z +y}
1) Study of E;

e (0,0,0)=(04+0,0—0,2 x 0) € B, thus B, # @.

o Let u,v € Fj. Then there exist x,y, 2’y € R such that u = (x + y, z

and

v=(2"+y, 2 -y, 2).

Hence,
utv=(r+yr—y2y)+ @ +y, 7 -y, 2)

=@+ +y+y, e+ —(y+y) 2y +y)).

—y,2y)

Let X = x+2/, Y =y+y. Thenu+v = (X+Y,X-Y,2Y) € E;. Therefore,

FE; is stable under addition.

e Leta e Rand u= (x+y,z—y,2y) € E1.
Then au = (ax + ay, ax — ay, 2ay).
Let X = ax, Y =ay.
Thus, cu = (X +Y, X —Y,2Y) € Ej.

Therefore, F; is stable under scalar multiplication.

Hence, F; is a vector subspace of R3.

2) Study of E,

2(0) — 0 — 0 = 0, we have (0,0,0) € Es.

Let u = (x,y,2) € Ey and v = (2/,y/,2') € Es.

Thenz —y+z=0and 2’ —y + 2’ = 0.

Moreover, u +v = (z+ 2",y + v,z + 2).

We compute: (z+2')—(y+y)+(z+2)=(@—y+2)+ @ —y +2)=
Thus, u+v € Es.

Now let @ € R. Then au = (az, ay, az),

04+0=0.
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and ar —ay+az=alxr —y+2) = a0 = 0.
Hence, au € Es.

Therefore, E, is a vector subspace of R3.

3) Study of Ej

Es={(z,y) e R?* |20+ 3y = 1}.

We test the zero vector:

2(0) +3(0) = 0 # 1. Hence, (0,0) ¢ Es.

Therefore, E5 is not a vector subspace of R?.

4) Study of E,

Ey={(z,y) e R? |y =2}

We take u = (2,4) € Ey. Then u + u = (4,8).
But 8 # 4% = 16. Thus,

u+u ¢ Ey

Hence, E, is not stable under addition.

Therefore, E, is not a vector subspace of R2.

5) Study of F;

Es={(z,y) eR? | (z—y)’ =z +y}.

We take u = (0,1) € E5 because (0 — 1) =1=0+ 1.

Let a = —1. Then au = (0, —1).

Now, (0 — (=1))? = 1 while 0 + (—=1) = —1. Thus, 1 # —1.
Hence, (0,—1) ¢ Es.

Therefore, F5 is not stable under scalar multiplication.

Consequently, Ej5 is not a vector subspace of R2.

Proposition 3.2.1

If W7 and W5 are subspaces of V', then W7 N W5 is a subspace of V. ]

Proof. We verify the three conditions of the subspace criterion.
(1) Since W, and W; are subspaces, 0 € W, and 0 € W5, hence 0 € W; N Wa.

(2) Let u,v € Wy NWj. Then u,v € Wy and u,v € Ws. Since both are subspaces,
u+v €Wy and u+ v € Wy, hence u+v € Wy N Wa.

(3) Let o« € Kand u € WiNWs,. Then v € Wy and u € W, Since both are subspaces,
a-u e Wpand a-u € Wy, hence a - u € Wi N Ws.
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All conditions are satisfied, so Wi N W5 is a subspace of V. ]

Remark 3.2.1. If W; and W5 are subspaces of a vector space V', then W7 U W5 is not

a subspace in general.

Examples Let W) = {(a,0) | a € R} and Wy = {(0,b) | b € R}, both subspaces of
R?. Then (1,0) e Wy U W5 and (O, 1) e Wi UWs, but

(1,0) + (0,1) = (1,1) ¢ W, U Wh.

Hence W7 U W5 is not closed under addition, so it is not a subspace.

Proposition 3.2.2

Let Wy, Wy, ..., W, be subspaces of a vector space V over K. Then:

(1) WinWsyn---NW, is a subspace of V.

(2) Wl—l—Wg—l—---—l—Wn:{w1+w2—|—---+wn\wiEWi, izl,...,n}isa

subspace of V.

3.3 Span of a Subset

Definition 3.3.1

Let vy, vq, ..., v, be vectors in a vector space V over K. A linear combination of

these vectors is any expression of the form

Z )\iai = )\11)1 + )\21}2 qF 0o g )\nvn
=1

for some scalars A, Ag, ..., A\, € K.

Examples 1) In the vector space R?, the vector v = (—7,—13) is a linear combina-
tion of vy = (—2,1) and vy = (1,5):

v =201 + (—3)vs.

2) In R?, the vector v = (1,—3) is a linear combination of v; = (0,1), vy = (2, —1),
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vy = (1,-2), vy = (0, 3):

v=(-2)v; + (0)vg +1-v3+ %m.

Definition 3.3.2 Span

Let V be a vector space over K and S = {vy, vg,...,v,} a subset of V. We say

S spans V (or generates V') if every vector v € V' can be written as a linear

combination:

V= AU + AUy + - - + AU,

The set of all such linear combinations is called the span of S. It is denoted

span(S) = ({v;}).

The span is the set of all finite linear combinations of the generating family.

3.4 Linear Dependence, Independence, and Bases

Definition 3.4.1

{v1,...,v,} is linearly independent (free) if \jvy + -+ + A\pv, = 0= \; =0 for

all 7. A family that is both free and spanning is a basis.

Examples
1. (1,2,1), (—1,3,1), (—1,13,5) are dependent: 2v; + 3vgs — v3 = 0.

2. (1,1,-1), (0,2,1), (0,0,5) are independent.

Proposition 3.4.1

{v1,...,v,} is dependent iff at least one v; is a linear combination of the others.

Definition 3.4.2

A basis of a vector space V is an ordered family of vectors B which has the

property
1) B is free.
2) B to generate V.
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Examples Let

B ={u; = (1,1,0), uy = (1,0,1), uz = (0,2,0)}.

1) wy, ug, uz are linearly independent: by definition, we have to show that

auy +bus+cuzs =0<—=a=b=c=0.

We have

auy + bug + cusz = (a,a,0) + (b,0,b0) + (0,2¢,0) = (a + b,a + 2¢,b).

Hence

a+b=0,
(a+b,a+2¢,b) =(0,0,0) <= §a+2c=0,
=0.

Introducing b = 0 in the first equation, we find a = 0, and introducing a = 0 in the

second equation, we get 2c¢ = 0, i.e. ¢ = 0.

So, a linear combination of the vectors of B’ can be the null vector if and only if all

the coefficients of the linear combination are 0; therefore B’ is free.

Now we must prove that B’ is a family of generators, i.e. that, given a generic

vector

v=(z,y,2) € R?

there exist Ai, Ao, A3 € R such that

v = )\1U1 + >\2u2 + /\3U3.

Taking advantage of the calculation just made we have

(.T,y,Z) = <)‘1 + )\27 /\1 + 2)\37 /\2)7

which corresponds to the linear system
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)\1 + >\2 =T,
AL+ 203 =y,
)\2 = Z.
From Ay = z we obtain
Ay = <,
M+ 2z=n1x,
)\1 + 2/\3 =Y.
Hence
/\2 =z,
A =x—2,
T —z+ 2)\3 =1.
Thus
M =x—2,
/\2 =z,
Yy—xr+=z
)\3 — T

It is a good exercise to verify that the linear combination of the vectors of B’ with

the coefficients just found gives back the generic vector v = (z,y, z) of R3:

—x+z
/\1U1 + )\QUQ + )\37,1,3 = (ZL’ — Z)(L 1,0) + Z(]_,O, 1) + yi

(0,2,0)
=(x—2z,2—2 004+(2,0, 2)+ (0, y—x+ 2z, 0)
=r—z4+z,x—z4+y—x+2z 2)
= (z,y, 2).

Therefore, v = (z,y, ), and consequently B’ generates R3.

Since B’ is linearly independent and generates R?, it is a basis of R3.
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Proposition 3.4.2 Uniqueness of coordinates

If B={vy,...,v,} is a basis of E, every x € E writes uniquely as z = Y1 | \jv;

(the A; are the coordinates of x in B), giving a bijection pp: F — K".

Examples
F = {(x,y,z) €R3/2x+y+3z:0}.

F is a vector subspace of R3.

We have v = (z,y,2) € F < y = —2z — 3z.
Thus, v € F <— v = (x,—2x — 3z, 2).

Hence, v = (1, —-2,0) + 2(0, =3, 1).

Therefore, (1,—2,0) and (0,—3,1) generate F.
Therefore they form a basis of F'.

3.5 [Existence of Bases (Finite-Dimensional Case)

Every non-zero finite-dimensional space has a basis. From every spanning family
one can extract a basis; every free family can be extended to a basis (Incomplete

Basis Theorem).

Examples Let

S| 2

V= eER* ta—b=d—-c

9}

d

Show that V' is a subspace of R%, find a basis of V', and find dim(V').

Solution
The condition a — b = d — ¢ is equivalent to
a=0b—c+d,

SO we may write
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This shows that

where

-
1
0

_0_

+c

+d

:b,c,d e R

e =

V = span{u,v,us},

Therefore, V is a subspace of R*.

Furthermore,

.
1
0

_0_

»
0

10
1

:b,e,deR

e =

is linearly independent, since the reduced row-echelon form of the matrix

is

o O = =

o = O

= o O =
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0
0
1
0

10
01
0 0
0 0
Since every column contains a pivot, the vectors are linearly independent.

Hence,

{U, v, US}

is a basis of V.

Therefore,

dim(V) = 3.

3.6 Fundamental Dimension Theorems

Theorem 3.6.1

In a space spanned by n elements, every family with more than n elements is

dependent.

Theorem 3.6.2 Uniqueness of dimension

All bases of a finite-dimensional space have the same cardinality, called the

dimension dimg E.

Corollary 3.6.1

dimg{0} = 0; dimg K" =n; dimgR,[X]=n+ 1.

dimg C =2; dimcC = 1.

A spanning family of exactly n = dim E elements is a basis; a free family

of exactly n elements is a basis.
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Theorem 3.6.3 Subspace dimension

If FF C FE (both finite-dimensional): dim F' < dim E, with equality iff F = FE. ]

3.7 Sum, Direct Sum, and Complementary Subspaces

Definition 3.7.1

Ey 4+ Ey = {z1 + 25 : x; € E;} is the sum of subspaces. The sum is direct,
written E; @ E,, when every element decomposes uniquely, which happens iff

EyNE, ={0}. E; and E, are complementary in E when F = E; & Es.

Proposition 3.7.1

E = FE| @ F, iff for any bases B; of E; and B, of Ey, B; U B, is a basis of E.

Theorem 3.7.1

(Finite-dimensional case) F = E; @ Es iff E; N Ey = {0} and dim £ = dim E; +

dim F5. Every subspace has a complementary subspace; all complementaries of

a given subspace share the same dimension.

Proposition 3.7.2 Dimension formula

dim(E) + Ey) = dim E; 4 dim Ey — dim(E; N Ey).

3.8 Tutorial 4 — Vector Spaces and Subspaces

Exercise 3.8.1. Determine whether the following set are subspaces of R3?.
Justify your answers.
E={(r,y,2) e R®: 2z —y + 4z = 0}
F={(z,y,2) € R?: 3z — 2y — 62 = 5}
G ={(z,y) e R?: y =23}
H={(r,y,2) e R®: 2 =3y, z=—y}
Exercise 3.8.2. Show that the family B = {(1,2);(—1,1)} is a basis of R2.
Show that B is a generating of R2.
Find the coordinates of the vector v = (—3,1) in the base B.

Which families are linearly independent among the following families :
a) Fi = {(1,1,0);(1,0,0); (0,1,1)} in R?
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b) I, ={(0,1,1,0);(1,1,1,0); (2,1,1,0) }in R%.

Exercise 3.8.3. Let F' and G two vector subspaces of R? defined by :
F={(z,y,2) eR% 2 —2y+2=0}and G = {(z,y,2) € R} 2x —y + 22 =0}
1. Give a basis for F', a basis for G, and deduce their respective dimensions.

2. Give a basis for F'N G, and give its dimension.
3. Do we have F & G = R3 ?

Exercise 3.8.4. We consider in R3, the subset F' de ned by :
F={(r—y,2c+y+4z,3y +22)/x,y,z € R}
1. Show that F is a vector subspace of R3.

2. Give a basis for F', and give its dimension.
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Linear Maps

In this chapter, we study the notion of maps between vector spaces: linear maps.

4.1 Linear Maps

Definition 4.1.1

Let F and F be two K-vector spaces and let f : E'— F' be a map.
We say that f is linear if:

1. For all u,v € E,f(u+v) = f(u) + f(v).

2. Forall A € K and all u € E, f(Au) = Af(u).

Equivalently,
For all u,v € E, for all \,u € K: f(Au+ pv) = Af(u) + puf(v),

Remark 4.1.1. 1) The set of all linear maps from F to F'is L(E, F).

2) Every linear map satisfies f(0) = 0.

Example

Consider the map

[R =R f(r,y) = (x +y,z —y,2y).
We show that f is linear.

Let u = (x1,11), v = (z2,y2), and let A\, u € R.

o4
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Then

JAu+ pv) = f(Avy + pag, A\y1 + pyo)
= (Az1 + pre + Ay1 + pyo, Avy + pwe — Ayr — py2, 2091 + 24y2).

Thus,
f(Au+ pv) = Af(u) + pf(v). Hence f is linear.

Example

Let E ={f:[a,b] - R | f continuous on [a, b|}.
Define T : E — R by T(f) = [° f(z) dx.

Then

T(af +69) = [ (af + Bo)(z) du
:a/:f(:c)da:+ﬁ/:g(:c)dx.

Therefore,

T(af + Bg) =T (f) + BT(g), so T is linear.

Example

Consider g : R* — R? g(z,y) = (xy, —1y).

We take A = 2, u = (1,—1). Then

g(2u) = g(2,—2) = (—4,4), while 2¢(1,-1) = (-2,2).
Hence, g(2u) # 2g(u),

therefore ¢ is not linear.

4.2 Identity Map

Definition 4.2.1

The identity map Idg : E — FE is defined by
Idg(u) = u, Vu e E.

It is a linear map.

4.3 Properties

Let f € L(E, F).
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Then:
2) f(=u) = —f(u),
3) (i Awi) = g Aaf (wi).

4.4 Special Linear Maps

A linear map f € L(E, F) is called:
e an endomorphism if ' = F,;
e an isomorphism if f is bijective;
e an automorphism if f is bijective and F = FE;

e a linear form if F' = K.

4.5 Image and Kernel

Definition 4.5.1

Let f € L(E, F). The image of f is:
Im(f) = {¥z € B,3y € F | f(z) =1},

Definition 4.5.2

Let f € L(E, F). The kernel of f is:
Ker(f) ={z € E| f(z) = 0p}.

Proposition 4.5.1

« [ isinjective if and only if Ker(f) = {0g}.

o f is surjective if and only if Im(f) = F.
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4.6 Rank Theorem

Theorem 4.6.1

Let E and F' be finite-dimensional vector spaces and let f € L(E, F').
Then : dim(E) = dim(Ker(f)) + dim(Im(f)).

Definition 4.6.1

The rank of f is rank(f) = dim(Im(f)).
Moreover, rank(f) = dim(E) — dim(Ker(f)).

Examples
Let
f:R® — R?
defined by
f(l',y,Z) = ($+y+2, .CI?—y—Z)

1. Give the dimension of the kernel of f.
2. Is f injective?

Solution:
The kernel of f is

ker(f) = {(ZE,y,Z) S R3 ) f(JZ,y,Z) = ORQ}

Therefore, f(z,y,z) = (0,0)

gives

r+y+z2=0
r—y—2z2=0

Adding the two equations: 2z =0 =2 =0
Then: y+2=0=y=—z2

Hence, (z,y,2) = (0,—2z, 2)

so ker(f) ={z(0,—-1,1); z € R}

Therefore, ker(f) = Vect{(0,—1,1)}

and dim(ker(f)) =1
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Since ker(f) # {0} we conclude that f is not injective.
Example:

Let f:R3 — R3

defined by f(z,y,2) = 2x+y+2, y—2, —y)

Find ker(f), dim(Im f). Is f injective? Is f surjective?

Solution:
The kernel of f is ker(f) = {(x,y,2) € R?; f(z,y,2) =0}
Thus,

2r+y+2=0

y—2=0

r—y=20

From y — 2 =0 we get y = z and from x —y =0 we get x =y
Therefore, x =y = 2
Substituting in the first equation: 2z +x + 2 =0
so x =y = z =0 Thus, ker(f) ={(0,0,0)} and dim(ker f) = 0, we conclude that
f is injective and dim(Im f) = 3, since f is surjective.
Exercise,

Let f be the map defined by:
f:R®— R3, (:z:,y,z)l—>(x,a:+y—z, x)
@ Determine Ker(f). Deduce a basis for Ker(f).
@ Determine I'm(f). Deduce a basis for Im(f).

Kernel of f

Let (z,y,2) € Ker f. By definition, f(z,y,z) = (0,0,0), so:

x =0,
r+y—z2=0,
x=0.

From the first equation, x = 0. Substituting into the second equation gives

y—z2=0 — y==z
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Therefore, any vector in Ker f has the form

(z,y,2) =(0,y,y) =y(0,1,1), y e R.

Ker f = Vect{(O, 1, 1)}
The family {(0,1,1)} is a basis of Ker f, so dim(Ker f) = 1.

Image of f

By definition, Imf = {f(z,y,2) | (z,y, 2) € R*}. We expand:

Im(f) = {(x, r+y—=z z)| (r,y,2) € Rg}
= {2(1,1,1) +9(0,1,0) + 2(0, -1,0) | (z,y,2) € R*}
={2(1,1,1) + (y = 2)(0,1,0) | (w9, 2) € R*}

= Vect{(l» 1,1), (0, 1’())}'

The vectors (1,1,1) and (0, 1,0) are clearly not proportional, so they are linearly

independent.

Im(f) = Vect{(1,1,1), (0,1,0)}.

The family {(1,1,1),(0,1,0)} is a basis of Im(f), so dim(Im(f) = rank(f) = 2.

Verification (Rank-Nullity Theorem):

dim(Ker f) + dim(Im(f)) =1 +2 = 3 = dim(R?). v

4.7 Composition of Linear Maps

Let

feLE,F), geL(FQ).
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Then go f € L(E,G).

go f(Avr + pvg) = g(f(Avy + pvg))
= g(Af(v1) + pf(v2))
= Ag(f(v1)) + pg(f(v2)).

Hence, g o f is linear.

4.8 Inverse of a Linear Map

Definition 4.8.1

A linear map f : E — F is invertible if it is bijective.
Its inverse map f~': F — E

satisfies /1(f(x)) = 2 and f(f~'(y)) = v.

Example

Consider f : R? — R?, defined by

flz,y) = (x+y,z—y)

We solve (y1,92) = (21 + 22,1 — z3). Then 27 = %(yl + y2),

To =
Hence, £~ (y1,92) = (301 + 1), 311 — 12)) -

(11 — y2).

N | =



Chapter 5

Matrices, associated matrices, and

determinants

5.1 Definitions and Properties

A rectangular array of numbers (elements of K) of the form

11 Q2 - Qip

Q21 Q22 -+ Ay
A=

Am1 Am2 - Qmnp

is called a matriz. The numbers a;; are its entries. Horizontal lines are rows and
vertical lines are columns. A matrix with m rows and n columns is of type (m,n),
denoted (a;;).

Example

1. The zero matriz O has all entries equal to zero.
2. A matrix with a single row (aq,...,a,) is a row matriz.
3. A matrix with a single column is a column matriz.

4. A square matrix has the same number of rows and columns (order = common

value).

5. The identity matriz I = (a;;) with a; = 1 and a;; = 0 for i # j satisfies

Al = [ A = A for every square matrix A of the same order.

6. Two matrices are equal iff they have the same type and a;; = b;; for all ¢, 5.

61
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5.2 Operations on Matrices

5.2.1 Addition
The sum of two (m, n)-matrices (a;;) and (b;;) is (¢;;) with ¢;; = a;; + byj.
-4 6 3 5 -1 0 15 3
Example + = .
0 1 2 3 1 0 3 2 2
Matrix addition satisfies commutativity, associativity, identity (O), and inverses
(—A = (—aij)).
5.2.2 Scalar Multiplication
For A € K and A = (a;;): AMA = (Aa;;). This satisfies the four standard properties
MA+B) =AM+ 2B, A+ p)A = A+ pA, N(pA) = (M)A, and 1- A = A.
5.2.3 Matrix Multiplication
Let A = (a;5) of type (m,n) and B = (by) of type (r,p). The product AB is defined
only when n = r; it is the (m, p) matrix (¢;) with

n
Ci1 = Z aijbﬂ.
j=1

1 0 2

3 2 -1 7 2 6

Example 5 3 1| = .

0 4 6 56 36 16
6 4 2

Matrix multiplication is associative and distributive over addition, but not commu-

tative in general. Also, AB = O does not imply A =0 or B = O.

Remark 5.2.1 (Special matrices).
1. A diagonal matriz: a;; = 0 for i # j.

2. An upper-triangular (resp. lower-triangular) matrix: a;; = 0 for ¢ > j (resp.

i <7).
3. Powers: A? = AA, A3 = A%A, etc.

4. The transpose 'A = (b;;) with b;; = a;; '(*A) = A.
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5.3 Elementary Matrices

5.3.1 Elementary Row Operations

An elementary operation on a matrix A is one of:
(1) R; + R; + kR;: add a scalar multiple of one row to another.
(2) R; < kR; (k#0): multiply a row by a non-zero scalar.
(3) R; <> R;: swap two rows.

The elementary matriz E = e(I) corresponding to operation e satisfies e(A) = FA.

Example
1 00
From I3: swapping Ly <+ L3 gives £y = |0 0 1 |; replacing Lo by —6Ly gives
010
L0 0 1 00
Ey=|0 —6 0|;replacing Ly by —4L; + Ly gives Es=| 0 1 0].
0 0 1 -4 0 1

Transpose of a Matrix

Definition 5.3.1

Let

A = (aij)1<i<m, 1<i<n € M (K),

the transpose of A, denoted by ‘A, is the matrix with n rows and m columns.
Thus,

A = gz, 1

1 -2

1 4 —4
Example A= | 4 1|, A=
-2 1 8
-4 8
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Proposition 5.3.1

Let A and B be two matrices of M, ,(K) and let A € K. Then,

1. 1(tA)=A
2. f(AA) = \tA
3. {A+B)='A+'B

4. Y(AB) ='B'A

5.3.2 Trace of a Matrix

Definition 5.3.2

The trace of a square matrix A = (a;;) of order n is the sum of its diagonal entries.

It is denoted by tr(A) and defined by tr(A) = a11 + ags + -+ + App = Sy @i

1 1 2
Example Let A=|5 2 8 [ Then tr(A)=1+2+(-10) = —T7.
11 0 -10

Theorem 5.3.1

Let A and B be two square matrices of order n. Then:

1. tr(A + B) = tr(A) + tr(B).
2. For every scalar (k), tr(kA) = ktr(A).
3. tr(AT) = tr(A).

4. tr(AB) = tr(BA).

Definition 5.3.3 Inverse of a Matrix

If A and B are two matrices such that AB = BA = I, then each is said to be

inverse of the other. The inverse of A is denoted by A~!

-1 -2
Example Let the matrix A = ( A )
3

Calculate : A% — 3A + 21, deduce that A is invertible and then calculate A~*

Solution We calculate:
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Then,

-5 —6 3 6 2 0
A% —3A+ 2] = - +
9 10 -9 —12 0 2

00
Therefore, A2 — 3A + 2] = ( )
00

Hence, A> —3A+2I =0, s0o A(A—3I)=—-2I
and A™' = £(31 — A)

2
3
2

1
Now, A~! = ( ) Therefore A is invertible.

1
2

5.3.3 Computing the Inverse of a Square Matrix

Apply elementary row operations to the augmented matrix (A | I) to reduce A to I;

the same operations transform I into A~!.

1 0 2
Example A= |2 —1 3]|:
4 1 8
1 0 2|1 00 1 0 0[-11 2 2
2 -1 3|0 1 0 — 01 0] -4 0 1
4 1 8|0 0 1 001 6 -1 -1
-11 2 2
Hence A=' = | —4 0 1
6 -1 -1

5.4 Tutorial 4 — Linear Maps

Exercise 5.4.1. Let : : f:R® - R3 f(r,9,2)=(z+y,zv—y,2y)
1) Show that f is linear map
2) Give Ker(f), Rank(f).

3) is f injective ? surjective? bijective?
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Exercise 5.4.2. Let the following linear maps :
f: R = R?, g: R? - R3
(#,y,2) = f(z,y,2) = (z, 2+ y +2) (z,y) = g(z,y) = (—y, —v + 2y, x)
1. Determine a basis of ker(f), deduce the rank of f and that f is surjective.
2. a) Show that :g is injective, deduce rank of g.
b) Show that :{v; = (—1,2,0),ve = (0,—1,1)} is a basis of I'm(g).
3. Show that : f o g = Idpe.
4. Show that : ker(go f) = ker(f)

3 _
1) Calculate: A+B, A-B, 3A-4B, AxB, BxA, (A + B)?
2) Calculate A2, B?, AT BT

2 5 72
Exercise 5.4.3. A and B are two matrices so that A = ( ) ,B = ( )
1

3) C is matrix so that C' = ( ¢
c

-Find the real numbers a, b, c and d such that A x C = C x A = I, then deduce
A-1

b
d) and ad — cb # 0.

-1 =2
Exercise 5.4.4. Let the matrix A = ( )
3 4

1) Calculate :A? — 3A + 21, deduce that A is invertible and then calculate A™!

1
2) Solve the equation AX = b, such that X = [ “ ] , b= [ ]

Lo 1
2 -1 2
Exercise 5.4.5. M =| 5 -3 3 |, calculate (M +1)°
-1 0 -2
- deduce that M is invertible and then calculate M !
110
Exercise 5.4.6. Let thematrix M =| 0 1 1 |,weput B=A—-1
001

- Calculate B™, and then calculate A", n € N.

5.5 Determinants

5.6 Determinant of Order 2

aix a2
det =
21 Q22

ailz Az
= a11G22 — A12G21.

21 Qa22
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1 3 2 4 31

2 4 1 3 4 2
Swapping two rows (or columns) multiplies the determinant by —1. Also det A =

det(*A).

Example

5.7 Determinant of Order 3

sy @ a1a aia @
det A = ay, 22 Q23 . 12 013 a1 12 iz
a3z Aas3 as2 Aass Q22  A23
———
minor of a1
+ - 4+
The cofactor of a; is Cy = (—1)""*-(minor of a;,). The sign patternis [ — + —
+ - +
The determinant can be expanded along any row or column: det A = >, a;xCi.
1 3 0
Example | 2 6 4|=1(12) —2(6) — 1(12) = —12.
-1 0 2

Remark 5.7.1 (Properties of the 3 x 3 determinant).
1. Swapping two rows/columns multiplies the det by —1.
2. Multiplying all entries of one row/column by k& multiplies det by k.
3. If one entry is a binomial, the det splits into two dets.
4. A zero row/column gives det = 0.
5. Proportional rows/columns give det = 0.

6. Adding a linear combination of other rows/columns to one row/column leaves

det unchanged.

Example
3 -1 2 0 —1 2 L
6 —2 4 DEAFEG g o 4l =5 = 5(0) = 0.
—2 4
1 7 3 5 7 3

Remark 5.7.2. Warning. Do not multiply the row/column along which you expand,

as that would multiply the entire determinant.
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5.8 Determinant of Order n

det A = Z aikCZ-k = Z aijkj
k=1

k=1
(for any fixed row i or column j), where the order-(n — 1) minors are evaluated
recursively.

All properties from order 3 carry over. Additional:
1. det(A + B) # det A + det B in general.
2. det(AB) = det A - det B.

3. det(A™!) = (det A)~L.

1 1 1 -3 0 1 1 -3
1 1 -3 1 0 1 -3 1
Example Gt CatCatCa, =0.
1 -3 1 1 0 -3 1 1
-3 1 1 1 0 1 1 1
5.9 Applications
5.9.1 Inverse of a Square Matrix of Order n
A is invertible < det A # 0. When invertible:
o adi(d), adi(4) = (Cy)
det A ’ /
2 3 -4
Example A = |0 —4 2 |, detA = —46 # 0. After computing the nine
1 -1 5
cofactors:
—-18 —11 -10
Al=—21 2 14 —4
4 5 -8

5.10 Matrices Associated with Linear Maps

Let E and F be two vector spaces with dimensions p and n respectively.

Let f: E— F be a linear map.
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Br = {u1, ug, ..., u,} basis of E, Bp ={vy, vg, ..., vy} Dasis of F.

Definition 5.10.1 Matrix of a Linear Map

We call the matrix of the linear map f with respect to the bases Br and By
the matrix whose columns are the images of the starting basis (Bg) written in
the arriving basis (Bp):

flwr) = an v+ ag1 vy +ag v+ -+ + Gp1 Uy

f(uz) = a12v1 + aga V2 + a32 V3 + - - - + A2 Uy

f(up) = G1p U1 + A2p V2 + A3p V3 + -+ - + Ay Uy

— U1
ajx Q2 - Al
a91 Q9 - a2p <— V2
MBE,BF =
A, G, cee Gy
! 2 P — v,
e The order of M is n x p.
e The number of columns is the dimension of .
e The number of rows is the dimension of F'.
f:E—F
M
Bg > Br
P (transition) () (transition)
y A

BE > B}w
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5.10.1 Example 1 — f:R? - R3

Let f:R? — R3? be the linear map defined by:

flz,y) = (v +y, 22—y, v —3y).

Find the matrix of f with respect to the standard bases.

Solution.

The standard basis of R? is e; = (1,0), e; = (0,1).
The standard basis of R® is ¢; = (1,0,0), é = (0,1,0), & = (0,0, 1).

Images of the basis vectors of R2:

F1,00=(1,2,1)=1-6+2-& +1-é.
F00,1)=(1,-1,-3) =16, — 16— 3 - &.

The matrix of the linear map f is:

5.10.2 Example 2 — f:R? — R?, non-standard bases

Let f:R? — R3 be the linear map defined by:
fle,y) = (x+y, 2z, =3y).
Consider the bases:
Bg: u; = (1,1), us = (2,0) and Br: vy =(2,0,1), vo =(1,1,0), v3 = (0,0,—1).
Also consider the new bases:
By u) =(2,4), uy = (—1,1), By v =(1,1,1), vy = (1,3,0), v = (0,2, —2).

1) Find the change-of-basis matrix P from Bg to Bf.
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2) Find the change-of-basis matrix ) from Br to BY.

3) Find the matrix M associted f in Bg and Bp.

4) Find the matrix A associted f in B and Bj.
Solution

Step 1 — Compute P (express B in Bg).

A+ 2\ =2
(2,4) = M\ (1,1) + X2(2,0) = — A\ =4, \y=—1.
A\ =4
. . A +20, =-1 ) )
(_17 1) = )\1(17 1) + )‘2(270) - , - )‘1 = 17 >\2 =—1.
No=1

So

Step 2 — Compute @) (express B in Br).

(1,1,1) = A (2,0,1) + Ao(1,1,0) + A3(0,0, —1).

20+ =1
/\2:1 :>>\1:0,)\2:1,/\3:—1.
A —A3=1

<]" 37 0) = )\/1(2707 1) + )\/2(17 170) + )\/3(070’ _1)'

2N+ =1
N, =3 = N =-1,A=3 \=-1. (A=X\N+2=-1)
N =X=0
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2N+ Ay =0

N =2 — N ==1, AN =2 M=)\ +2=1
N =N = -2
Then
0o -1 -1
Q=11 3 2
-1 -1 1

RemarkChange-of-basis formula
If M is the matrix of f in bases (Bg,Br) and M’ is the matrix of f in bases
(B, By), then:
A=Q'-M-P,

where P is the transition matrix from Bg to B, and @ is the transition matrix from

BF to B};

Step 1 — Compute Q!

From the previous session we established that det(Q)) = 1 and:

.
3 2 1 2 1 3
1 1 1 1 1 -1 T
1 -1 0 —1 0 —1 oo 2 o2
Adj(@):—_1 X +_1 N el P =2 -1 1| =]-3 -1 -1
1 -1 1 2 1
1 -1 0 —1 0 —1
_l_ —
3 2 1 2 1 3
So
5 2 1
Q'=1]-3 -1 -1
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Step 2 — Compute M (matrix of f in Bg, Br)

We express f(ug) in Br = {v1, v2,v3}, where v; = (2,0,1), v, = (1,1,0), v3 = (0,0,

Column 1 — image of u; = (1,1):
FLD) =(1+1,2-1, =3-1) = (2,2, -3).

Write (2,2, —-3) = 1(2,0,1) + a2(1,1,0) + a3(0,0, —1):

20(1+062:2 o] =
Qy = 2 - oy = 2
051_063:—3 a3 =

Column 2 — image of uy = (2,0):
£(2,0)= (240, 22, —3-0) = (2,4,0).

Write (2,4,0) = (2,0,1) + o4(1,1,0) + o4(0,0, —1):

20 + af =2 of =—1
ap =4 = oL =14
af—as=0 ay =—1
So
0 —1
M=1|2 4
3 -1

Step 3 — Compute A = Q 'MP

Recall from the previous session:

7).
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First compute M P:

N/, 04+ (=1)(=1) 0-1+4 (=1)(=1) 11
MP=12 4 (1 1)= 2-444-(-1) 2-14+4-(-1) |=]4 -2
3 -1) v 3.4+ (—=1)(—=1) 3-1+(=1)(-1) 13 4

Then compute A = Q (MP):

A=1-3 -1 -1 4 =2
2 1 1 13 4

So
26 5
A=1-20 =5
19 4

This is the matrix of f with respect to the bases (B, Bf).

Second Method — Direct Computation of A

express f(u},) directly in B The columns of A are the coordinates of f(u}) and f(u})

expressed in By = {v], vy, v4}, where v] = (1,1,1), v5 = (1,3,0), v} = (0,2, —2).
Column 1 — image of u} = (2,4):
F(2,4) = (244, 2-2, —3-4) = (6,4, —12).

Write (6,4, —12) = 8;(1,1,1) 4 B2(1,3,0) + 35(0, 2, —2):

B+ P2 =06 B = 26

B+ 3082+ 283 =4 = {0y =-5

B — 283 =—12 p3 =19
Column 2 — image of u, = (—1,1):

f(=1,1)=(-1+4+1,2-(-1), =3-1) = (0,—2,-3).
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Write (07 _27 _3) = 61(17 17 1) + ﬁé(la 37 O) + 63(07 27 _2)

Bi+By=0 Pr=5
Br+36+28;=-2 = (fy=-5
B —2p5=-3 By =4
So
26 5)
A=1-20 -5
19 4

Both methods give the same result. v’

A=Q 'MP (matrix of f associated with the new bases)

Interpretation

e P is the transition matrix from Bg to B’ (columns = coordinates of u). u} in
E E 1, Y2

Br).

 ( is the transition matrix from Bp to Bf (columns = coordinates of v{, v5, v} in

Br).
o M is the matrix of f in the original bases (Bg, Br).

o A= Q 'MP is the matrix of f in the new bases (B, Bj).

5.11 Tutorial 5 — Determinants and Linear Systems

Exercise 5.11.1. Calculate the determinants

1 2 3 4 1 2 1 2
1 2 3
3 4 -1 01 3 1 31 3
1) ,2) =1 0 5[,3) ,4)
-1 5 2 4 5 21 0 6
2 4 1
3 21 -4 1 1 1 7
1 -2 1
. 3 4
Exercise 5.11.2. Let A = B=| -2 3 1 ,C' =
-1 5
5 —7 =3

1) Determine the Rank of A, B and C
2) Find |A], adj(A) and A~'.3) Find |B|, adj(B) and B~

3
-1
3

W O = N

-3 3
0 1
5 0

-1 7
-1 11

-2 11

—4
—1
—1
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13 -8 —12
Exercise 5.11.3. Let A= 12 -7 —12
6 —4 -5

1) Determine the Rank of A.
2) Show that A is invertible and then calculate A~*
3) Deduce from of the A".

Exercise 5.11.4. f is linear map: R® — R?, f(z,y,2) = (x +y — 2,2 — 2y + 32)
Let the following standards basics {e1, €2, e3} and {é;,é5} of R3and R? respectively

Find the matrix M associated the linear map f in Previous basics
Find Rank of M.

Exercise 5.11.5. f is linear map: R® — R?, f (z,y,2) = (v +y — 2,2 — 2y + 32)
Let v1 = (1,1,0) ,u3 = (1,0,1) ,u3 = (0,1,1) and ®; = (1,0) , Py = (1,1).
New starting basis B = (vy, v, v3) ,new arrival basis B = (01, 79)

- Find the matrix M associated the linear map f in B and B.

Exercise 5.11.6. f is linear map: R* — R3, A associated f,

1 2 1 3
A=11 1 2 1
1 -2 5 11

- Give the ker(f)
- Find the dim(f) and the rank(f).

Homework:4),5)+exercise 3+ exercise 6
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Réduction des matrices

E denotes a finite-dimensional vector space over K of dimension n, and f an endomor-

phism of F.

Definition 6.0.1

et A be a square matrix of order n. A non-zero vector v is called an eigenvector

of A if

Av = )v

for some scalar A. The scalar A is then called an eigenvalue of A.

Theorem 6.0.1

The eigenvalues of A are the roots of p4(A) = 0; eigenvectors are the non-trivial
solutions of (A — AI)v = 0.

Remark 6.0.1. Characteristic Equation
Av=) v = (A= X)v=0 = det(A—AI)=0.

The equation det(A — AI) = 0 is called the characteristic equation of A.

A:(jl 3).

Find the eigenvalues and eigenvectors of A.

Example 1

Given:

77
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Step 1 — Characteristic equation.

3—A 2
A—>\[2: .
-1 =X

det(A — ML) = (3=A)(=A) — (2)(=1) = =3A+ X +2= )X -3\ +2=0.

Discriminant: A =9 -8 =1.

3-1 3+1
P A S T VA ek
2 2

= 2.

The eigenvalues of A are Ay =1 and \y = 2.

Step 2 — Eigenvector v; associated with \; = 1.

x
Let v; = ( ) We solve (A — I5)vy = 0:
Yy

2 2 T 0 20 +2y =0
-1 1) \y 0 —r—y =

Step 3 — Eigenvector v, associated with Ay = 2.

x/
Let vy = ( /). We solve (A — 215)vy = 0:
Yy

1 2 x 0 , , , .
-1 =2/ \y 0

vo (‘12) |

Example 2
Given:
2 0 1
A=|[-1 4 -1
-1 2 0

Find: (i) the characteristic equation, (ii) the eigenvalues, (iii) a basis for each



eigenspace.

(i) Characteristic equation.

2—X 0 1
A-ANz=| -1 4-X -1
-1 2 —A

Expanding along the first row:

2 -A

det(A — AI3) = (2 — \) det (4_A _1) +1-det (

= 2= -2+ [-2+4-

=(2- N[N —ar+2]+[2- )]

=(2-N[N =4 +2+1]
=(2-N(\—4)+3)

— —(A=2)A=1)(A=3) =0

(ii) Eigenvalues:

(iii) Eigenvectors.

A = 1: solve (A — I3)v = 0, with v = (z,y,2) "

1 0 1)\ [z 0 r+z=0
-1 3 —-1|ly|[=1|0] = {—2+3y—2=0

Vi = (_Za 07 Z) = Z(—].,O,l), Vi =

Ay = 2: the eigenvector is v, = (2,1,0)".

A3 = 3: the eigenvector is v3 = (1,2,1)".

—1

3

-1 4-A
2
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Diagonalization

Definition 6.0.2

square matrix A is called diagonalizable if there exists an invertible matrix P

such that

D =P 'AP

is a diagonal matrix.

Remark 6.0.2. Form the matrix P whose columns are the eigenvectors vi,va, ..., Vv,
(linearly independent). Then D = P~ AP is diagonal, with the corresponding eigenval-
ues on the diagonal:

D =diag(Ai, Aa, ..., An).

D and A are similar matrices.

Diagonalization of Example 1

3 2
A—( , 0)’ M=1, =2 vi=(-11" vo=(-21)".

-1 -2 ., 10
P= ., D=P'AP= .
11 0 2

Remark: {v,v,} is a basis of R?. The matrix P is the transition matrix from the

standard basis to the new basis {vy, va}.

Diagonalization of Example 2

2 0 1
A: —1 4 —]_ y )\1:1,)\2:2,)\3:3.
-1 2 0

vi=(-1,0,1)", vu=(2,1,00", v3=(1,2,1)".

-1 21 100
P=|o0o 12|, D=P'AP=1]0 2 0
1 01 003
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Computing P~' — Two small examples

1 2
Ex. 01: det(P) =1, P~ '= ( ) 2).

Ex. 02: det(P) = 2,

1 -2 3
1 1
pt= dj(P) = = —
ety WP =54 1
3 6 -3

Similar Matrices

Definition 6.0.3

wo matrices A and B are called similar if there exists an invertible matrix M
such that
B=M1AM.

Proposition 6.0.1 Invariants of Similar Matrices

If A and B are similar, then:

tr(A) = tr(B), det(A) = det(B), rank(A) = rank(B).

ExampleMatrix B with a repeated eigenvalue

e
(NG

Characteristic equation:
(1—X2)%4—A) =0 = X\ =1 (multiplicity 2), \=4.
Eigenvectors for \; = 1:

Vi = (_]—7 170)T7 Vo = (_1707 ]-)T
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Eigenvector for \; = 4:
vy =(1,1,1)".

4 -8 4 —8—=A
A2 4+ 7A = A\ + 7). Eigenvalues A\; = 0 (eigenvectors o< (2,1)7) and Ny = —7

(eigenvectors o (1,4)7).

1 =2 1—A -2
Example A = ( ), A=) = ( ) det(A — M) = pa(N) =

6.1 Properties of Eigenvectors and Eigenvalues

Theorem 6.1.1

For A € M, (K): X is an eigenvalue iff A — AI is not invertible iff det(A — AI) = 0.

In particular, 0 is an eigenvalue iff A is singular.

Theorem 6.1.2 Eigenspaces associated with distinct eigenvalues

1. If Ay # Aq are eigenvalues, then E,, N E), = {0}.

2. Eigenvectors for pairwise distinct eigenvalues are linearly independent.

Corollary 6.1.1

1. A e M,(K) has at most n distinct eigenvalues.

2. For distinct eigenvalues Ay,..., A\ By, +---+ E\, = FE\ &--- D F)

m*

Theorem 6.1.3 Necessary and sufficient conditions for diagonalisability

A € M, (K) is diagonalisable iff:
(1) The characteristic polynomial p4 splits over K;
(2) For each eigenvalue \; of algebraic multiplicity k;: dim E), = k;.

In particular, if A has n pairwise distinct eigenvalues, A is diagonalisable.

Example A= | -2 3 0/, pa(z)=(6—2)*(1—2x).
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For A =5 (mult. 2): E5 = {(1,—1,0)7,(0,0,1)T), dim E5 = 2. For A = 1 (mult. 1):
E1 = <(]_, 170)T>7 d1mE1 =1.

Both match = A is diagonalisable:

1 01 5 0 0
P=1|-10 1], P'AP=10 5 0
0 10 0 0 1

(2) A= (_z ?), paN) =+ 1)% B ={(11)T),sodimFE_; =1<2: Ais

not diagonalisable.

(3) Find a basis of R* making the matrix of f(z,xs,23) = (321 — 2wy, —211 +

3y, 5x3) diagonal.

1 01
M(f) equals the matrix A of (1). The diagonalising matrixis P =| -1 0 1|,
0 10

and the new basis is ' = e; — ey, v/ = e3, uy = €1 + €.

6.2 Tutorial 6 — Eigenvalues, Eigenvectors and Diagonalisation

Y

- -1 18 0 4 10
Exercise 6.2.1. Letl)A:<2 3),2)/12 1 2 0 [|,3)A=]10 41
5 =3 -1 00 4
1) Find the characteristic polynomial of A
2) Determine all eigenvalues of A.
3) Find a basis of eigenvectors for each eigenvalue.
)

4) Is the matrix A diagonalizable? Justify your answer.

Exercise 6.2.2. Find all solutions to the following system of equations.( Method of:
Inverse-Cramer-Gauss)

r+4y+z2= 1
2) ¢ 2z + 3y = 0,

{ —2r+3y = -5
dr 4+ 3y — 2z = =2

doy — 2y =14

Exercise 6.2.3. Solve the following system of equations.( Gaussian Elimination
Method)
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1)

3v+y—4z=-1 —1

r+ 10z =5 2) 2
dr+y+62=1 0

Exercise 6.2.4. Solve the following system of equation.

201 + 19+ 223+ 214 =6
T1— 2o+ 23+ 2104 =06
41 4 3x9 + 33 — 314 = —1
201 + 229 — 23+ 24 = 10

2)

ct+y+z+t=16
20 +y—2—3t=—-21
3v—2y+4z—t=10
2 4+3y+z—-20=-2




Chapter 7

Systems of linear equations

7.1 Linear Equations

Definition 7.1.1

A linear equation in n unknowns 1, xs, ..., T, is any equation of the form

171 + aoxy + - -+ + apx, = b,

where the elements ay, as, ..., a, and b belong to K (K denotes R or C) and are

called the coefficients of the equation.

The equation is said to be homogeneous if b = 0.

A solution of this equation is an n-tuple (z1,xs,...,2,) € K" that satisfies the

equation.
Solving the equation means finding the set S of all its solutions.
Two equations are said to be equivalent if they have the same solution set.

Example The equation y = 2x; represents an affine line in the plane. It is a linear

equation in two unknowns.

85
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7.2 Systems of Linear Equations

Definition 7.2.1

A system of linear equations consisting of m equations in n unknowns is a system

of the form
a11Z1 + -+ + QinTy, = by,
(51)
Am1Z1 + -+ Qpn®n = bm>

where the coefficients a;; and b; are given, and where the z; are unknowns in R

or C.

* An important special case is that of homogeneous systems, for which by = by = - -+ =

b, = 0, i.e. whose right-hand side is zero.

7.2.1 Matrix Form

The system (S7) can be written in the following matrix form:

AX = B,
where
T b1
aix - Qip b
T
A — s X = 2 s B — 2
a/m .. amn
! T b,
Example

20 +4y + 52 =11
r—13y—T7z=25
—r—2=0

The associated matrix is
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Then,
2 4 5) T 11
AX=B = |1 -13 -T||y|=
-1 0 -1 z 6

7.2.2 Equivalent Systems

Definition 7.2.2

Two systems are said to be equivalent if they have the same solution set.

To solve a given system, one may try to find simpler equivalent systems.

Example

The two systems

2 + 2y = 10, t4+y=5
Y and (S : Y

3r —y =6, 3z —y =6,

are equivalent.

7.2.3 Echelon Systems

Definition 7.2.3

A linear system is triangular if it has as many unknowns as equations, and if all

the coefficients of its matrix lying below the diagonal are zero.

Example The system

T+ 2y —z=09,
—3y—2=09,
2z = —1,

is triangular. Its diagonal coefficients 1, —3 and 2 are nonzero. We observe that this
system has exactly one solution.

Indeed, the last equation determines z uniquely, then the second equation gives vy,

and the first gives x.
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Definition 7.2.4

A linear system is in echelon form if its matrix consists of a triangular matrix with

nonzero diagonal coefficients, to which (arbitrary) columns have been appended,
followed by rows that are identically zero. The size of the triangular subsystem
is called the rank of the system.

It is in reduced echelon form if, in addition, the first nonzero coefficient of each

row equals 1 and is the only nonzero entry in its column.

Example

e The system
T+ 2y —3z2=4,

is in echelon form, of rank 2. It has no solution, since the last equation is never

satisfied.
o The system
20 +3y+22 -t =4
—y—22=26
3t =1,
is in echelon form (but not reduced).
o The system
20+ 3y + 22—t =4,
—2z =4,
z+t=1,
is not in echelon form (the last row begins with the same variable as the row

above it).

o The system

T+ 22=25
y—22=16
t=1

is in echelon form and reduced.
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7.3 Methods for Solving a Linear System

7.3.1 Substitution Method

The principle is: choose an equation, solve it for one of the unknowns in terms of the

others, substitute this expression into all the other equations, and then repeat.

Example
r+y="7,
(1)
3r —y = 3.
r=7—1y, r="T—1y, r=1,
(1) — — =

The system has a unique solution: S = {(1,6)}.

7.3.2 Cramer’s Method

Definition 7.3.1

A Cramer system is a square system (as many unknowns as equations) that has

a unique solution (det(A) # 0).

Let (S) be a square system, that is, its matrix A is square, with the matrix
interpretation AX = B. If the matrix A is invertible, this system can be solved
by Cramer’s method.

Solving the system by Cramer’s method gives

i = : =1,...,n.
T et (A) ' "
Example Solve, using Cramer’s method,
dr—y=4
ox + 2y = —2.

We have
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3 -1
det A =

|6 (R=11A0

and since det A # 0, this system can be solved by Cramer’s method, which gives:

4 -1 3 4
Al = 5 A2 = .
-2 2 5 —2

Hence:
4 -1
det(4) =2 2 _8-2 .
 detA 1 o1
3 4
A 5 =2  —6+2
det A 1 1

Therefore, (x,y) = (6,14) is the unique solution of this system.

7.3.3 Solution by the Inverse Matrix Method

Let (S5) be a square system, with the matrix interpretation AX = B.
If the matrix A is invertible, this system can be solved by the inverse matrix method

as follows:
AX =B <— X =A"'B.

Example Solve the following system:

br + Ty — 3z = 16,
3 — 2y +4z = -7,

r+y—z=06.
We have
5 7 =3
A: 3 _2 4 3
1 1 -1

det A = —24 # 0, so A is invertible and its inverse is

1
Al = Adj(A).
det A i(4)
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Let us compute A~

-2 4 3 4 3 =2
+ — +
1 -1 1 -1 11 ¢
7 -3 5 —3 5 7 T
Adj(A) = | — + — =14 -2 2|,
1 -1 1 -1 11
22 —29 -31
7 -3 5 -3 5 7
+ — +
-2 4 3 4 3 =2
-2 4 22 -2 4 22
1
Adj(A)=| 7 -2 —29|, so ,4*1:_—24 7 -2 —29
5 2 -31 5 2 -31
Then,
x -2 4 22\ (16 3
1
X=A"'B < |y == | 7T -2 9|7 =2
P 5 2 =31/ \6 -5

so (3,—2,—5) is the unique solution of this system.

7.4 Solution of a System of Linear Equations

Definition

We call a linear system with unknowns (x1, 22, z3, ..., x,) of the form:

a11T1 + a1pTs + - - + A1, Ty = Y1

2171 + Q222 + + + - + Q2T = Y2

Ap1T1 + ApaX2 + -+ + AppTyn = Yn



92 Chapter 7. Systems of linear equations

This can be written in matrix form:

@13 QA2 -+ A1p xy U1

Q21 Q22 -+ QA2 ) Y2

Ap1 Ap2 - Qpn Tn Yn
N—— ——

A X b

7.5 Method 1: Inverse Matrix Method

If A is an invertible matrix, solving Az = b gives:

A=A = [z=A"")

Example

Solve the system:

2e+y+2="7
3v—2y+4z=11

—r 44y —2z=1

In matrix form Az = b:

2 1 1 x 7
A=|3 —2 4|, X=|yl|, b=111
~1 4 -2 P 1

=12 2 10
Adj(A)=]1 6 -3 —9
6 -5 -7

—-12 6 6

A—l Ad.] (A) -1

“ A 12| 2 3P



7.6. Method 2: Cramer’s Method

x (126 6N (T 1
=A% = |y :% 2 -3 —5||11]|=]2
2 10 -9 -7/ \1 3

(l‘, Y, Z) = (1? 2, 3)

7.6 Method 2: Cramer’s Method

General 3-Variable System

Given:
ar +by+cz=d
dr+by+dz=d
a/lx+b//y+cllz — d//

The determinant of the system is:

a b c
A=ld Vv ¢
CL” b// C//

If A # 0, the system has a unique solution:

d b c a d c a b d

A, L Ay 1 A, 1
r= =45 v, y:K:Z“, d |, Z:K:KG' v d
d// b// Cl/ a// d// c// a// b// d//

General 2-Variable System

Given:
axr +by =c
adr+by=<
b
A=|" Tl=at —a'b
a v
If A #0:
A, 1]lc b A, 1la c
T=—F = ) Y=~ —=x
A Al vy A Al ¢
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Example 1 (2 variables)

20 +3y =5
—x+4y = =8
5 3 2 5)
A -8 4 A -1 =8| —16+5
 TTA 11 YA 11 11
(-T,y) = (47_1)
Example 2 (3 variables)
2e+y+2="7
3r—2y+4z=11
—r 44y —2z=1
2 1
A=|3 —2 4|=-12#0
-1 4 =2
7 1 1
e T
rT = — = J— = =
A —12 —12
1 4 =2
A 2 7 1 04
==Y A, = =24, y=——=2
N y 3 11 4 Y= T
-1 1 =2
A 2 1 7 %6
z A 3 2 11 , Z 1
-1 4 1

7.7 Method 3: Gauss (Row Elimination) Method

The idea is to reduce the augmented matrix to row-echelon form.
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Example 1

20 +y+2="7

v — 2y +4z=11

—r 44y —2z=1
Augmented matrix and row operations:

2 1 1 7 2 1

R2+-3R1—2R2, R3<R1+2R3
3 -2 4 11 > |0 7

-1 4 =2 1 09

21 1 7
07 =5 -1
0 0 =24 72

R3<9Ro—T7R3
_—>

Back substitution:

—72 —1+15
227:3, yziz

9 _
“o4  *

(z,9,2) = (1,2,3)

Example 2 — Infinitely Many Solutions

r+y+z=0
20 — 3y +42=0
4dr — 11y + 102 =0

1 1 1 0 1 1 1 0
9 _3 4 0 R2+2R1—Ro, R3<—4R1—R3\ O 5 _9 O Rz«
4 —11 10 O 0 15 -6 0

This gives by = 2z. Setting z = t:

(x,y,2) = (—gt, %t, t) , teR

7.8 Series 3 Solutions — Diagonalization

7 2

1 7

5 —1

_3 9

3

1
11

5% 1o 5
05

1 0
-2 0
-2 0
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Exercise 1

1 4
or( )

Eigenvalues: \; = —1, Ay =5
Eigenvectors: vy = (—2,1), v = (1,1)

B ~1 0 —2 1
P'AP =D = ,  P=
0 5 11

-1 13 0
2)A=(1 2 o0
5 -3 -1
Eigenvalues: \y = —4, Ay = —1, A3 =5
Eigenvectors: v; = (—6,1,11), v, = (0,0,1), v3 = (3,1,2)

vy, U9, v3 are linearly independent, so:

—4 0 0 -6 0 3
Pl'AP=D=|0 -1 0], P=11 01
0 0 5 11 1 2

410
(38)A=10 4 1
00 4

A =4 is a repeated eigenvalue (algebraic multiplicity 3).
Only one eigenvector: v; = (1,0,0).

In this case, A cannot be diagonalised.

7.8.1 Series 3 — Exercise 01: System Solutions

System (I): 2 variables

—2x + 3y = -5
— (z,y) = (4,1)
dr —2y =14



7.8. Series 3 Solutions — Diagonalization 97

System (II): 3 variables

r+4y+z2=1
20+ 3y =0
dor +3y — 2= -2

Gauss method:

3 4 1 1 3 4 1 1 3 4 1 1
9 3 O 0 R2+2R1—3R2, R3+4R1 —3R3> 1 9 9 R3+T7R2+R3 O 1 9 9
4 3 -1 =2 0 7 7 10 0 0 21 24

Back substitution:

24 8 16/7—2 —2 1—4(—2/7)—8/7 -3
_=_° e S (R | — ==
z 91 7 Y ( ) 7 Z 3 7

Cramer’s method:

3 4 1
A= 0|=-7
—1
1 4 1
3 -3
0 3 0 r= =
-2 3 -1
3 1 1
-2 2
v=12 0 0 Y T
4 -2 -1
3 4 1 s 3
AZ: :—8:> :;:7
2 3 0 z =
4 3 =2

Inverse method: Az =b <— = A"1b
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7.8.2 Series 3 — Exercise 02
System (1): No Solution
3v+y—4z= -1

rz+ 10z =5

dr+y+6z=1

Augmented matrix:

31 —4 -1 1 0 10 5

10 10 5 | 2903 1 —4 -1

4 1 6 1 4 1 6 1
1 0 10 5 1 0 10 bt
DRI BRI Jo -1 34 —16 | S 10 1 34 —16
0 -1 34 -19 00 0 =3

The reduced system gives 0 = —3, which is a contradiction.

Hence the system has no solution.

System (2): Infinitely Many Solutions

—r+2y—z=—1

20 4+ 3y =2
y—2z=0
-1 2 -1 -1 1 -2 1 1
2 3 0 2|12 3 0 2
0O 1 -2 0 0O 1 -2 0
1 -2 1 1 1 -2 1 1
R3<«R3—2R1 O 1 _9 O R3<Ro+R3 0 1 _9 0
0O -1 2 0 0 0 0 0

Back substitution: let z = a € R:

y =2z = 2a, r=1-2y+z=1—-4da+a=1-3a
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Hence the system has infinitely many solutions:

(x,y,2) = (1 —3a, 2a, a), a€R

7.8.3 Series 3 — Exercise 03

(CL', yv zZ, t) = (17 3a 57 7)
4-variable System
201 + x9 + 23+ 224 =6

Ty — X+ 23+ 24 =06

41 + 3x9 + 33 — 314 = —1

2rx1 + 219 — 23+ 14 = 10

Augmented matrix and row reductions:

2 1 1 2 6 1 -1 1 2 6
1 1 1 2 6| pmen |2 1 1 2 6
4 3 3 -3 -1 4 3 3 -3 -1
2 2 -1 1 10 2 2 -1 1 10
1 -1 1 2 6
Ro<-2R1—Rg, R3«AR1—Rs, Ra«2R1—Rs |0 —3 0 3 6
o =71 11 2
0 -4 3 3 2

1 -1 1 2 6
0 -3 0 3 6
0O 0 -3 —-19 -33
0o 0 -9 3 -—18

R3+—TR2+4+3R3, R4<——4R2+3R4

2
3
4

6
6
11

1 -1 1 2 6 1 -1 1
Rs-3Rs, Rac3Rs |0 —3 0 3 6 Rat3RstRa 0 =30

0 0 -1 4 11 0 0 1

0 0 -3 1 6 0 0 0 13 39
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Back substitution:

39 6—9

T4 = E = 3, T3 = 11—4(3) = —1, T9 = —(— = 1, T = 6—|—ZE2—233—2£U4 = 6+1—|—1—6 =2

(.’,Ul, X2, X3, ZE4) = (27 17 _17 3)

7.9 Solved Exercises

Example 7.9.1. Solve the following system in four different ways (by substitution, by

Gaussian elimination, by inverting the coefficient matrix, and by Cramer’s formulas):

20 +y=1,
3r+ Ty = —2.

1) By substitution.

The first equation can also be written y = 1 — 2z. We now substitute y into the

second equation:

9
Br+T71—-22)=-2 < —llz =-9 < = —.

11
We deduce y:
9 7
=1-2(—)=——.
Y < 11> 11
. ) : 9 7
The solution of this system is therefore {11, —11}.
Do not forget to check that your solution works!
2) By the Gaussian pivot method.
Ry |22+4+y =1, 2 +y =1,
— 2R2—3R1— Ry
Ry |32 47y = —2. 11y = —7.
. . . 7
We obtain a triangular system, from which we deduce y = TR
And from the first row: z = 191

3) By the inverse matrix.
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In matrix form, the system is written: AX = B, with
2 1 x 1
A= , X = , B = )
37 Y —2
We find the solution of the system by inverting the matrix: X = A~!'B.

2
det A =
3

1
|:14—3:117é0.
7

The inverse of A is therefore

t
1 1 ({7 =3 1 (7 -1
A—l — t A —_ A_l = — .
det A M 11 (_1 92 ) ’ %0 11 <_3 9 )

Then
T 1 7T -1 1 1 9
X=A"'"B = - '
(y) 1 (_3 2) (_2) 1 (_7)

4) By Cramer’s formulas.

det A = 11 # 0, so Cramer’s formulas can be applied.

Cramer’s formulas for a system of two equations are:

1 1
o detd, O e )
T det A — det A 11’
det A,
Y7 Qet A 2 1
3 —2| -
Y= qetA ~ 11

Exercise 7.9.1. Let the following system be given:

3 — 2y +4z = -7,
br + Ty — 3z = 16,

r+y—z=6.

1. Write the matrix A associated with this system.
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2. Compute A2

3. Compute det A by expanding the determinant of the matrix A along the first

row.
4. Compute det A using Sarrus’s rule.

5. Determine whether Cramer’s method is applicable to solve the given system of

equations. If so, solve the system.

Solution.
3 — 2y +4z = —T,
ox + Ty — 3z = 16,
r+y—z=06.
1)
3 =2 4
A=15 7 =3
1 1 -1
2)
3 -2 4 3 -2 4 3 —-16 14
A2=15 7 =3||5 7 -3|=|47 36 2
1 1 -1 1 1 -1 7T -4 2
3)
3 =2 4
7 -3 5 —3 5 7
detA=1|5 7 —-3=3 + 2 +4 = —24.
1 -1 1 -1 1 1
1 1 -1
Exam 1

Exercise 7.9.2. Let be linear map f : R* — R? f(x,y,2) = (3z +2y — 2z, —v + 2,
T +y)

1) Give Ker(f), is f injective

2) Give dim Im(f), is f surjective

3) Find the matrix M associated the linear map f in the canonical (standards)
basics B = {ey, ez, e3}

4) Let é, = (1,—1,0), é = (0,1,0), é, = (2,—1,1)

- Show that B = {éy,é,,é3} is a basis of R?
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- Find the matrix M associated the linear map f in the basics B.

3 0 -2
Exercise 7.9.3. Let the matrix P=| 2 1 -2
4 0 -3

1) Calculate P?. Show that P is invertible and find P~! (without calculation) .
2) Determine the characteristic polynomial of (P).
Deduce that 1 and —1 are eigenvalues of (P).

Determine the eigenvectors of (P).

Exercise 7.9.4. Let be the following system (S,,) of linear equations

mr—y+z=m
r—my+z=1 ... (Sm), meR
2e+y+z=1

1) Show that the determinent of cramer for (S,,) is : A =m(1 —m)
2) Solve the system (.S3) by Cramer method for m = 2.

Exam 2

Exercise 7.9.5. exercise 1

Let (S) be the following system:
2v +y =9,
r—y=1.

1. Write the system (S) in matrix form AX = B.

2. Compute each of the following for the matrix A: Trace, transpose, rank, and

inverse.

3. Solve the system (.S) using Cramer’s rule.

Exercise 7.9.6. Let F be a subset of R? defined by

F:{(x,y,z)eR?’; 2x+3y—z:0}.
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1. Show that F is a vector subspace of R?.

2. Determine a basis of F'. What is its dimension?

Exercise 7.9.7. Let the linear map f : R* — R? be defined by

flz,y,2) =(2x —y+2z o+y—2).
1. Determine ker(f) and dim Im(f).
2. Study the injectivity and surjectivity of f.
3. Find the matrix M associeted f with respect to the standard bases of R? and R2.
4. Let
B={By=(1,0,0),B,=(1,1,0),Bs = (1,1,1)} and B={B =(1,1),B = (1,-1)}

(a) Prove that B is a basis for R® and B is a basis for R2,

(b) Determine the matrix M associeted f with respect to the bases B and B.
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This handout presents the core topics of Algebra taught in the first year of university
studies in Science and Technology programmes (Licence and Engineer). It is designed
to provide students with a rigorous yet accessible introduction to the fundamental
structures of modern mathematics.

Topics Covered

Chapter 1 Sets, Relations and Applications

Chapter 2 Complex Numbers

Chapter 3 Vector Spaces

Chapter 4 Linear Maps

Chapter 5 Matrices, Associated Matrices, and Determinants
Chapter 6 Réduction des matrices

Chapter 7 Systems of Linear Equations
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