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Abstract

The main goal of this thesis is to investigate different kinds of
bifurcations in some 2-D Zeraoulia-Sprott chaotic discrete
mappings. It exoplores the normal form of these systems, the
various Kinds of bifurcations, and the conditions under which they
occur. the study also inverstigates chaos and bifurcation
phenomena in both the modified Lozi and Logistic systems
highlighting the main characteristics of each system.

Keywords: Chaos and bifurcations, 2-D discret map, normal form,
fixed points.
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Resumé

Cette recherche se concentre sur I'analyse des formes de
paradoxes dans les systemes dynamiques discrets de dimension
deux a travers les modeles chaotiques Zeraoulia-Sprott. Il examine
la forme normale de ces systemes, les différentes types de
bifurcations et des conditions qui y sont associées,l’étude explore
le chaos ainsi que les phénomeéne de bifurcations dans le modéle de
Lozi modifié et dans un systeme modifié dérivé de I’application
logistique, en mettant en évidence les principales caractéristiques de
chacun de ces systemes.

Mots-clés :Chaos et bifurcations, systeme discret 2-D, forme normale,
point fixe .
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’ General Introduction \

Bifurcation theory and Chaos focus on the behavior of nonlinear dynamics, where small
changes in parameters can lead to drastic and unpredictable shifts. These systems are highly
sensitive to initial conditions, making their long term behavior difficult to predict.In this context,
our study explores certain types of bifurcations in some Zeraoulia-Sprott maps,which exhibit
rich chaotic characteristics and allow for a detailed analysis of transitions between dynamical
states. The foundational work of Edward Lorenz and Henri Poincaré laid the groundwork for
understanding these complex phenomena and opened new directions in the study of nonlinear
dynamics.

We divide this thesis into three chapters as follows:

Chapter 1: Bifurcations of two-dimensional maps.

Chapter 2: Bifurcations and chaos in a piecewise Zeraoulia-Sprott mapping obtained from the
Lozi map.

Chapter 3: Bifurcations and chaos in a 2-D modulated smooth map obtained from the logistic

map.




Chapter 1
Bifurcations of two-dimensional maps

In this section, it has been established that, upon the occurrence of a parameter change, the resul-
tant eigenvalues of the Jacobian matrix are of unit modulus. Consequently, the aforementioned

methodology may be employed in the investigation of the bifurcation of two-dimensional maps.

1.1 Two-dimontional piecewise smooth maps

Let’s define a 2-D piecewise smooth system as follows:

( o~ o~
g = < fl(f’%m ) if 2<S(@,p).
f2<x7y7:0>

9(@,y,p) = (1.1

g — ( f1(@,5,p) ) if 2> S ().
K f2<x7y>p)

Where p is the bifurcation parameter. The smooth curve ¥ = S (¥, p) create two regions in the

phase plane R, and Ry given by:
RL = {(f’@\) € RQ: 57\< S(@\HO) }
Rp={(2.9) €R%, 7> S(7,p) }.
and the line separating them as:
2= {(/(L'\,/y\) € RQ: T = S(@\ap) }

Some characteristics:



Chapter 1. Bifurcations of two-dimensional maps

Despite the continuous nature of the map ¢, its derivation breaks at the borderline z =
S(@.p)

Both ¢; and ¢, are continuous functions with continuous derivatives.

The one-sided partial derivatives close to the border in each subregion R, and Ry are finite.

For a value p* of the parameter p, the map (1.1) has one fixed point in R, and one fixed

point in Rp.

The normal form of system: The system (1.1) has the normal form (See [2]) given by:

T1 1 X 1 .
50 + 0 w, if x <0
! Y (1.2)
T9 1 T 1 .
+ w, if >0,

Where . is a parameter, and 7,5, 0, are the traces and determinants of the corresponding

N (z,y) =

matrices of the linearized map in the two subregion R; and Ry given by:

Rr={(z,y) eR%, z<0}.
Rr={(z,y) eR*, x>0}.

The fixed points and their types: Let P, and Py be the possible fixed points of the system near
the border to the right (z < S (7, p)) and the left (z > S (¥, p)) of the border respectively. Then in

the normal form (1.2) we have:

— M —opp
PL 7 (1—TL+5L’ 1—TL+5L> € RL’

PR:< L —OLp )eRR.

1-Tr+dR’ 1-TR+6R

With eigenvalues A;, , and Ag, , respectively. See Figure(1.1) and see [2].

1.2 Border collision bifurcations

Because our study of these bifurcations in this dimension is limited to the classification of fixed
points under the two conditions |6,| < 1 and |0g| < 1, the border collision bifurcations can be
obtained by different combinations of the values 7, 7, d;, and 0 as they are varied through zero.
Consequently, the following are the possible fixed point types for the normal form map in Figure
(1.2) (For more informations see [2] and [5]):

(1) For positive determinant:

1.2. Border collision bifurcations
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Figure 1.1: The translation of parameters to their normal form from a 2-D piecewise smooth

map.

LA
"

3
I
k -|
{
/
-
[*]

(8]
-

Figure 1.2: The parameter space is divided into areas that exhibit similar qualitative features.

(1.a) For 2v/6 < 7 < 1+ 6 then the Jacobian matrix has two real eigenvalues 0 < Ay, Aoy < 1

and the fixed point is a regular attractor.
(1.b) For 7 > 1 + ¢ then the Jacobian matrix has two real eigenvalues 0 < A\;; < 1, Ao, > 1 and

the fixed point is a regular saddle.
(1.c) For —(1+6) < 7 < —2V/¢ then the Jacobian matrix has two real eigenvalues —1 <

Mz, A2z < 0 and the fixed point is a flip attractor.
(1.d) For 7 < — (1 + §) then the Jacobian matrix has two real eigenvalues —1 < \;;, < 0, X <0

and the fixed point is a flip saddle.
(1.e) For 0 < 7 < 2+/4 then the Jacobian matrix has two complex eigenvalues |\ |, | A2z < 1 and

the fixed point is a clockwise spiral.

1.2. Border collision bifurcations [
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(1.g) For —2v/6 < 7 < 0 then the Jacobian matrix has two complex eigenvalues |\ |, [\sz| < 1
and the fixed point is a counter-clockwise spiral.

(2) For negative determinant:

(2.a) For — (1 +0) < 7 < 1+ 9 then the Jacobian matrix has two real eigenvalues —1 < A\, <
0,0 < Ayr < 1 and the fixed point is a flip attractor.

(2.b) For 7 > 1 + ¢ then the Jacobian matrix has two real eigenvalues \;;, > 1,—1 < Aoy, < 0 and
the fixed point is a flip saddle.

(2.¢) For 7 < — (14 6) then the Jacobian matrix has two real eigenvalues 0 < A\;;, < 1,y <
—1 and the fixed point is a flip saddle. See Figure (1.3)(see [2]).

[ |\ Tnefixed pointis a fiip saddie If
) T <(l+4)

[' S The ﬂ_;ed peintis a flip attractor if
' (1+d8)cT <28

/" | €% Thefixed point is a spiral attractor if
g ] 2V <1< 2v8

Pl B The fixed point is a regular attractor if
15— 2v'8 <1<(1+d)

% The fixed point is a regular saddie if
o T

Figure 1.3: The fixed point types of the normal form.

1.2. Border collision bifurcations



Chapter 2

Bifurcations and chaos in a piecewise

Zeraoulia-Sprott mapping

This chapter will cover bifurcations and chaos in a spatial 2-D mapping (a modified Lozi system),

also some of its properties characteristics, fixed points are given.

2.1 Existence of fixed points and their stability

The two-dimensional iterative non-reversible map proposed by Lozi is given by:

and its achaotic attractor is shown in Figure (2.1). This type of application is used in secure
communications using the concepts of chaos. See [3]. In this section, we will mainly study the

modified Lozi map given by:
fzy)=(1+a(jz] —y°) +y,bx),aand b € R.

The study in this section is about a new two dimensional discrete quadratic attractor and we
describe the map, its fixed points and its bifurcations. We show numerically that the model (2.2)
can display two different chaotic attractors, including the classical Lozi type attractor as shown
in Figure (2.1) and Figure (2.2).

Comparison with the Lozi system:

a) Both systems are complex.

b) They are both 2-D discrete noninvertible maps.

However, the two models are topologically not equivalent because the Lozi system (2.1) is a

piecewise-linear map, but model (2.2) is a nonlinear system. In addition, it can be rigorously

8



Chapter 2. Bifurcations and chaos in a piecewise Zeraoulia-Sprott mapping

proved that a non-singular homeomorphism that transforms each system to other does not exist.
The proof needed some straightforward but tedious algebra which leads to a system of algebraic

equations without solutions (See [5]).

Figure 2.2: The Lozi chaotic attractor after modification obtained for a = 1.4, = 0.3.

The fixed points: Two regions were constructed on the map: D; and D, given by:

Dy ={(z,y) eR?: 2 > 0}.
Dy = {(z,y) e R? : x < 0}.

2.1. Existence of fixed points and their stability ]
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So that the map can be rewritten as follow:

1+a(x—y®) +y, if (z,y) € Dy
flxy) =1 1—a(x+y?) +y, if (z,y) € Dy (2.2)
bx

The fixed point are given by:

1+a(x—vy*) +y,if (z,y) € Dy T
fay) =@y e flzy) =] 1-al@+y®) +yif (x,y) €Dy | = 23 (2.3)
bx Y

By substitution for x € D;; we get

l+a(z—y)+y=u2 N l+a(x—02?)+brz=2x
br =y br =y

& —ab’2’+(a+b—1)2x+1=0

We have A = (a +b— 1)2 + 4ab?. If A < 0 then the map (2.2) has not fixed points (See[7]). If
A>0e (a+b—17+4ab*>0and (a+b—1)>>0 = 4ab* >0=a > 0, and b > 0.

_ —(at+b—1)— }/(a+b—1)*+4ab? _ (a+b=1)+ 3/ (a+b—1)*+4ab?
Ty = —2ab? I = 2ab? >0
~
_ —(at+b—1)+ 1/ (a+b—1)*+4ab? _ (atb—1)— 3/ (at+b—1)*+4ab?
T2 = —2ab? T2 = 2ab? <0
+b—1)+ 3/ (a+b—1)%+4ab?
So gy = attl) 2&;)2 J7Hab® and

pi(z,y) = pi(a1,ba1)
(a+b—1)+\2/(a+b—1)2+4ab2 (a+b—1)+</(a+b—1)2+4ab2
2ab? ’ 2ab

We have on other hand,

l—a(z+y)+y=2z N l—a(z+b2?) +br =2
br =y br =y

& —ab’r’+(b—a—-1)z+1=0

We have A = (b —a — 1)* + 4ab? If A < 0 then, no solutions exists. If A > 0 and (b — a — 1)* >
0 = 4ab®* > 0= a,b>0.

—(b—a—1)— 3/ (b—a—1)>+4ab? (b—a—1)+ 3/ (b—a—1)>+4ab?
T = —2ab? Ty = 2ab? >0
&
—(b—a—1)+ 3/ (b—a—1)>+4ab? (b—a—1)— ¥/ (b—a—1)>+4ab?
T2 = b T2 = 2ab? <0

2.1. Existence of fixed points and their stability
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. (b— 2/(— v
Let z € Dy s0 2 < 0. So we find z, = =¢=1= a=1)”+4a

2ab?

p2(7,y) = pa2(22,bx2)
(b—a—1)={/(b—a—17°+4a? (b—a—1)—{/(b—a—1)°+dal?
2ab? ’ 2ab

Finally, the piesewise smooth map (2.2) has two simultaneous fixed points defined for a > 0 and
b>0as P1 = (CL’l,bel) c D1 and P2 = (I‘Q,bl’z) S DQ, i.e,

p (a+b D+ %/ (a+b—1) +4ab2 (a+b—1)+ 3/ (a+b— 1)2+4ab2)
l p—

2ab? 2ab

2.4)

jo (b a—1)—3/(b—a—1) +4ab2 (b—a—1)— \/zsba 1) +4ab2)

2ab?

with eigenvalues )\, » and w; 5 respectively. The Jacobian matrix of the map (2.2) evaluated at a

point (z,y) in the region D; is given by:

a —2ay—+1
Ji (z,y) = (2.5)
1(2,9) < b 0 )
and at a point (z,y) in the region D, the Jacobian matrix is given by:
—a —2ay+1
Jo (2,y) = ( . ) (2.6)

Thus, at P, one has:

(a+b—1)+ }/ (a+b—1)>+4ab?

Jl (Pl) = Jl (ZL’l, b[L’1> = Z b

+1
0

The eigenvalues of J; (P,) are:

a+ %/a2+4 <a+2b—1+ 3/ (a+b—1)2+4ab2>

A = 5
2.7)
a— 2 a2+4(a+2b—1+ 3/ (a+b—1)2+4ab?
o o ot o)
witha,b>0anda+2b—1>0=a+2b>1=0a>1-2b>0=b< 3, and at P, one has:
(b—a—1)— 3/ (b—a—1)%+4ab?
—a +1
Jo (P2) = b (2.8)

b 0

2.1. Existence of fixed points and their stability
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The eigenvalues of .J; (P,) are:

—a— §/a2+4 (2b7a717 3 (b7a71)2+4ab2>
W1 = 3

(2.9)

—at §/a2+4 (2b—a—1— 3/ (b—a—1)%+4ab2
2

Wo =

with a,b > 0and b > 3.
The normal form: In the case of two-dimensional piecewise smooth maps, it is possible to choose
an appropriate coordinate transformation, so that the choice of axis is independent of the para-

meter. In so doing, the normal form of map (2.2) is given by:

71 1 T 1 .
( 5 )( )—i—( ),u,1fa:<0,
N (z,y) = 00/ ’ (2.10)
(EN v + 1 ifz>0
—8y 0 Y 0 )" '

Where 1 is a parameter, and 7, 2, §; » are the traces and determinants of the corresponding matri-

ces of the linearized map in the two subregion D; and D, evaluated at P; and P; respectively. By

a 1 T 1 .
(b—2ab 0)( >+<0>“’M<0
N (z,y) = . Y . 5 X (2.11)
( )( )—i—( ),u,ifx>(),
b—2aby 0 Y 0

where, Jo; = lim £ f5(z,y,0) =b=0, so:

z—0,y—0

substitution we find:

( .
Jin=T1 =4

Juu =T = —a (2.12)

| ju=0i=d=1b

Then, the normal form of map (2.2) is given as follow:

a 1 T 1 .
(b())( >+<0>u,1fx<0
N(wy)=¢ ‘l; 1 (2.13)
( )( >—|—( )u,ifx>0,
b 0 Y 0

2.1. Existence of fixed points and their stability
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2.2 The types of fixed points of the normal form
(1) For positive determinant:

We have that from (2.15): 71 = a, 79 = —a,0; = 6, = b and from (2.10):

a+ </a2 +4 <a+2b—1+ 3/ (a+b— 1)2+4ab2>

/\1 - p)
a— i/a2+4 <a+2b71+ 3/ (a+b71)2+4ab2>
A2 = 5

and from (2.12):

—a— i/a2+4(2b—a—1— 3 (b—a—1)2+4ab2)
w1 = 3

—a+ §/a2+4<2b—a—1— 3 (b—a—1)2+4ab2)
2

Wo =

All forms of bifurcation are possible if: \;, existe if a,b > 0 and b < 2l that is from (2.10)
and w, » existe if a,b > 0 and b > 7 that is from (2.12).

(1.a) For 2v/6 < 7 < (1 + 6), then the Jacobian matrix has two real eigenvalues 0 < A\, A, < 1

and the fixed point is a regular attractor.

For P;: Let us consider the following conditions:
1).2v0 <7< (1+9).

2) )\1,)\2ERibe—1>aand0<)\1,)\g<1.
2\2/5_1<’7'1<<1+(51)I

If a >0b,then7; =a>b,and a > b+ 1, so P, is not a regular attractor.
Ifa < b, then 7y =a < b+1and a < 2V, so P, is a not regular attractor.
For P, : Let us consider the following conditions:

1). 2v0 <7 < (1+9).

2). wi,wy ERIf20—1>aand 0 < wy,wsy < 1.
2\2/(5_2<T2<<1—|—(52>Z

T9 = —a < b+ 1 and since a,b > 0 then —a < 2+v/d,. So P, is not a regular attractor over the

previous conditions.

2.2, The types of fixed points of the normal form
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(1,b) For 7 > 1+ 4, then the Jacobian matrix has two real eigenvalues 0 < A\; < 1, Ay > 1 and the
fixed point is a regular saddle.

For P;: Let us consider the following conditions:

3). 7>1+40.

4). MpeRand 0 < A\ <1,A > 1.

71 >1+67:

If a < b,then 7y = a < b+ 1,s0 P, is not a regular saddle.

If a > bthen 7y = a > b+ 1 equivalent to 7 > 1 + 0; then P; is not a regular saddle.
For P,: Let us consider the following conditions:

3. 7>14+6.

4). wipeRand 0 < wy < 1wy > 1.

Since a,b > 0and 7 = —a < 1+ b < 1+ 4, then P, is not a regular saddle.

(1.c) For —(1+6) < 7 < —2v/4, then the Jacobian matrix has two real eigenvalues —1 <
A1, A2 < 0 and the fixed point is a flip attractor.

For P;: Let us consider the following conditions:

5. —(1+0) <7< —2v6

6). M2 € Rand —1 < A\, A2 < 0.

—(146)) <711 < —2V4,.

Ti=a

If a < b implies 7, > — (1 + &) but a > —2+/3 so P, is not a flip attractor.

If a > b implies 7, > —(1 + &) but a > —2+/d but a > —2+/5 so P, is not a flip attractor.
For P,: Let us consider the following conditions:

5). —(1+0) <7< —20.

6). w12 € Rand —1 < wy,wq < 0.

Ty = —a < bthen —a < b+ 1507, > —(1+6), but 7 > —2+v/4. So P, is not a flip attractor.

(1,d) For 7 < — (14 ¢), then the Jacobian matrix has two real eigenvalues —1 < \; < 0,y < —1
and the fixed point is a flip saddle.

For P;: Let us consider the following conditions:

7). T<—(1+9).

8). M2 eRand -1 < A\ <0, < —1.

71 < —(146):

If @ > b implies that « > — (1 + b) so P, is a not flip saddle.

2.2, The types of fixed points of the normal form
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If a < bimplies 7; > — (1 + §) so P, is a not flip saddle.

For P,: Let us consider the following conditions:

7). T<—(1+49).

8). wig € Rand —1 <w; < 0,wy < —1.

7o = —a we have a,b > 0 then —a < b, 79 > — (14 ). So P; is not a flip saddle under the

previous conditions.

(1,e) For 0 < 7 < 2v/4, then the Jacobian matrix has two complex eigenvalues |\,|, |\s| < 1 and
the fixed point is a clockwise spiral.

For P;: Let us consider the following conditions:

9). 0 <7 <2Vdifa< V0.

10). \j2 € Cif a®* +4a+8b—4 > 0. and ||, |N2] < 1.
|A1] < 1if:

e 2—-a<0,2—2a—2b<0and —3a% — 3b® + 4ab?® — 6ab + 6a + 6b — 3 < 0.

e 2+4+a<0,2b—2<0and a®— 3b* + 4ab® + 2ab + 6b — 2a — 3 > 0.
|Ao| < 1if:

e a—2<0,a+b<0, —3a%— 3b* + 4ab® — 6ab — 2a — 2b+ 1 > 0.

e 2+a<0,2—2b<0anda®— 3b® + 4ab® + 2ab — 2a + 6b — 3 < 0.

Lemma 2.1 If (9),(10) holds true, then P; is a clockwise spiral.

Proof. 9) 0 < 71 < 2¥6;.
71 =aifa>0and a < V6 then a < 2v/6 and 79 < 2V/4.
10) \jo € Cif a®*+4a+8b—4 > 0.

a) A1 2 € C. We have:

a+</a2+4(a—|—2b—1+f/(a+b—1)2—|—4ab2>

/\1 - 9 )
a—\2/a2—|—4<a+2b—1+i/(a+b—1)2—|—4ab2)
)\2 - 2 .

\/a2+4(a—|—2b—1+</(a+b—1)2+4ab2> < 0.

2.2, The types of fixed points of the normal form
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If
a2+4(a+2b—1+f/(a+b—1)2+4abz> < 0.
4
f/(a+b—1)2+4ab2 < _aletd o
4
4 2
(a+b—1)"+4ab® < (—a(a: )—2b+1) <0
Then
4 2 4 ’ 4 i
(_a<a+ >_2b+1) :_(MHH) :iz(mw_l) |
4 4 4
and
4
%mbq > 0.
thena® +4a+8 —4 > 0.
b) |>\1|,|>\2|<12

M| <1 ift 24+a<0,20—2<0and a? — 3b* + 4ab* + 2ab + 6b — 2a — 3 > 0.
Then we have:

a+ f/aﬁ +4 (a+2b— 14+ 3/ (a+b—1)2+4ab2)

2 )

a— %/a2+4 <a+2b—1+ 3/ (a+b—1)2+4ab2)

2

A=

Ay =
M| <Tif—1< XA <1:

§/a2+4(a+2b—1+</(a+b—1)2+4ab2> <2-—a

If a < 2 then 2 — a < 0 thus we get:

a2+4(a—|—2b—1+i/(a+b—1)2+4ab2> < (2—a).

\2/(a+b—1)2+4ab2 < 2—2b-—2a.
Then (a + b — 1)* 4 4ab® — (2 — 2b — 2a)* < 0, i.e.,

(a+b—1)"+4ab* — (2 — 2b — 2a)®
= (a+b—1-2+2b+2a)(a+b—1+2—2b—2a)+ 4ab’.
= (3a+3b—3)(1—a—b)+ 4ab>.
= 3a —3a®> — 3ab+ 3b — 3ab — 3b* — 3 + 3a + 3b + 4ab®.
= —3a® — 3b* + 4ab® — 6ab + 6a + 6b — 3.

2.2, The types of fixed points of the normal form
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that is,
—3a® — 30 + 4ab® — 6ab + 6a + 6b — 3 < 0.
We have:
a+§/a2+4(a+2b—1+f/(a+b—1)2+4ab2>
)\1: 5 > —1.
Then
§/a2+4(a+2b—1—|—i/(a+b—1)2—|—4ab2> > —2—a.
a2+4(a+2b—1+{’/(a+b—1)2+4ab2)—(2+a)2 > 0.
2b—2+§/(a+b—1)2+4a62 > 0.
(a+b—1)"+4ab®* — (20 —2)> > 0.
Hence,
(a+b—1)"+ 4ab® — (20 — 2)°
= (a+b—1+2b—2)(a+b—1—2b+2)+ 4ab’.
= (a+3b—3)(a—b+1)+dab’.
= a®>—ab+a+3ab—3b°+3b—3a+3b— 3+ 4ab’.
= a? — 3b% + 4ab® + 2ab + 6b — 2a — 3.
That is,

a®? — 3b% + 4ab® + 2ab + 6b — 2a — 3 > 0.

Aol < 1if: a—2<0,a+b<0and —3a® — 3b* +4ab* — 6ab—2a—2b+1>0,2+a < 0,2—2b <0
and a? — 3b% 4 4ab? + 2ab — 2a + 6b — 3 < 0.

Aol <1:=1< A< 1:

Ay < 1if

\2/a2+4(a+26—1+\2/(a—|—b—1)2+4ab2) >a— 2.

2.2, The types of fixed points of the normal form
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Ay € Cifa —2 < 0, that is, \2/(@+b—1)2+4a62 > —2a—2band a+b < 0and (a+b—1)° +

4ab? — (2a + 2b)* > 0.

(a+b—1)" + 4ab® — (2a + 2b)
= (a+b—1+2a+2b)(a+b—1—2a— 2b)+ 4ab>.
= (3a+3b—1)(—a—0b— 1)+ 4ab®.
= —3a* —3ab—3a — 3ab— 3b> — 3b. +a + b+ 1 + 4ab®.
= —3a® — 3b* + 4ab® — 6ab — 2a — 2b + 1.

Hence,
—3a% — 3b% + 4ab® — 6ab — 2a — 2b+ 1 > 0.

a—</a2+4(a+2b—1+§/(a+b—1)2+4ab2)

2

</a2+4<a—|—2b—1+</(a+b—1)2+4a1)2> < 2+a.

> —1.

a2—|—4(a—|—2b—1+\2/(a+b—1)2+4ab2) —(24a)? < 0.

a2+4<a+zb—1+f/(a+b—1)2+4ab2) —(2+a)2:8b—8+4€/(a+b—1)2+4ab2

We find

i/(a+b—1)2+4ab2<2—2b.

(a+b—1)"+4ab®> — (2207 = (a+b—1+2—2b)(a+b—1—2+ 2b) + 4ab’.
= (a—b+1)(a+3b—3)+dab*.
= a®>+3ab—3a—ab— 3> +3b+a+ 3b— 3+ 4ab®.
= a% — 3b® + 4ab® + 2ab — 2a + 6b — 3.

That is,

a® — 3b + 4ab® + 2ab — 2a + 6b — 3 < 0.
||
T1 =04

Ifa > 0 and if a > v/b then a > 2v/6 and 7, > 2v/6,s0 P, is not a clockwise spiral.

2.2.  The types of fixed points of the normal form
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For P,: Let us consider the following conditions:
9). 0 <7 < 2V0.

10). wy2 € Cand |wy|, Jwe| < 1.

We have: —a < 0and 79 = —a < 2v/4 .

P, is not a clockwise spiral under the previous conditions.

(1,8) For —2v/0 < 7 < 0, then the Jacobian matrix has two complex eigenvalues |\y|, [\o| < 1

and the fixed point is a counter-clockwise spiral.

For P;: Let us consider the following conditions:

1D. 2V <7 <0.

12). Aj2 € Cand |\y|, || < 1.

—2¥6, <11 < 0.

71 =a>0and a > —2v/4. So P, is not a counter-clockwise spiral.

For P;: Let us consider the following conditions:

1D). —2v6 <7 <0,

12). w12 € Cand |wy|, |we| < 1.

—2v/0 <7 <0.

To=—a:

If o > bthen —a < —2+v/0 so P, is not a counter-clockwise spiral.

If a < bthen —a > —2v/6 so P, is not a counter-clockwise spiral.

So, P, is not a counter-clockwise spiral under the previous conditions.

(2) For negative determinant:

(2,a) For — (1+0) <7 < (14 90), then the Jacobian matrix has two real eigenvalues —1 < \; <
0,0 < Ay < 1 and the fixed point is a flip attractor.

For P;: Let us consider the following conditions:
13). —(1+61) <7m1<(1+6)ifa<bd.

14). o e Rand —1 <)\ <0,0 <A < 1.
—1< M <O0:

e \y>—1if 24+ a>0and 2 —2b > 0and a® — 3b> + 2ab — 2a + 6b + 4ab? — 3 < 0.

e )\ <0if 1 —a—2b>0and2b— 30> — 2ab + 4ab® < 0.

0< X< 1:

2.2, The types of fixed points of the normal form
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e 0 < \if 1 —a—2b>0and 2b— 2ab— 3b* + 4ab? < 0.

o \y<lifa—2>0and?2—2a—2b>0and —3a® — 3b? + 4ab> — 6ab + 6a + 6b — 3 > 0.

Lemma 2.2 If (13),(14) holds true, then P is a flip attractor.

Proof. 13) —(1+61) <71 < (14 64) :

T1 =a,if a < b, implies a < b+ 1 and a > — (1 + b) equivalent to — (1 + Js) < 71 < (1 + 7).
14)

a) M2 eR:

b) —1< XA <0,0< ) <1.

1< X\ <0:

A > —11if 24+a>0and 2 —2b> 0and a® — 3b> + 2ab — 2a + 6b + 4ab® — 3 < 0

A <0if 1—a—2b>0and 2b— 3b* — 2ab + 4ab* < 0.

A < 0if

a—l—\2/(12—1-4(@—1-26—1—1-\2/(a+b—1)2+4ab2) < 0.

\2/a2+4<a+2b—1+\2/(a+b—1)2—|—4ab2) < —a.

\2/(a—|—b—1)2+4ab2 < 1l—a—2b.

Ifl—a—2b<0thenb>“T“and)\l20.Hence,ifl—a—2b>0then)\1<0andweget:

(a+b—1)°+4ab* — (1 —a —2b)* < 0.

(a+b—1)%+4ab?* — (1 — a — 2b)°
= (a+b—1—-1+a+2b)(a+b—1+1—a—2b)+ dab’.
= 2b—3b* — 2ab + 4ab®.
That is,
20 — 3b* — 2ab + 4ab* < 0.

</a2+4(a—|—2b—1+f/(a+b—1)2+4a62) <2+a.

2.2, The types of fixed points of the normal form
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If 2< —athen2+a < 0and A\ < 1. Hence, if 2 > —a then 2 + a > 0 and thus, we get:

a2+4(a+2b—1+ﬁ/(a+b—1)2+4ab2> —(2+a) < 0.

4a+86—4+4</(a+b—1)2+4ab2—4—4a < 0.

Le,

f/(a+b—1)2+4ab2<2—25.

If2—2b<0then1 < band \; < 1. Hence,if 1 > b then 2 — 2b > 0 and thus, we get:

(a+b—1)" +4ab®* — (2 — 2b)* < 0.

(a+b—1)"+4ab®> — (2—-20)° = (a+b—1+2—2b)(a+b—1—2+ 2b)+ 4ab®.
= (1+a—0)(a+3b—3)+4ab*.
= a+3b—3+a®+3ab— 3a — ab— 3b* + 3b + 4ab”.
= a® — 3b* + 2ab — 2a + 6b + 4ab* — 3.

That is,
a?® — 3b% + 2ab — 2a + 6b + 4ab® — 3 < 0.

O0< A <1:
0< X if 1 —a—2b>0and2b— 2ab— 3b> + 4ab? < 0. Then

i/a2+4(a+2b—1+</(a+b—1)2+4ab2) < a.

If a > 0 then

a+2b—1+§/(a+b—1)2+4ab2 < 0.

i/(a+b—1)2+4ab2 < l—a—2b
If1—a—2b<0thenb> % and A\, < 0. Hence, if b < 5% then 1 —a —2b > 0 and thus, we get:
(a+b—1)"+4ab? — (1 —a—2b)* < 0.
ie,

(a+b—17+4ab®> —(1—a—20)° = (a+b—1+1—a—2b)(a+b—1—1+a+2b)+4ab®.
= 2b— 2ab — 3b% + 4ab.

2.2, The types of fixed points of the normal form
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that is,
2b — 2ab — 3b% + 4ab* < 0.

Now, \y < 1ifa—2 > 0and 2 — 2a — 2b > 0 and —3a? — 3b? + 4ab? — 6ab + 6a + 6b — 3 > 0. Then

\2/a2+4(a+26—1—|—</(a+b—1)2—|-4ab2) >a—2.

If a < 2thena—2 < 0and \; > 1. Hence, if a > 2 then a — 2 > 0 and thus, we get:

a2+4(a+26—1+f/(a+b—1)2+4ab2) —(a—2)*>0.

a2+4<a+2b—1+\2/(@+b—1)2+4ab2) —(a—2)2:8a+8b—8+4§/(a+b—1)2+4ab2.

ie,

f/(a+b—1)2+4ab2>2—2a—2b.

If2—-2a—-2b<0thenb>1—aand \s > 1.Hence, if b > 1 — a then 2 — 2a — 2b > 0 and thus, we
get:
(a+b—1)"+4ab?* — (2 — 2a — 2b)* > 0.

(a+b—1)"+4ab* — (2—2a—2b)> = (a+b—142—2a—2b)(a+b—1—2+ 2a+ 2b) + 4ab’.
= (1—a—10)(3a+3b—3)+ 4ab®.
= 3a+3b—3—3a®— 3ab+ 3a — 3ab — 3b* + 3b + 4ab’.
= —3a® — 3b* + 4ab® — 6ab + 6a + 6b — 3.

that is,
—3a% — 3b% + 4ab® — 6ab + 6a + 6b — 3 > 0.

T1 = a, if a > b, implies 7; > (14 ;) and a < — (1 +b) so P, is not a flip attractor under the
previous conditions.

For P,: Let us consider the following conditions:

13). —(1+4d) <7< (1+49).

14). wips e Rand -1 <w; < 0,0 <wy < 1.

o —I<w;<0:

wp < 01if 2b—a—1>0and —3b% + 2ab + 2b < 0.
w; > —1if2—a>0and 2b—2 > 0and a® — 3b*> — 2ab + 6b + 2a + 4ab®> — 3 > 0.

2.2, The types of fixed points of the normal form



Chapter 2. Bifurcations and chaos in a piecewise Zeraoulia-Sprott mapping

o D<wy<l:

wy > 01if 2b—a —1 > 0 and —3b% + 2ab + 2b + 4ab? < 0.
wy < 1if24+a>0and 20 —2a —2 > 0and —3a? — 3b> + 6ab — 6a + 6b + 4ab®> — 3 > 0.

Lemma 2.3 If (13),(14) holds true, then P, is a flip attractor.

Proof. 13) — (]_ + (52) < T < (]_ + 52) .
To = —a, —a <b+1land —a > — (b+ 1), equivalent to — (1 + ) < 75 < (1 +6).
14)

a) w2 € R.

b) -1<w; <0,0<wy <.

—1<w; <0:

wy < 0if 20 —a — 1> 0and —3b + 2ab + 2b < 0.
wyp < 0if

—a—\2/a2+4(26—a—1—i/(b—a—l)z—f—élabz) < 0.
\2/a2—|—4(26—a—1—i/(b—a—1)2+4ab2) > —a.

%b—a—1-{/(b—a—1)+4a? > 0.

\2/(b—a—1)2+4ab2 < 2b—a—-1.
If 20 —a—1 < 0 then b < ¢+ and wy > 0. Hence, if b > “X then 2b — a — 1 > 0 and thus, we get:
(b—a—1)>+4ab® — (20 —a —1)* < 0.
ie,

(b—a—172+4ab? —(2b—a-1)° = b—a—-14+20—a—1)(b—a—1—-2b+a+ 1)+ 4ab’.
= —3b° + 2ab + 2b.

that is,
—3b% + 2ab+ 2b < 0.

wy>—1if2—a>0and 2b—2 > 0 and a? — 3b> — 2ab + 6b + 2a + 4ab®> — 3 > 0.Then

\2/a2+4(2b—a—1—</(b—a—1)2—|—4ab?) <2—a.

2.2, The types of fixed points of the normal form
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If2<athen2—a < 0andw; < —1. Hence, if 2 > a then 2 — a > 0 and thus, we get:

a2—|—4(2b—a—1—i/(b—a—1)2+4ab2)—(2—a)2<0.

a2+4<2b—a—1—</(b—a—1)2+4ab2> —(2—a)2=8b—8—4\2/(b—a—1)2+4ab2.

8b—8—4§/<b—a—1)2+4ab2<o.

ie,

f/(b—a—1)2+4ab2>2b—2.

If b < 1then 20 — 2 < 0 and w; < —1. Hence, if b > 1 then 2b — 2 > 0 and thus, we get:

(b—a—1)"+4ab® — (20 — 2)* > 0.

(b—a—17+4ab®> — (20—2)° = (b—a—1—-20+2)(b—a— 1+ 2b—2)+ 4ab®.
= (1—a—"0b)(3b—a—3)+4ab® .
= 3b—a—3—3ab+a®+ 3a — 36 + ab + 3b + 4ab’.
= a® — 3b* — 2ab + 6b + 2a + 4ab® — 3.
that is,

a’® — 3b% — 2ab + 6b + 2a + 4ab®* — 3 > 0.

O0<wy<l:wy;>0if 26 —a —1 > 0and —3b% + 2ab + 2b + 4ab® < 0. Then

\2/a2+4<26—a—1—f/(b—a—1)2+4ab2> > a.

2b—a—1—§/(b—a—1)2+4ab2 > 0.

</(b—a—1)2+4ab2 < 2b—a-1.
If b < “t then 2b — a — 1 < 0 and w, < 0. Hence, if b > “** then 2b — a — 1 > 0 and thus we get:
(b—a—1)°+4ab®> — (2b—a—1)* < 0.
(b—a—172+4ab? —(2b—a—1)° = b—a—-14+20—a—1)(b—a—1—-2b+a+ 1)+ 4ab’.
= —3b% 4 2ab + 2b + 4ab®.

that is,
—3b% + 2ab + 2b + 4ab?® < 0.

2.2, The types of fixed points of the normal form
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we < 1if2+a>0and 2b —2a —2 > 0 and —3a? — 3b? + 6ab — 6a + 6b + 4ab®> — 3 > 0.

CUQ<lif
\2/a2+4<2b—a—1—\2/(b—a—1)2+4ab2> <2+a.

If 2 < —athen2+a < 0and ws,; > 1. Hence, if 2 > —a then 2 — a > 0 and thus we get:

a2—|—4<2b—a—1—f/(b—a—l)z—i—élab?) —(2+a)’

= 8b—8a—8—€/(b—a—1)2+4a62.

i.e,

f/(b—a—1)2+4ab2>2b—2a—2.

If b <1+ athen2b—2a—2 < 0and w, > 1. Hence, if b < 1 + a then 2b — 2a — 2 > 0 and thus we

get:
(b—a—1)"+4ab? — (2b — 2a — 2)* > 0.
i.e,
(b—a—1)"+4ab® — (2b — 2a — 2)°
= (b—a—1-2b+2a+2)(b—a—1+2b—2a—2)+ 4ab”.
= (a—b+1)(3b—3a— 3) + 4ab.
= 3ab— 3a* — 3a — 3b* + 3ab + 3b + 3b — 3a — 3 + 4ab’.
= —3a? — 3b* + 6ab — 6a + 6b + 4ab® — 3.
that is,
—3a® — 3b* + 6ab — 6a + 6b + 4ab® — 3 > 0.
|

(2,b) For 7 > (1+ §), then the Jacobian matrix has two real eigenvalues 1 < A\;,—1 < A\ < 0 and
the fixed point is a flip saddle.

For P;: Let us consider the following conditions:
15). 7> (1+4).
16) )\1’2 cRand1 < )\17 -1 <X <O.

o —1<M\<0:

2.2, The types of fixed points of the normal form
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Ao <0if 1—a—2b>0 and 2b — 2ab — 3b* + 4ab® > 0.
Ao > —11if 2+ a > 0and 2— 2b > 0 and a? — 3b? + 4ab® + 2ab — 2a + 6b — 3 < 0.

e )\ >1if2—a>0and?2— 2a—2b> 0and —3a® — 3b> + 4ab®> — 6ab + 6a + 6b — 3 > 0.

Ifa>b, thent > (1+9).

If a < bthena < b+ 1. So P, is not a flip saddle under the previous conditions.
For P;: Let us consider the following conditions:

15). 7> (1+4).

16). wip e Rand 1 < w;,—1 <wq < 0.

To=—a, —a < bthen 79 <1+ 6.
P, is not a flip saddle.

(2,c) For 7 < — (1 + ), then the Jacobian matrix has two real eigenvalues 0 < A\; < 1, Ay < —1
and the fixed point is a flip saddle.

For P;: Let us consider the following conditions:
17). 7 < —=(1+49).
18). )\172 cRand0 < A< 1,)\2 < —1.

We have 7; = ¢ and:

o Ifa <bthent > —(1+9).

So P is not a flip saddle under the previous conditions.

e Ifa>bthena > —(1+9).

So P, is not a flip saddle under the previous conditions.

For P,: Let us consider the following conditions:

17). 7 < — (1496).

18). wip e Rand 0 < w; < 1wy < —1.

79 = —athen —a < band —a < b+ 1:

If a < bthen 7o > — (1 + J) so P, is not a flip saddle.

Ifa >bthen7ty <b+1and 75 < —(1+44), so P, is not a flip saddle.

2.2, The types of fixed points of the normal form
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Bifurcations of a modulated 2-D smooth

map

In this chapter,we shall consider a 2-D discrete time system (See [6]) given by:
{ Tpp1 = axp (1 —x,).
Yn+1 = (b +c |$n|) Yn (1 - yn) .

Let us consider the following 2-D piecewise smooth system given by:
flay) = (ax(1—xz), (b+clz]) xy (1 —y)).
The map create two regions D] and D), given by:

Dy ={(z,y) e R*: 2 > 0}.
D}y = {(z,y) e R? : x < 0}.

So the map can be rewritten as follow:

ax (1 —x)
flay)=1 yb+er)(l-y),if (z,y) €Dy |. (3.1)
y(b—cx)(1—y), if (v,y) € Dy

3.1 Existence of fixed points and their stability

The fixed point are given by:

ax (1 —x) x
fry)=(v,y) = f(r,y)=| b+ex)y(l—vy), if (z,y) €Dy | = wn (3.2)
(b—cx)y(l—y), if (z,y) € D Yo

27
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e Fory € Di:

{ ar(1—xz)==x :>{ r=1-1
b+er)y(l-y) =y (b+cx)(l-y)=1

and by substitution we find:

le—%,a%o
y=1-— ab+ ac —c # 0.

ab+ac c’
So y1 = 1 — —=— under the two condetions a # 0 and a # ;= and p; (z,y) = p3 (z,y1) =
(1-1,1— 52— ) with laste two conditions.

We have on other hand:

{ (1—xz)==x :>{ T = —%
(b—cr)y(l—y)=y (b—cr)(1-y) =

and by substitution we find:

r=1-21 a#0.
y=1———"— ab—ac—c#0.
So yo = 1 — ——%— under the two condetions a # 0 and a # ;*.. So we find y, = 1 — ——%— and

pa(z,y) = pa(z,y2) = (1— 1,1 - —2—) with the last two cond1t10ns Then the map (3.1) has
two fixed points given by p; (z1,y1) € D] and py (x1,y9) € D), where:

1 _ a
= 1 ab+ac—c”

(3.3)

a
ab—ac—c"’

Yo =1—

Finally, the piecewise smooth map (3.1) has two simultaneous fixed points defined for ¢ > 0 and
b>0as P = (xl,yl) € Dll and P, = (Jil,yg) € Dé

P3:(]'_1 1_ab+ac c)'

(3.4
P=(1-11-

ab—ac— c)'

With eigenvalues A3 4 and w; 4 respectively. The Jacobian matrix of the map (3.1) evaluated at a

point (x,y) in the region D) (See [4]) is given by:

—2ax +a 0
T O Ry | >

3.1. Existence of fixed points and their stability
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and at a point (z,y) in the region D), the Jacobian matrix is given by:
—2ax + a 0
J4 (l’,y) = < ) :
—ey(1—y) (1—2y)(b—cx)

Thus, at P; one has:

2—a 0
J3 (P3) = ac(ab—ac—c—a)  2a—ab—ac+c ’
(ab+ac—c)? a

The eigenvalues of J3 (P;) are:
/\3 =2 —a.

__ 2a—ab—ac+c
Ay = Zazabmacte

With a # 0 and a # ;7 and at P, one has:

2—a 0
J4 (P4> = a(ac—abc+ac2+c2) (2a—ab+ac+c)(ab—ac+c)
(ab—ac—c)? a(ab—ac—c)
The eigenvalues of J, (P,) are:
w3=2-—a
Wy = (2a—ab+ac+c)(ab—ac+c)

a(ab—ac—c)
With a # 0 and ab — ac — ¢ # 0, then a # 0 and a # ;.

The normal form: The normal form of map (3.1) is given by:

)
1 1
<T3 ><x>+< )u,ifx<0
—53 0 Yy 0
1 1
T v + w,if x>0,
L —54 0 Yy 0

(3.6)

3.7)

(3.8)

3.9)

(3.10)

(3.11)

Where 41 is a parameter, and 73 4, d3 4, are the traces and determinants of the corresponding ma-

trices of the linearized map in the two subregion D} and D), evaluated at P; and P, respectively,

and they are given by:

4 2_01_’_%% 1 T n 1 f >O
o p, if > 0.
(2—(1) (2a aba actc) 0 y 0

( 2 - oot ) ( : ) . ( i ) o
2a—ab+ac+c)(ab—ac+c M, irr<<u.
\ (2 o (I) ( zj(abira)c(fc) =) 0 Y 0

(3.12)

3.1. Existence of fixed points and their stability
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We have
( j11 — T3 =2—a+ (2a7abafac+c) .

(2a—ab+ac+-c)(ab—ac+c)
a(ab—ac—c) )

ju=T4=2—a+
(3.13)
j21:53=(2—a)w_

a

Jo1 = 04 = (2 _ a) (2a—ab+ac+c)(ab—ac+c)‘

a(ab—ac—c)

\

Then, the normal form of map (3.1) is:

( 2 — g 4 Qocaboeto) AW 1 .
Y 1 x Y
(2 . Cl) (2a—aba—ac+c) 0 y 0 o

Nizy) = (3.14)
(o i ) (5] (5) e
2a—ab+ac+c)(ab—ac+c u, rxr > 0.
\ <2 o CL) ( (:Eabfa)c(—c) — 0 Yy 0

3.2 Types of fixed points of the normal form

(1) For positive determinant: We have that from (3.14):

_ 9 _ 2a—ab—ac+c _ 9 (2a—ab4-ac+c)(ab—ac+c)
T3=2—a+ == 1y =2—a+ a(ab—ac—o)

53 _ (2 B a) (2a7abafac+c)’54 _ (2 i a) (2a7ab;EZ;J_r(cl)c(izlc))fac+c)
and from (3.9):
)\3 =2—a

__ 2a—ab—ac+c
Ay = FEEEE

and from (3.11):

2a—ab—ac+c

w3 = a

_ (2a—ab+ac+c)(ab—ac+c)
o a(ab—ac—c)

o

We have A3 4,ws34 € Rif a,b,¢ € R. All forms of bifurcation is possible if: \; 5 exist if a # 0 and
a # s from (3.9). w,; existif a # 0 and a # ;% from (3.11).

(1.a) For2v6 < 7 < (14 6), then the Jacobian matrix has two real eigenvalnues 0 < A3, \s < 1

and the fixed point is a regular attractor.

3.2. Types of fixed points of the normal form
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For Ps: Let us consider the following conditions:
19). 2¢/03 < 73 < (1 + 83), if a € |ay, as| where

_1=b—2c++/ (1—b—2¢)>+4c(1—b—c)
2(1—b—c)

1—b—2c—/ (1—b—2¢)*+4c(1—b—c)
2(1-b—c)

and —a? —ab —ac+ ¢ > 0.
20). )\3,)\4 €R and 0 < )\3,)\4 < 1.

e 0<\3<lifae]l, 2|
e 0< ) \y<1lif 2a—ab—ac+c>0anda —ab—ac+c<O.
Lemma 3.1 If (19),(20) holds true, then P is a regular attractor.

Proof. 19) 2v/03 < 73 < (1 + 63) :

(Q—a)a+2a—ab—ac—|—c< (2—a)(2a—ab—ac+c)+a
a a '

7'3<1+(53<:>

a # 0 then

2—a)a+2a—ab—ac+c < (2—a)(2a—ab—ac+c)+a.
—a*+4a—ab—ac+c < —2a*+ a*b+ a’c+ 4a — 2ab — 3ac + 2c + a.
a®+ab+2ac—c—a—a*h—a*c < 0.
a>(1-b—c)—a(l—b—2c)—c < 0.

We have A = (1 — b —2¢)* +4c(1 —b—¢). If A < 0 we have no solutions. If a,b,c € Rand A > 0
thenwe havec>0and 1 —-b—c>00r1—5b—c < 0and c < 0sowe get a,ay: Since a # 0 then
T3 < 1—}-(531{:@6]@1,&2[.

T3 >2y/03:73=2—a+ M and 03 = (Q_Q)a+2(l_ab_ac+ca then

2 2 — ab — 2 — ab —
73>2\/£®( a)a+ aa ab ac+c>2\/(2_a)(a aba ac+ c)

Thus,

(2—a)a+2a—ab—ac+c)® > 4a((2—a)a+2a—ab—ac+c).
(2—a)a+2a—ab—ac+c—4a > 0.

2¢/03 < 73 <1+ 63if a € ]ay,as] and —a? — ab — ac + ¢ > 0.

3.2. Types of fixed points of the normal form
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20)

a) \g4 € Rifa,b,ce R
b) 0 < As4 < 1.

0< A3 <lifae]l,2
A3 >0

M=2—athen2—-a>0thena<2and \s <1then2—-a<1soa > 1.
So0< \3<1if a€]l,2].

0< N\ < 1if:

A >0

Ay = Zemabmacte 2azabacte () then g > 0 and 2a — ab — ac + ¢ > 0.

a

A < 1then2a —ab—ac+c<athena—ab—ac+c<0.
So0< M\ <1lif2a—ab—ac+c>0anda—ab—ac+c<0. m
For P,: Let us consider the following conditions:

19). 29/04 < 74 < (1 4+ 64).

20). w3, ws € R and 0 < w3, wy < 1.

e 0 <wsy<lif:

w3z >0ifa < 0and 2a —ab—ac+c<0ora>0and2a—ab—ac+c> 0.
wg < lifa—ab—ac+c<D0.

o 0 <wy <1if:

wy >01if 2a —ab+ac+c>0and ab—ac+c>00r2a —ab+ac+c < 0and ab— ac+c < 0.
wg < 1if (2a —ab+ac+c)(ab—ac+c) —a <O.

Lemma 3.2 If (19),(20) holds true, then P, is a regular attractor.

Proof. 19) 2\/5_4<7'4<(54+1if7'4<54+1if

(2a —ab+ ac+c) (ab— ac+c)
a(ab — ac — c)
(2a — ab + ac + ¢) (ab — ac + ¢)
a(ab— ac — c) '

2—a+

< 1+(2—-a)
If ab — ac — ¢ # 0 then

a(ab—ac—c)(2—a)+ (2a —ab+ ac+ ¢) (ab — ac+ ¢) —a(ab — ac — ¢)
—(2—a)(2a —ab+ ac+ c) (ab — ac + ¢)

< 0.

3.2. Types of fixed points of the normal form
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Equivalent to:
(ab—ac —c) (a—a®) + (ab—ac+ ¢) (2a — ab+ ac + ¢) (a — 1) < 0.

2\/(5_4<T4if

r
_ (2a—ab+ac+c)(ab—ac+c)
2\/(2 CL) a(ab—ac—c)
<2—a+ (2a—ab+ac+c)(ab—ac+c)

a(ab—ac—c)
. (2a—ab+ac+-c)(ab—ac+c)
4 (2 (I) a(ab—ac—c)
< ( a(2—a) (abfacfc)zr(b2a7ab43ac+c) (ab—ac+c) )

(8 —4a) (2a — ab+ ac + ¢) (ab — ac + ¢)

(a(2—a)(ab—ac—c)+(2a—ab+ac+c) (ab—act-c))?
a(ab—ac—c)

a(ab — ac — ¢) (8 — 4a) (2a — ab + ac + ¢) (ab — ac + ¢)
| < (a (2 —a)(ab—ac — ¢) + (2a — ab + ac + ¢) (ab — ac + ¢))”

<

Then 21/0, < 74 < 84 + 1 if

(8 —4a) (2a — ab+ ac+ c¢) (ab — ac + ¢)
< (a(2—a)(ab—ac—c)+ (2a — ab+ ac+ ¢) (ab — ac + ¢))>.

20)

a) ws,wy € R.

b) 0 < ws,wy < 1.
0 <wsg<1if:

2a—ab—ac+c

w3 = a

w3 > 0if

2“_“Qf_‘w“>Oifa<0and2a—ab—ac—|—c<001‘a>0ar1d2a—ab—ac+c>0.

w3 <lifa—ab—ac+c<0.

Ifa<0and2a —ab—ac+c<0ora>0and2a—ab—ac+c>0.

wz < 1if

Zazabacte < 1 jf g — ab — ac+ ¢ < 0.

0 <wy < 1if:

wy >01f 2a —ab+ac+c>0and ab—ac+c>00r2a—ab+ac+c<0and ab— ac+c < 0.
wy < 1if (2a —ab+ac+c¢)(ab—ac+c¢) —a < 0. wg >0

If a > 0and (2a — ab+ ac + ¢) (ab— ac + ¢) > 0 that is, 2a —ab+ac+c¢>0and ab—ac+c>0
or 2a —ab+ ac+c¢ < 0 and ab — ac + ¢ < 0.

wy < 1if

(2a — ab+ ac+ ¢) (ab— ac+ ¢) < aif (2a — ab+ ac+ ¢) (ab — ac+¢) —a < 0.

3.2. Types of fixed points of the normal form
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(1,b) For 7 > 1+ 6, then the Jacobian matrix has two real eigenvalues 0 < A3 < 1, A4 > 1 and
the fixed point is a regular saddle.

For P5: Let us consider the following conditions:
21). 73 > 1+ d3if a € |—00,a1[ U Jag, +00].
22). )\374 cRand0 < A3 < 1,)\4 > 1.

e 0< \3<lifac]l, 2|
e \y>1ifa—ab—ac+c>0.
Lemma 3.3 If (21),(22) holds true, then P; is a regular saddle.

Proof. 21) 73 > 1 + §3 if

(2—a)a+2a—ab—ac—|—c> (2—a)(2a—ab—ac+c)+a
a a '

T3>1—|—63<=>

a # 0 then

2—a)a+2a—ab—ac+c > (2—a)(2a —ab—ac+c)+a.
—a*+4a—ab—ac+c > —2a*+ a*b+ a’c+ 4a — 2ab — 3ac + 2c + a.
a® 4+ ab +2ac — ¢ —a — a*b — a*c > 0.
a>(1—-b—c)—a(l—b—2c)—c > 0.

A=(1—-b—c)?+4c(1—b—2¢).If A <0 then no solutions exists. If a,b, ¢ € R and A > 0 then

1-b—2c+4/(1—b—2¢)>+4c(1—b—c)
2(1-b—c)

wehavec > 0and 1-b—2¢c> 0or1—b—2c < 0and c < 0 sowe geta; =

2
and ay = =2V =9 gince a # 0 and a? (1—b—c) —a(1—b—2c) — c > 0 then

71> 146 if a € |—00,a1[ U]ag, +00].
22)

a) A\34 € R.

b)0 < A3 <1, > 1.

0< A3 <1if:

A3 >0
A3=2—athen2—a>0thena < 2.

A3 <1then2—a < 1thena > 1.
So0< A3 <1if a€]l,2]

3.2. Types of fixed points of the normal form
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M >1ifa>0and 2a —ab—ac+c > 0.
M>1ifa—ab—ac+c>0. =

For P,: Let us consider the following conditions:
21). 74 > 1+ 64 0f

a(ab—ac—c) (8 —4a) (2a — ab+ ac + ¢) (ab — ac + ¢)
< ((2a—a*) ( ab—ac—c)+(2a—ab+ac+c)(ab—ac+c))2

22).w374€Rand0<w3<1,w4>1.
e D<wyg<l:

wg >0ifa<0and 2a —ab—ac+c<0ora>0and2a—ab—ac+c>0.
wg < lifa—ab—ac+c<D0.

o wy > 1if (2a —ab+ac+c¢) (ab—ac+c) —a > 0.
Lemma 3.4 If (21),(22) holds true, then Pj is a regular saddle.
Proof. 21) 74 > 1+ 04 : If ab — ac — ¢ # 0 then
(a—1) % [(ab—ac+c)(a —ab+ ac+ c)] <O0.

Ifa<1land (ab—ac+c)(a—ab+ac+c)>0o0ra>1and (ab—ac+c)(a—ab+ ac+c) <O0.

2\/5_2<7'Qif

a(ab — ac — c)

2\/(2_@) (2a — ab+ ac + ¢) (ab — ac + ¢)

(2a —ab+ ac +c) (ab — ac+c)

< 2-—
ot a(ab — ac — c)

(2a — ab+ ac +c) (ab — ac+ c)
a(ab — ac — c)
a(2—a)(ab—ac—c) + (2a — ab+ ac + ¢) (ab — ac + ¢)\”
= ( a(ab — ac — c) )

4(2—a)

a(ab—ac—c) (8 —4a)(2a — ab+ ac + c) (ab— ac + ¢)
< ((2a—a)( ab—ac—c)+(2a—ab+ac+c)(ab—ac+c))2
Then 74 < 64 + 1 if
a(ab—ac—c) (8 —4a) (2a — ab+ ac+ ¢) (ab — ac + ¢)
< ((2a—a®)( ab—ac—c)+(2a—ab+ac+c)(ab—ac+c))2

3.2. Types of fixed points of the normal form



Chapter 3. Bifurcations of a modulated 2-D smooth map

22)

a) wsy € R,

b) 0 < w3y < 1,wg>1.

0 <ws<1:

w3 >0ifa<0and 2a —ab—ac+c<0ora>0and2a—ab—ac+c>0.
w3z >0:

Ifa >0and 2a —ab—ac+c>0o0ra<0and2a—ab—ac+c<O0.

Ifa <0and 2a —ab—ac+c<0ora>0and2a—ab—ac+c> 0.

w3 <lifa—ab—ac+c<DO.

wyg > 1if (2a —ab+ac+c)(ab—ac+c)—a>0.m

(1.c) For —(1+6) < 7 < —2v/4, then the Jacobian matrix has two real eigenvalues —1 <
A3, A4 < 0 and the fixed point is a flip attractor.

For P5: Let us consider the following conditions:

23). —(1+03) <713 < —2¢/d3ifa # 0and a* (b+c—3) —a(3b+ 3c—9) > 0 then 73 > 1 + d3if
a € |—o0,a1[ Ulay, +o0f.

24). A3y € Rand —1 < A3, Ay < 0.

o —1<)\3<0if a€]2,3[.
e — 1<)\ <0if3a—ab—ac+c>0and2a—ab—ac+c<D0.

Lemma 3.5 If (23),(24) holds true, then P; is a flip attractor.

Proof. 23) — (14 §3) < 73 < —203 :

75> —(1+65) & (2_a)“+2aa_“b_ac+c <2—a)(2a—a;—a0+c)+a

a # 0 then

2—a)a+2a—ab—ac+c > —[(2—a)(2a—ab—ac+c)+al
—a*+4a—ab—ac+c > 2a* —a’b— a*c —4a + 2ab + 2ac — 2c — a
—3a® 4 a’b + a*c — 3ab — 3ac+3c+9a > 0
a?(b+c—3)—a(B3b+3c—9) > 0

We have A = (3b+3c—9)°. If A < 0 then no solutions. If a,b,c € R and A > 0 since

3.2. Types of fixed points of the normal form
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(3b+3c—9)” > 0sowe get: G; = 29 G = 0. Since a # 0 and a® (b+ ¢ — 3)—a (3b + 3¢ — 9) >
0 then 71 > 1+ §if a € |—00, a1 U Jaz, +o0].

24)

a) \34€R.

b) —1 < A3, s < 0.

—1<X3<0 ifa<3anda > 2.

—1<M<0if3a—ab—ac+c>0and2a —ab—ac+c<0. =

For P,: Let us consider the following conditions:

23). — (1 +64) < 74 < =204 if — (a — 3) (—a®V? + 2a%bc + 3a®b — a®c® — 3a’c + ac + %) > 0.
24). w3y € Rand —1 < w3, wy < 0:

e 1l <wy<0if3a—ab—ac+c>0,2a—ab—ac+c<0anda>00r2a—ab—ac+c>0
and a < 0.

o —1 <wy <0if (2a —ab+ac+c)(ab—ac+c¢) > 0and a(ab—ac—c) > 0, and 2a — ab +
ac+c>0and ab—ac+c<0or2a—ab+ac+c<0andab—ac+c>0.

Lemma 3.6 If (23),(24) holds true, then P, is a flip attractor.

Proof. 23) — (1 + (54) <7y < —2\2/5_4
T4 > _(1 + (54) if

(2—a)(2a —ab+ ac+c) (ab—ac+c)+a(ab— ac —c)
a a(ab — ac — c)
a(2—a)(ab—ac—c)+ (ab—ac+c)(2a — ab+ ac+ c)

a(ab — ac — c) '

<

If ab — ac — ¢ # 0 then

—[(2=a)(2a —ab+ ac+ ¢) (ab — ac+ ¢) + a (ab — ac — ¢)]
< a(2—a)(ab—ac—c)+ (ab—ac+c)(2a —ab+ac+c).
a(2—a)(ab—ac—c)+ (ab—ac+c)(2a—ab+ac+c)+ (2 —a)
(2a — ab+ ac+ ¢) (ab — ac+ ¢) + a (ab — ac — ¢)
> 0.
24)

a) W34 € R.
b) -1 < ws,wy < 0.

3.2. Types of fixed points of the normal form
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—1<w3<0if3a—ab—ac+c>0and 2a —ab—ac+c<0anda > 0or2a—ab—ac+c>0and
a<0.

—1 <wyq <0if (2a —ab+ac+c)(ab—ac+c¢) > 0and a(ab—ac—c) > 0and ab —ac —c # 0
then (2a — ab+ ac+c¢) (ab—ac+c¢) <0. =

(1,d) For 7 < — (1 + §), then the Jacobian matrix has two real eigenvalues —1 < A3 < 0, \y < —1
and the fixed point is a flip saddle.

For P;: Let us consider the following conditions:
25). T3 < — (1 + (53) ifa e ]dvl,dvg[
26) )\3’4 cRand -1 < /\3 < 0, M < —1:

o —1<X\<0if ae]2,3[and -1 < Ny <0if3a —ab—ac+c¢>0and2a—ab—ac+c<0.
o N < —1if3a—ab—ac+c<O.
Lemma 3.7 If (25),(26) holds true, then P; is a flip saddle.

Proof. 25) 75 < — (1 + 43)

(2—a)a+2a—ab—ac+c (2—a)(2a—ab—ac+c)+a

a a

a # 0 then

(2—a)a+2a—ab—ac+c < —[(2—a)(2a—ab—ac+c)+al.
—a*+4a—ab—ac+c < 2a*—a*b—a’*c— 4a + 2ab + 2ac — 2c — a.
—3a® + a*b + a*c — 3ab — 3ac +3c+9a < 0.
a?>(b+c—3)—a(3b+3c—9) < 0.

A = (3b+ 3¢ —9)*. If A < 0 then no solutions. If a,b,c € R and A > 0 since (3b + 3¢ — 9)* > 0 so

we get:

ay = 322 @y = 0. Since a # 0 and a® (b+c¢—3) —a(3b+3c—9) > 0 then 7 < — (14 4y) if
a € |ay, az|.

26)

a) \s4 € R.

b) —1<A3<0, < —1:

—1</\3<02

3.2. Types of fixed points of the normal form
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A3 >—1if2—a > —1thena < 3.

A3 <0if2—a < 0thena > 2.

M < —1if3a —ab—ac+c<0. m

For P,: Let us consider the following conditions:

25). 74 < — (1 +64) if — (a — 3) (—a?b? + 2a*bc + 3a®b — a*c* — 3a’c + ac + ) < 0.
26). wzy € Rand —1 <ws < 0,wy < —1:

e 1 <w3<0if3a—ab—ac+c>0,2a —ab—ac+c<0anda >0o0r2a—ab—ac+c>0
and a <0.

o wy<—1if(2a—ab+ac+c)(ab—ac+c)<0anda(ab—ac—c) <DO0.

Lemma 3.8 If (25),(26) holds true, then P, is a flip saddle.

Proof. 25) 74 < — (1 +44) .

(2—a)(2a —ab+ ac+c) (ab—ac+c)+ a(ab— ac —c)
a(ab — ac — c)
a(2—a)(ab—ac—c)+ (ab—ac+ c) (2a — ab+ ac + ¢)

~ a(ab—ac—c) '

If ab — ac — ¢ # 0 then

—[(2—=a)(2a —ab+ ac+ c) (ab — ac+ ¢) + a (ab — ac — ¢)]
> a(2—a)(ab—ac—c)+ (ab—ac+c)(2a —ab+ac+c).

ThenT4< —(1+54) if

a(2—a)(ab—ac—c)+ (ab—ac+c)(2a —ab+ ac+ c)
+(2—a)(2a—ab+ac+c)(ab—ac+c)+ a(ab—ac—c)

< 0.

26)

a) wgy € R,

b) -1 <wsz <0,wy < —1.

—1<w3<0:

—1<wsif2a —ab—ac+c> —athen3a—ab—ac+c>0.

w3 <0if2a —ab—ac+c<0anda>00r2a—ab—ac+c>0and a<0.

—1 > wyqif (2a — ab+ ac+ ¢) (ab — ac + ¢)+a (ab — ac — ¢) < 0then (2a — ab+ ac + ¢) (ab — ac+ ¢) <
Oand a(ab—ac—c) <0. =m

3.2. Types of fixed points of the normal form
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(1,e) For 0 < 7 < 2v/4, then the Jacobian matrix has two complex eigenvalues |\s|, |\ < 1 and

the fixed point is a clockwise spiral.

For P5: Let us consider the following conditions:
27). 0 < 73 < 205.
28) )\374 € C and |/\3| s |/\4| < 1.

we have from (3.9):

A3 =2 —aand \y = 22==9ct¢ and comme a, b,c € R 50 A3, Ay ¢ C.
P5 is not a clockwise spiral.

For P,: Let us consider the following conditions:

27). 0 < 74 < 204.

28). w34 € Cand |ws|, |wa| < 1.

Since a,b,c € R then ws 4 ¢ C.

P, is not a clockwise spiral.

(1,g) For —2v/0 < 7 < 0, then the Jacobian matrix has two complex eigenvalues |\s|, |\s] < 1

and the fixed point is a counter-clockwise spiral.

For P;: Let us consider the following conditions:

29). —2¥63 < 15 < 0.
30) )\3’4 € C and |)\3| , |)\4| < 1.

Since a,b,c € Rso A3, \; ¢ C. So P; is not a counter-clockwise spiral

For P,: Let us consider the following conditions:

29). 2/, < 14 < 0.

30). w34 € Cand |ws|, |wa| < 1.

Since a,b,c € R then w34 ¢ C. So P, is not a counter-clockwise spiral under the previous
conditions.

(2) For negative determinant:

(2,a) For — (1+9) <71 < (14 90), then the Jacobian matrix has two real eigenvalues —1 < A3 <
0,0 < Ay < 1 and the fixed point is a flip attractor.

For P;: Let us consider the following conditions:
31). —(1+63) < 73 < (1 + 83) if a® — 3ab + —4ac — ¢ + 9a + a*b + a*c > 0.

3.2. Types of fixed points of the normal form
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32) )\374€]Ra1‘1d —1<)\3<0,0<)\4<1.
0< A< lifaell,2.
M>1if a—ab—ac+c>0.

Lemma 3.9 If (31),(32) holds true, then P; is a flip attractor.
Proof. 31) — (1 + d3) < 73 < (1 + d3) : We have:

(2—a)a+2a—ab—ac—|—c< (2—a)(2a—ab—ac+c)+a
a a '

T3 <1+03 &

If a # 0 then

2—a)a+2a—ab—ac+c < (2—a)(2a—ab—ac+c)+a.
—a*+4a—ab—ac+c < —2a*>+ a*b+ a’c+ 4a — 2ab — 3ac + 2c + a.
a® 4+ ab+2ac —c—a — a*b —a*c < 0.
a>(1—-b—-c)—a(l—b—2c)—c < 0.

We have A = (1 —b—¢)* +4¢(1 —b—2¢). If A < 0 then no solutions. If a,b,c € Rand A > 0
thenwehavec>0and 1 —b—2c>00r1—b—2c<0and c <0 sowe get:

1—b—2c+1/(1—b—2¢)>+4c(1—b—c)

ay = P
_1—b—2c—y/(1—b—2¢c)>+4c(1—b—c)
a2 = 2(1—b—c)

Sincea#0anda®*(1—b—c)—a(l—b—2c)—c>0then 73 > 1+ d3if a € |as, as[. We have:

(2—a)a+2a—ab—ac+c (2—a)(2a—ab—ac+c)+a
= > — .

— (149
7'3>(+3) a a

If a # 0 then a? — 3ab + —4ac — ¢ + 9a + a®b + a’c > 0.

32)

a) \s4 € R.

b) —1<X3<0,0< )< 1.
—1<XA3<0:X3>0ifa<2and A3 <1lifa>1.S00< A3 <1if a€]l,2.
O<M<1l:MN>1ifa>0and2a—ab—ac+c>0and A\, > 1if 2a — ab — ac + ¢ > a then
a—ab—ac+c>0. =

For P,: Let us consider the following conditions:

3. —(1+64) <7< (1404).

32). wgs€Rand —1 < w3 <0,0<wy < 1.

3.2. Types of fixed points of the normal form
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o D <wsy <l

w3 < 0ifa<0and 2a —ab—ac+c<0ora>0and 2a—ab—ac+c > 0.
wg > —1ifa—ab—ac+c<0.

o D<wy<l1:

wy < 1if (2a —ab+ac+c)(ab—ac+c) —a < 0.
wy > 01if (2a — ab+ ac+¢) (ab —ac+¢) >0and a > 0 or (2a — ab + ac + ¢) (ab — ac + ¢) < 0 and
a < 0.

Lemma 3.10 If (31),(32) holds true, then Py is a flip attractor.

Proof. 31) —(1—’—(54) Ty < (1+54)

Ta < (1—}—54)

a(ab—ac—c)+(2—a)(2a —ab+ ac+ c) (ab — ac+ ¢)
a(ab — ac — c)

(2a — a?) (ab — ac — ¢) + (2a — ab + ac + ¢) (ab — ac + c)
a(ab— ac—c) '

>

Since a # 0 and ab — ac — ¢ # 0 then:
(a—1) (—a’b+ a’c+ a®b® + a*c® — 3ac — ¢ — 2a’bc) > 0.

—(1+(54)<T4if

a(ab—ac—c)+ (2—a)(2a —ab+ ac+ c) (ab — ac+ ¢)
a(ab— ac—c)

(2a — a?) (ab — ac — ¢) + (2a — ab + ac + ¢) (ab — ac + ¢)

a(ab — ac — c) '

<

Since a # 0 and ab — ac — ¢ # 0 then:
(a —3) (=3a*b+ 3a’c + a®V* + a*c® — ac — ¢ — 2a*bc) > 0.

32)

a) wzs € R.

b) -1 <w3<0,0<wy<l.

—1<w3<0:

wg <0ifa<0and2a —ab—ac+c>0o0ra>0and2a—ab—ac+c<0.

3.2. Types of fixed points of the normal form
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w3 > —1if 3a — ab — ac + ¢ > 0.

O<ws<1:

wg < 1if (2a — ab+ ac+ c¢) (ab — ac +¢) — a < 0.

wyg > 01if (2a — ab+ ac+ ¢) (ab—ac+¢) > 0and a > 0 or (2a — ab+ ac + ¢) (ab — ac+ ¢) < 0 and
a<(0. m

(2,b) For 7 > (1+0), then the Jacobian matrix has two real eigenvalues 1 < A3, —1 < Ay < 0
and the fixed point is a flip saddle.

For P5: Let us consider the following conditions:
33) T3 > (]_ + 53) if a S ]—OO, Cbl[ U ]CLQ, +OO[
34) )\374 cRand 1 < )\3,—1 <A <O0:

° 1<)\31fa<1

o —1<)\<0if 2a—ab—ac+c<0anda >0o0ra<0and2a—ab—ac+c>0.

Lemma 3.11 If (33),(34) holds true, then Pj is a flip saddle.
Proof. 33) 75 > (1 + J3) :

(2—a)a+2a—ab—ac—|—c> (2—a)(2a—ab—ac+c)+a
a a '

T3>1—|—63¢>

Since a # 0 then

2—a)a+2a—ab—ac+c > (2—a)(2a —ab—ac+c)+a.
—a*+4a—ab—ac+c > —2a*>+ a*b+ a’c+ 4a — 2ab — 3ac + 2c + a.
a® 4+ ab+2ac — ¢ —a — a*b —a*c > 0.
a?>(l1—-b—-c)—a(l—b—2c)—c > 0.

We have A = (1 —b—¢)* +4c¢(1 —b—2¢). IfA < 0, then no solutions. If a,b,c € R and A > 0
thenwe havec>0and 1 —b—2c>00r1—b—2c < 0and c < 0sowe get:

1-b—2c++/ (1-b—2¢)’ +4c(1-b—c)
2(1—b—c)

1-b—2c—/(1—b—2¢)>+4c(1—b—c) (3.15)
2(1—b—c)

a; =

a9 =

Sincea#0anda®*(1—-b—c)—a(l—b—2c)—c>0thent3 >1+d3if a € |—00,a;[ U ]ag, +oo].
34)
a) )\374€R.

3.2. Types of fixed points of the normal form
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b)1 <), —-1< )\ <O.

A3 >1ifa < 1.

—1<M<O0:

—1< M\ if3a—ab—ac+c>0.

M<0if2a—ab—ac+c<0anda >0o0ora<0and2a —ab—ac+c>0. m

For P,: Let us consider the following conditions:

33). 74 > (14 44) if (1 — a) [(2a — ab+ ac + ¢) (ab — ac + ¢) — (a*b — a*c — ac)] > 0.
34). wgaeRand 1 < ws, —1 <wy <0.1 < A3, -1 <A\ <O0.

e 1l <ws:If a—ab—ac+c>0.

o —1<wy<0:1f(2a —ab+ac+c)(ab—ac+ c¢)+a > 0and (2a — ab + ac+¢) (ab — ac + ¢) <
0

Lemma 3.12 If (33),(34) holds true, then P, is a flip saddle.
Proof. 33)7, > (1 +d4) :

a(ab—ac—c)+(2—a)(2a —ab+ ac+ c) (ab— ac+ ¢)
a(ab — ac — c)

(2a — a?) (ab — ac — ¢) + (2a — ab + ac + ¢) (ab — ac + ¢)
a(ab — ac — c)

>

Since a # 0 and ab — ac — ¢ # 0 then:

(2a —ab+ac+c)(ab—ac+c)(1—a)—a(ab—ac—c) (1 —a) >
(1—a)[(2a —ab+ ac+ c) (ab — ac+ ¢) — (a®b — a’c —ac)] > 0.

34)

a) wzs € R.

b) 1 <ws,—1<wy<0.

wg>1ifa—ab—ac+c>0.

—1<wy<0:

wy > —11if (2a — ab+ ac+ ¢) (ab — ac+ ¢) > —a if (2a — ab + ac+ ¢) (ab — ac+¢) +a > 0.
wy < 01if (2a —ab+ac+c¢)(ab—ac+c) <0. m

(2,c) For 7 < —(1+ ), then the Jacobian matrix has two real eigenvalues 0 < A3 < 1,y < —1
and the fixed point is a flip saddle.

3.2. Types of fixed points of the normal form
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For Ps: Let us consider the following conditions:
35). 73 < — (1 +93) if a € |—o0, @1 [ U Jaz, +o0.
36. \ss€cRand 0 < A3 <1, Ay < —1:

e 0< ) \3<lifaC]L,2].
e \y < —1if3a—ab—ac+c<0.

Lemma 3.13 if (35),(36) holds true, then P is a flip saddle.

Proof. 35) T3 < — (1 + (53) :

s> — (14 05) & (2—a)a+2a—ab—ac+c (2—@)(2a—ab—ac—|—c)+a.
a a

Since a # 0 then

2—a)a+2a—ab—ac+c > —[2—a)(2a—ab—ac+c)+al.
—a*+4a—ab—ac+c > 2a* —a’b— a*c — 4a + 2ab + 3ac — 2c — a.
—3a® — 3ab — 4ac + 3c+ a+ a’b+a*c > 0.
a®>(=3+b+c)+a(l—3b—4c)+3c > 0.

We have A = (1 — 3b — 4¢)* —12¢ (=3 + b+ ¢) . If A < 0 then no solutions. If a,b,c € Rand A > 0
then we have c >0and -3+ b+c<0or —=3+b+c > 0and ¢ < 0 so we get:

. 3btde—1—y/(1—3b—4c)>—12¢(—3+b+c)

@
=

2(—31b+0)
 3btde—144/(1-3b—4c)>—12c(—3+b+c) (3.16)
a2 = 2(—3+b+c)

Sincea # 0and a® (-3 + b+ ¢)+a (1 — 3b—4c)+3c > 0 then 71 > 146, if a € |—o00, @1 [U]az, +oo].
36)

a) A\34 € R.

b)0< <1, < —1.

0< X <1lifae(1,2)

M<—1if3a—ab—ac+c<0. =

For P,: Let us consider the following conditions:

35). 74 < — (1 +44) if 3—a)[(2a — ab+ ac+ ¢) (ab— ac + ¢) + a (ab — ac — ¢)] > 0.

36). wsga e Rand 0 < w3y < 1wy < —1:

e O<wy<liif a—ab—ac+c<0,andif 2a—ab—ac+c>0anda >00r2a—ab—ac+c <0

and a < 0.

3.2. Types of fixed points of the normal form



o wy < —1:if (2a —ab+ac+c)(ab—ac+c)+a<0.

Lemma 3.14 If (35),(36) holds true, then P; is a flip saddle.
Proof. 35)74 < — (1 + d4)

(2a — a®) (ab — ac — ¢) + (2a — ab + ac + ¢) (ab — ac + ¢)
a(ab— ac—c)
a(ab—ac—c)+ (2—a)(2a —ab+ ac+ c) (ab — ac+ ¢)
a(ab — ac — c) '

>_

Since a # 0 and ab — ac — ¢ # 0 then:

(2a —ab+ac+c)(ab—ac+c¢)(3—a)+a(ab—ac—c)(3—a) > 0.
B—a)[(2a—ab+ac+c)(ab—ac+c)+a(ab—ac—c) > 0.

36)

a) wgy € R,

b)0<ws<1lwy<—1:

O<ws<lifa—ab—ac+c<D0.

w3 >0if2a —ab—ac+c>0anda > 0or2a—ab—ac+c<0anda < 0.
wy < —11if (2a —ab+ac+c)(ab—ac+c)+a<0. =




’ Conclusion \

Chaos and bifurcations are fundamental concepts in nonlinear dynamical systems. Zeraoulia-
Sprott’s works has provided important insights into how simple, yet mathematically rich, systems
can exhibit complex behaviors such as chaotic attractors and bifurcations. This study consist
to understand clearly chaos and bifurcations in some Zeraoulia sprott maps and discover their
bifurcations. These systems helps illustrating the core principles of chaos theory in an accessible
and computationally manageable form, making them an important tool in both theoretical and

applied studies of nonlinear dynamics.
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