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Preface

The concepts offered in this course is an introductory in point
mechanics and material point systems. Specifically addressed
to first-year science and technology students. Our concern
while writing this book has been to refer to the knowledge that
students have acquired in high school classes in order to ensure
the most continuous transition as possible.

Certainly the main difficulty we encountered during this
course was mathematical. Mechanics is a science that requires
precision and concepts gained during high school learning are
dealt with here in a more formal and rigorous manner.
Therefore, we focused a lot on the mathematical tools that we
believe are necessary for a good understanding of the physics
course.




Chapter I: Mathematical notions

1. Dimensional analysis
Or dimensional equations. We call the equation with dimensions for the amount G the
equation that takes the form

[G] = MYLATY
Where M, L, T stand for mass, length and temps. The aim of this equation is to reach the
phrase unite in the international sentence of units (SI).
Three basic elements enter the description of any physical quantity: its spatial
properties, how much matter is involved, and its temporal elements. All descriptions of
matter, relationships, and events involve combinations of these three basic
characteristics, and all measurements can be reduced ultimately to the measurement of
three fundamental physical quantities: length, time, and mass. Any physical quantity. no
matter how complex, can be expressed as an algebraic combination of these three basic
quantities. velocity, for example, is a length per time.
Length, time, and mass therefore have significance far beyond that of providing the basis
of a system of units. They specify the three primary dimensions. We use the
abbreviations [L], [T], and [M] for the se primary dimensions (the square brackets here
and below indicate that we are dealing with dimensions). The dimension of a physical

quantity is the algebraic combination of [L], [T], and [M] from which the quantity is

formed. The speed v provides an example. The dimension of v is

[v] = [L/T]
and

[v] = [LT]
Study of the dimensions of an equation-dimensional analysis-is an important exercise
with several different roles in science and engineering. Any equation that relates
physical quantities must have consistent dimensions; that is, the dimensions on one side
of an equation must be the same as those on the other side. This provides a valuable

check for any calculation.




Chapter I: Mathematical notions

Example 01
we can derive a the this relation of the acceleration. The relation reads
v
a=-
t
So,
[v]
al = —
lal =
] LT 1 [T-2
a = =
T
Example 02
The volume of cylinder
V=mnr?h

We have

Where [tf]=1 wehave

Example 03
The student uses the following relationship to determine the distance of a car from him

as a function of time.

1 2
s=5v0t + vt

S is the distance of the car and v is its speed.

[s] = [vol[ t]* + [v][ ¢]
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We note that the dimensions of the right side differ from the dimensions of the left side,

so the equation is wrong.

The following table provides examples of other non-core units with a dimensional

analysis of them.

Quantity

Velocity

Acceleration

Volume
Frequency
Force
Volumetric mass
Work
Power
angular momentum
Pressure
Surface tension

Heat capacity

symbol

Dimension

LT
LT 2
13
T-1
MLT 2
ML™3
ML?T 2
MIL?T—3
MIL2T—2
ML™T—2
MT—2

MLZT—ZQ—Z



https://en.wikipedia.org/wiki/Angular_momentum

Chapter I: Mathematical notions

2. Vector Analysis

Physics is the science that is concerned with the study of natural phenomena and tries to
find a scientific explanation for them by deducing basic laws and physical quantities that
govern these phenomena. Physical quantities are classified into scalar and vector
quantities.

The scalar quantity is an ordinary algebraic quantity. A scalar quantity has no direction
associated with it. Other examples of scalar quantities include temperature. the energy
of a moving body, and electric charge.

Some scalar quantities. such as mass, are always positive, whereas others, such as
electric charge, can be positive or negative.

There are physical quantities, however, that cannot be described by scalars; a direction
is needed for a complete description of these quantities. Specifying the velocity of a ball
requires specifying not only the speed (how fast it is going) but also the direction in

which it is traveling. Quantities that must be described by both a magnitude (always

positive) and a direction are called vectors. Vectors describe displacement, velocity v,

acceleration Ei, force F, electric fields E, and numerous other quantities. They play an

important role in physics.

A vector may be represented geometrically by an oriented distance, i.e., by a distance

associated with a direction, such that holds; for example: Let A be the initial point and B

the endpoint of the vector 4 (compare figure).
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Vector I_/) pointing from A to B. where
V= AB = —BA
The magnitude of the vector V is then represented by the length of the distance AB5. The

.
magnitude of a vector I/ is written as

17| = [[4B]
2.1 Addition of Vectors

If two vectors A)and § are added, the initial point of the one vector is brought by a
parallel shift to coincide with the endpoint of the other one. The sum A + B , also called

the resultant R, then corresponds to the distance from the initial point of the first vector

to the endpoint of the second one. This sum may also be found as the diagonal of the

parallelogram formed by /T and B.

R=A+B
R B
A -

with the two properties of commutation law and association law
A+B=B+4
(A+B)+C= A+ (B+0)




Chapter I: Mathematical notions

2.2 Subtraction of Vectors

The difference of two vectors /T and E is defined as

- —

C=A-B
Subtracting the vector B from the vector A is the same as adding the vectors A and

(— B).

I Y

|

+  a,
|
o]

We draw a vector B’ that has the same intensity as vector B and opposite in direction.

2.3 Multiplication of a vector by a scalar

The product @V of a vector /' by a scalar a, where « is a real number, is understood as

—

the vector having the same orientation as I/ and the magnitude

V]| = lal[V]
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Properties

17 and 5 are vectors, @ and [ are real numbers. We have the following properties
a(,BV) = ,B(aV) = afV
(a+,8)17 =aV+,817

aV + aC

a(V +C)
Example

The multiplication of a vector 1_/) by the number 3

—

3V

<l

V.

2.4 The analytical expression for a vector

The vector A can be represented in three-dimensional space by three components 4.,
Ay, A, on the perpendicular axes (0X), (0Y), (0Z) with unit 7, J, k.
We know the vector A as follows

A=A T+ A))+ Ak

The magnitude of the vector A at these coordinates

4] = (4.2 + 4,7 + 4,
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*]
P anve
” |

2.5 Unit vector

Unit vector §A of the vector A is understood as vector of magnitude 1. If ”A” * 0,

then

)

lléall =1

where
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2.6 Addition and subtraction using analytical expression

Let the vectors 4 and B be

We have
+B = (A4 T+ Ay + Ak) + (B T+ Byj + B,k)
A+B=(A,+B)i+ (4, + B,)j+ (4, + Bk
And
A—B = (A T+ AyJ +Ask) — (B, T+ B,J + B,k)
A-B=(,-B)i+(4, - B,)j+ (4, — Bk

2.7 The Scalar Product

The scalar product A. B of two vectors is understood as

A.B = ||4||.||B||cos(6)

where 0 is the angle enclosed by A and B. The scalar product A. B is a real number.

Properties
The scalar product is commutative AB=B.A
The scalar product is distributive A. (§ + 5) = A.B + AC

If A and B are perpendicular AB = 0
If[i) andﬁare parallel /TE) = ”/T” ||§||
5> 5 0,2

AA=d|

€,.eg = cos(0)
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The scalar product using the analytical expression
we have two vectors A and B

> =

A.B = (A T+ AyJ + A,k). (B, T+ B,] + B,k)
y BT+ AB,j.7+ A,B, J. k

+A, Byk.T+ A,B,k.j + A,Bk.k

To simplify the calculation, we use the properties of the scalar product with respect to

unit vectors
L.7=||1]l. lI7]] cos(8) = cos(H)
Where
6=0
We have
{n: 1, jj=1 kk=1
.j=0, k=0, jk=0

Using the commutative property of the scalar product, we get

A.B=A,B,+A,B,+4,B,

On the other hand we find

cos(8) = Ay By +A,B, + A,B,

\/sz +4,° + 4,7 \/sz +B,* + B,*

We use this relationship to calculate the angle between the two vectors A and B.

10
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Example

We define the vectors

1. Calculate 5 == 171 + 172 + ‘73 y ‘71' ‘72 and ]73. ‘72
2. Calculate the angle between the two vectors l_/)l and l_/)z.

3. Find the unit vector of the vector V5.

Solution
1 D =47+ 3j+5k
V.V, =2(-1)+32)+5(-1)=-24+6-5=—1
VoV, =3(-1)—-22)+(-1)=-3-4—1=-8
- = - - 1
2 ViV = Vil [IVallcos(8) = =1 = cos(6) = — 5
So,
6) - /—1
cosS = — ==
V22 & 32_|_52\/(_1)2 + 22 + (—1)2 38V6
We have
6 = 93.79°
; s _ Vs 31-2j+k
: €y, = I J3)2Z+(=2)2+12

11
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we have

3 2 1 -

ey, = [ J+ k
s \14 \/14] V14

-

2.8 The Vector Product

One may define a further product between vectors. Here a new vector arises that is

defined as follows. The vector product of two vectors A and B is the vector

- —

Ax B = ||A||.||B]|sin(8)éx
Or

- —

AN B = |Al|.||B]|sin(8)é,

where §n is the unit vector being perpendicular to the plane fixed by/i) and B , and

pointing out of the plane as a right-handed helix when rotating the first vector of the

product into the second vector.

Properties

The vector product has the following properties

13

No commutativity AXB=-B.A
Iffi) and E are parallel [T X § = 6
If A and B are perpendicular AxB = ”/T” ||§||§n

Distributivity Ax(B+C)=AxB+AxC

Note

Ax(BxC)# (AxB)xC

12
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The vector product using the analytical expression
we have two vectors A and B

-

AxB = (AyT+Ayj+ A k) X (By T+ Byj + B,k)
= Ay BIX T+ AyByiX ]+ AyB, IX Kk + Ay B X T+ A,Byj X ]
+AyB, ] X k + Ay Bk X T+ A,Byk X ]+ A B,k X k

To simplify the calculation, we use the properties of the vector product with respect to

unit vectors.

Where 6 = 0. We have
Ix71=0, Jxj=0, kxk=0
using our right-hand rule

-

Ixj=k Jxk=1, kxi=]

With the use of the non-commutative property of the vector product, we find

AxB = (A, B, — A,B))i + (A, B, — AB,)] + (Ax B, — A, Bk

Note
. Ay Ap :
We call the determinant A A the following formula
21 22
Ay Ag
Ayy Ay = A11422 — A12421

We calculate the determinant of 3x3 as follows

A A A
A11 A12 A13 AZZ A23 _ A21 A23 A21 A22

21 22 23| — A A A11 A A A12 + A A A13
A A A 32 33 31 33 31 32

31 32 33

13
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From which the expression the vector product of two vectors A and B becomes

i ]k
AxB=|A, A, A,
B, B, B,

2.9 Mixed product

[t is a scalar value written from the form

I -

A.(Bx ()

C.(Ax B) = B.(C x 4)

Example

We define the vectors V; , V5 and V3

V, =30+3j
V,=1+3]+k
Ve=1—-742k

Prove that
U,V x ) = V. (Vs x V) = V. (Vs x ) = 18
1. We have
Lo oL o flF 7 K
V. (Vz X V3) =Vi.ll1 3 1
1 -1 2
S 1 1

(T x W) =7 (]2 O

1 21'7h 2T+|} —31|E)

V. (Vy x V5) = 31+ 3)). (71—7— 4k ) = 18

14
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[ A S
2. V,(Vax V) =Vo[ |1 =1 2
3 3 0

) =5 il el S1E)

Vo.(Vs x V) = @+ 3]+ k). (—61+ 6]+ 6k ) = 18

I & LA
3. Ve.(VyxVy)=Va.[[3 3 0
1 3 1

CCROR (o L I L)

Vs.(Vy x V) = @~ +2Kk). (31— 3]+ 6k ) = 18

2.10 The double vector product

is defined as follows

2.11 Derivative of the vector

Let us have the vector

V(t) = x(t) T+ y(t)] + z(Dk
The derivative of the vector l_/)(t) with respect to time is given by the following
expression

dv(t) dx(t), dy(t), dz(t)-
it at tac T dtk

Where

di dj dk

dtar_ar Y
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Properties

IV and C are vectors, a and B are real numbers. We have the following properties

d o eay_ @ dC
a(“ BC) a—+tbFor
d(V.C) av , _dC

o a ‘s
dVxC) dvV . _ dC
dt  dt dt

Example

We define the vectors I_/)l and l_/)z

{V; = sin(t) T — cos(t) J + 3tk
V, = 5t37 + 3t] — 2t*k

d - = d - s
- Calculate — (V1.V,) and = (Vi x V)
1. We have
d - - d 3 . 5
T (Vl. VZ) =7 (5t°sin(t) — 3tcos(t) — 6t>)

d - —
pr (V1.V;) = 15¢t2sin(t) + 5t3cos(t) — 3cos(t) + 3tsin(t) — 30t°

-

S [1 Ji k
2. (V1 X Vz) = |sin(t) —cos(t) 3t
5t3 3t —2t*
_|-cos(®) 3t |- _ sin(t) 3t |- |[sin(t) —cos(t) r
3t —2t* 5t —2t* 5t3 3t

= (2t* cos(t) — 9t2)T — (=2t* sin(t) — 15t1)] + (3t sin(t) + 53 cos(t))k

16
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So,
d e - 3 4 - =4
E(Vl X Vz) = (8t> cos(t) — 2t*sin(t) — 18t)1
—(—8t3sin(t) — 2t* cos(t) — 60t3)]

+(3sin(t) + 3t cos(t) + 15t2 cos(t) — 5t3 sin(t))k
3. Calculation of uncertainties

The objective of this notion is to know how to determine the value of the error of
experimental measurement carried out in practical work in order to better compare the
experiment with the theoretical model.

The origins of error in most cases is the measuring device and the experimenter, the
error calculation, or uncertainty calculation has been very important to become aware
of the degree of approximation with which one is working, the errors which may have
been committed in the various measurements are estimated and their consequences in

the results obtained are calculated.
Consider a physical quantity x to be determined experimentally. To do this, it is
necessary to carry out one or more measurements (n times) of this quantity by an
experimental protocol that is as suitable as possible. We then obtain at the end of the
experiment an average result

27 X

n

X =
(the average value of the measured values) to be matched with an absolute uncertainty
Ax, the results of the measurements carried out of the quantity X must be presented in

the form

x=x+ Ax

17
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3.1. Absolute uncertainty

we define the absolute uncertainty Ax as the absolute value of the error X, — X and
we write

Ax = max|x,, — x|

X is the measured value. If the quantity to be measured depends on several variables

x(a, b, c), the absolute uncertainty will be given by the following expression

px = |2 s+ |2 ab + |2 4
= [5g) 40 + 5] ab + [57]ac

3.2. Relative uncertainty

It gives us the precision of the measurement and is expressed by the ratio
Ax

3.3. Calculation of uncertainty

We use the method of the differential of the logarithmic function as follows:

1- We insert the logarithm function on the physical quantity function.

2- We derive the function.

3- Convert the differential symbol dx to the uncertainty symbol Ax.

4- We convert the negative signs into positive and we enter the absolute value on the
values.

The following relationships can be found

1) x = a + b the absolute uncertainty
Ax = Aa + Ab
2) x = a — b the absolute uncertainty

Ax = Aa + Ab

18
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3) x=a.b
We have
Inx =In(a.b) =In(a)+In(b)

and

dx da db

X a b
so the relative uncertainty
Ax Aa Ab
x a b

a
4) x = 5 the relative uncertainty

Ax_Aa Ab
x a b

5) x = a™. b™ the relative uncertainty

Example 01

For the experimental relation

X = (2u+1)3\/g

the calculation by the logarithms gives

Inx =1n [(Zu + 1)1@]
=In[2u+ 1)]+1In lg\[zy:zl

= In[Qu+ D]+ %ln [Zy—z]

We have
1 2
Inx =In[Qu+1)]+ §ln [y] — §ln [z]

and
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dx 2du 1dy 2dz

x=2u+1+3y 3z

the relative uncertainty is

X =2u+1 +3

y

3

Ax 2Au 1/Ay\ 2 /Az
5)+:(Z)

Example 02

Identification of the experimental law: an electrical wire of diameter d, length [ and

electrical resistance R is made of copper whose electrical conductivity is given by

T d?

PEERT

With the measurement results
d = (0.30 £ 0.01)mm
[=(2+0.001)m
and

R = (0.4562 + 0.0002).2.

Calculation by logarithms gives

Ap AR Ad Al
> (7) 2T+ ()
So
Ap 0.0002 0.01 0.001
e <0.4562) 2 (ﬁ) * (T) =0.071
and
3.14 (0.30)? 3
p =——1(00.4562) =1.6x1078
4 2
we have

p=(16+0.1)x10780

20
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Example 03

We measure the diameter and the mass of a ball.
r=(5+0.01)mm
and

m=(99+0.1)g

4
1) Volume V = §T[T3 the relative uncertainty

AV Ar
7=3(7)
AV 0.01
v o 3 (W) = 0.003
With
4
V =23.14(5)° = 523.33
We write

V =(523.33 + 1.57)mm3

2) The density

. m 9.9¢g — 1892 g
P =Yy T 052333em® O em3

the relative uncertainty

Ap—(Am)+(AV)—(0'1>+0003—0013
p \m v) \9.9 ' -

We write

g
= (18.92 + 0.25) ——
p=( +025) 3

21



Chapter I1: Kinematics

Kinematics is a descriptive engineering study of motion. It describes motion without
linking it to its causes, and depends on the concept of space and time. In this chapter, we
discuss how to write each of the position vector and the velocity vector and acceleration

in various coordinates. At the end of the chapter we study the relativity of motion.

1. Cartesian coordinates

1.1 Position vector

—_

We define the position vector OM in Cartesian coordinates as follows

—

OM =7 = x()i + y()] + z(D)k

The displacement vector
Ar is also known as the transition vector from point M; at moment t; to point M, at

moment ¢,.

From the figure below, and according to the Chasles relationship

W1+Z;:W2

22
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So,

E'):O—]W)Z—O—]W)l

In the Cartesian coordinates, the displacement vector is

AT = (x, — x)T+ (2 — y1)j + (2 — 2,k

Trajectory

It is the sum of the consecutive points occupied by the mobile. To find the path equation,
we look for a mathematical relationship between the representations x(t), y(t), z(t)

independent of time.

Example 01
Coordinates are given for the movement of a material point as
x =Vt
y=- %gtz
To find the equation of the path (Trajectory) we get rid of the time as follows
X
T

We have the equation

23
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Example 02
If the coordinates
{x(t) = cos(t?)
y(t) = sin(t?)
To find the path equation, we square x(t) and y(t) and then add.
x? +vy?% = cos(t?) + sin(t?)
We have the equation
x2+y?=1
The path in this case is a circle with radius 1 and center (0,0).
1.2 The velocity vector
The average velocity

The average velocity ﬁmoy of amoving M between the moments t; and t, is defined by

the following relation

24
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For the Cartesian coordinates, the analytical expression is given for the average velocity

X, — X — Zy —Z1) >
> (x; 1)?+(3’2 3’1)j+(2 1)k

Vmoy At At At

Instantaneous velocity vector

Instantaneous velocity vector U(t) of a mover M

U(t) = lim ¥y,

tyoty
and
56 = lim Ar  dP
V= 0% ar ~ dt

For the Cartesian coordinates,

-

. dr d . . -
v(t) = = (@Ot + y(©)] + z()k)

dx dyﬁ dz -
v(t) = —l I dt —k

We write
v(t) =V I+ ]+, k

And we calculate The magnitude of the instantaneous velocity vector using the relation

FOI= (W2 +]2 41

1.3 The acceleration vector

The average acceleration
The average acceleration &moy of amoving M between the moments t; and t, is

defined by the following relation

a _ Vy(t,) — Vi () _ A__V)
moy t, —t; At

25



Chapter I1: Kinematics

Instantaneous acceleration vector

Instantaneous acceleration vector d(t) of a mover M

3O = I AV di
a N tzl_r>rt11 At dt
and
- d - - i
Q(t) = — (Gl + % + V)
For the Cartesian coordinates,
g de - d‘/y - dI/Z g
a(t) = I L+ dt]+ dtk

a(t) = a,l +a,j+ ak

The magnitude of the instantaneous acceleration vector

a0 = \/axz +a,? +a,?

26
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2. Circular Motion

In physics, we say that a body has acceleration when there is a change in the velocity

vector, either in magnitude or direction.

Where,

dr is the Tangential Acceleration. Associated with the changes of the magnitude of

velocity.
c_iN is the Normal Acceleration. Related to the change in direction of velocity.

To find the two components dy and dy we do the following. From the figure above

VO s s
er = |I7(t)| = V(t) = |V(t)| er

We have

_r® _dv@]

at) = — dt

- . dé
r+ [Vl

27
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Where
{ er = cos(@)T+ sin(@)j
ey = —sin(@)i + cos(p)J
So,
dé; d L de
e E{COS(QD)l + sin(@)j} = EeT

The acceleration relation becomes

d|v _.d
i =W 12,

t dt T
We calculate Z—f as follows
dp dsde |I_/,| do
dt dtds ' 'ds

R is the radius of curvature, and ds is the radius of curvature.

28



Chapter I1: Kinematics

Where,
ds=Rdp » 2 _1
s = > — ==
¢ ds R
Substituting in the expression — we find
do _ V|
t R
The acceleration relation becomes
— —.2
d(t) = _d|V| ér + _|V| ér
dt R
Finally, the two components ar and ay are
(o, =47l
T odt
-2
)
NTOR

3. Polar coordinates

3.1 Position vector

We define the position vector OM in Polar coordinates as follows

v:h:

29
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Where

x = rcos(0)
y = rsin(0)

r=4x%+y?
we can write the unit vectors in the polar coordinates i, and Ug in terms of the unit

vectors in the Cartesian coordinates 7 and J .

{ U, = cos(0)T + sin(6)J
Uy = —sin(0)T+ cos(0)]
3.2 The velocity vector

To find the expression for the velocity vector 13(t), we differentiate the expression for

the position vector OM with respect to time.

) dOM
v(t) = T
We have
dii,
B0 = () = S, 4
Now, we calculate the expression dd—ﬁ;r
di, di,do df d
a0 dr - drde — (cos(0)T + sin(0)))
And
di, do do _
i E(—Sl?’l(@)l + cos(8))) = ¢ do
So we write the expression for the Velocity vector as
deo _
v(t) = ur + raug

3.3 The acceleration vector
To find the expression for the acceleration vector d(t) , we differentiate the expression

for the velocity vector ¥U(t) with respect to time.

30
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. dv
a(t) = I
We have
i d dr . do
a(t) = &(Eur +raug>
and
&(t)zd—zr_) drdur drd_@u +rd29u +rd—9dﬁ
T d Taacte T T e T T @

—

. dug
Now, we calculate the expression T

diiy digdd do d 037 + cos(6))
At =46 4t - dcdp TSmO+ cos(6)]

We have

e _ 98 (—cos@)i - sin(@) = - 223
T = g (—cos(6)7 = sin(6)]

dt
The acceleration vector expression becomes

. d*r do\> . dr do d?o
a(t) = F_r(dt> U, + ZEE-l_rd U

4. Cylindrical coordinates
4.1 Position vector

We define the position vector OM in Cylindrical coordinates as follows

—_—

OM =7 =18, + zk

Where
x =rcos(6)
y = rsin(0)
zZ=2z
And

=42

31
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w

b 4
Y 4
X/
we can write the unit vectors in the Cylindrical coordinates €, and &g in terms of the

unit vectors in the Cartesian coordinates I and J .

{ e, = cos(0)T + sin(0)]
eg = —sin(0)1 + cos(6)]

4.2 The velocity vector

To find the expression for the velocity vector U(t), we differentiate the expression for

the position vector OM with respect to time.

) dOM
U(t) = T
We have
. d , . . dr de, dz-
v(t) = E(rer +zk) = et +Ek

-

dey
dt

Now, we calculate the expression
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dé, dé do de

dt  do dt dt °
The velocity vector expression becomes
r dH dz -
v(t) = T —ép+— T

4.3 The acceleration vector

To find the expression for the acceleration vector d(t) , we differentiate the expression

for the velocity vector U(t) with respect to time.

R dv
a(t) = I
We have
i d sdr 46 dz-
a(t) :E<dter ety )
And
d?r 3 dr der drdé | d2o de deg

a(t) = 9 +r +r

az’ T arar Tacac dt? iz %o dt dt

. dé
Now, we calculate the expression d—f

dé)g deg d@ do 5
dt  dodt  dt’
The acceleration vector expression becomes
d*r d9> ]% [ dr d6 d29] d*z
eT

““)‘[W"‘(dt 2aar T Tae|% T ok
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5. Spherical coordinates
5.1 Position vector

We define the position vector OM in Spherical coordinates as follows

—_—

OM =7 =re,

Where
x = rsin(6)cos(¢p)
y = rsin(0)sin(¢)
z =rcos(0)
and

r=\/xz+yz+z2

we can write the unit vectors in the Cylindrical coordinates €, and €g in terms of the

unit vectors in the Cartesian coordinates Z and J .
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e, = sin(0)cos(p)t + sin(0)sin(¢p)j + cos(8)k
eg = cos(0)cos(p)T + cos(8)sin(¢p)] — sin(6)k
ép = —sin(¢p)T + cos(qb)z

5.2 The velocity vector

To find the expression for the velocity vector 13(t), we differentiate the expression for

the position vector OM with respect to time.

. dOM
v(t) = I
We have
. d | dr | de,
v(t) = E(rer) = + T
dé,
dt
de, B der do de, d(,b do do |

a " apar Tapar -~ acce tsm@ 5

The velocity vector expression becomes

6) = dr L0, © do _
v e r—=e rsin —e

T ar dat ¢
5.3 The acceleration vector

To find the expression for the acceleration vector d(t) , we differentiate the expression

for the velocity vector ¥(t) with respect to time.

dv
a(t) =

We have

_’t—d dr N 0 N ,qubﬁ
a()-—(dter rdteg rsin( )Ee"b)
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The acceleration vector expression becomes

a(t) = [% -7 (Zi)z — rsin(8) (2—?)2] e,

dr do d*6

+12 +r n(8)cos(0) <d¢)2 2
dt dt dtz —Trsin coS dt eg

o 0 d@dqb 2d rdo 9 + 9 dqu
rcos( T T T sin(8) + rsin( ) €p

6. Relative motion
We now learn how to describe motion when we move from one reference to another and
how to deduce the laws of the composition of velocities and the composition of

accelerations.

Let us have two references, a fixed reference R (x, y, z) (absolute reference) and a

moving reference R'(x',y', z") (relative reference) as in the figure.
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We know the position vectors as follows
{O—M = xT+y] + zk
OM = 00'+ 0'M
where

—_— -

{O’M =xT +y7 + ZK
00, = in) + ij) + Zok

We define velocity and acceleration in absolute frames R(x, y, Z)and relative frames
R'(x',y', z") as follows.

Absolute velocity 13a : which is the velocity with respect to the reference R.

. (dOM
Vo =\ gt .

Relative velocity ¥, : which is the velocity with respect to the reference R’

. do'M
r=\"ar
R/

Absolute acceleration Y,;: which is the acceleration with respect to the reference R.

- dﬁa
Va - dt
R

Relative acceleration ¥, : which is the acceleration with respect to the reference R'.

- dﬁr
Va - dt
R/

6.1 Law of composition of velocities

We now calculate the absolute velocity U, as we know it.

. (dOM\ _ (d(00"+0'M)\ _ [(do0’ N do'M
Va =\ 7yt N dt T\ dt dt
R R R R

So,

Where
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do'M B dix'V +y') + Z’P)
dt | dt
R R

dO'M <dx’_) dy'— dz'— ) dr dy  di
— U+ ——)+——k |+tx —+y ——+z2 —
. t dt

We have

dt dt dt d dt dt
And
do'm) _ (do'M) dr N ,d7+ di’
dt “\ dt xdt Yar T dr
R R/
i dr .\ df' dk’
=Utx ety et
We find

. (dOM\ _ (d(00" +0'M)
Ve =\ Tar . dt ]

<d00'> A i df dk

= +U+x —+y —+72—
dt

R

dt dt dt

If the movement in the case of retracting motion (translation)
di dy dk'
dt dt dt

- [(doo\
Vg = 1 + v,
R

We have

If the movement is rotational

Where
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And
{ U = cos(0)T + sin(6)]
7 = —sin(0)T + cos(8)]
We have
(dv dide  dv
! dt _dodr  “de
dj _djide  djf
ldt “dedc . “de
Note
dk’ .
dt

Because the reference rotates on the 0z axis. Here k and k' are parallel.

Substituting into the expression for absolute velocity 17a , where @ = wk’

we find

5, = (200 + 7, +x'w) —ywl = 400 +3,+ @ x0'M
Vo =\ g7 vt xw) —yel = | — U+ @
R R

Because

- -

! !/

o~
~

——

Gx0'M=|o 0]’
x’

=x'w) —y'wl’

N e x|

0
yl
Finally, we write the formula for composition of velocities as follows

B, =, + B,

Where 7, is the relative velocity. And ¥, is the traction velocity.

R U—
Vv, = it +wXx0'M
R

39



Chapter I1: Kinematics

6.2 Law of composition of accelerations

If we derive the law of composition of speeds with respect to time in the fixed frame of
reference R, we obtain the law of composition of accelerations,

As we defined at the beginning we have absolute acceleration ]7a calculated by the

L _ (4B _ (G 4B _(dd) (di,
Yo =\t ) = dt S\ dt dt
R R R R

U = v’ + vy + vk

relation

Where

which is written

di,\ _ (A dvy dv o dv d7'+ di’
R— U+ t]+ +vxa+vya UZE

dt dt d dt

dv, dv, - _ (d .
dt = . T VW) — Vvl = It + w X v,
R Ry R/

We have

and

and
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i, d200’ dd ——\ . . L -
o) = +|—x0'M| +@%x (% +@TXxX0'M)
R R

dt? dt
We have
dve) _ 400 + da_ij + @ X+ @& x (@ x 0'M)
dtR_ dt? dt varw @
R

Substituting in the absolute acceleration expression Y, we find

. a0\ fdB N\
Va = Vr + 26 X B + | —5— +E><OMR+w><(w><0M)
R

Finally, we write the law of composition of accelerations as follows
]_;a = ]7r + Vc + Ve
Where )7r is the relative acceleration. And 1_7)3 is the Coriolis acceleration.
Ye =20 X U,
)7e is the traction acceleration

R d200’ 17— R
Vo= \—mz | t{ gz x0'M +d % (dx0'M)
R

Example
In reference R’ we know the coordinates of point M as follows

{ x' = acos(2wt)
y' = —asin(Qwt)

The reference R’ rotates around the point O’ with an angular speed @ = wk’ according

to the following data.

{Wza@f
0 = wt

Calculate the absolute velocity ﬁa and absolute acceleration ]_()a.
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Answer

1. Calculate the absolute velocity U,,.

According to the law of combination of velocities.

-

Vg = _)r"l'ﬁe

Where
., (dOo'M
A T
Ry
And
0'M = acosQuwt)l’ — asin(Zwt)f
So,

U, = —2awsinRwt) — Zawcos(Zwt)f)
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Where

U = cos(0)T+ sin(0)]

{]_7 = —sin(0)T + cos(8)]
We have

U, = —2aw(sin(20)cos(0) — cos(20)sin(0))T — 2aw(sin(26)sin(6)
+ cos(26)cos(0))]

Using conversion constitutions

{sin(ZB)cos(H) — cos(20)sin(8) = sin(0)
sin(20)sin(0) + cos(20)cos(8) = cos(6)

We write the expression for relative velocity 13,,

U, = —2aw(sin(0)t + cos(0)))

. (d00\ @
UV, = it +wXxX0'M
R

Traction velocity U.

We have
. d v yooK
Ve = & (aHD + 0 0 w
acos(8) —asin(@) 0
And

- -

B, = aw] + aw(sin(20)U + cos(26)")
We use the same method as before, we have

U, = aw] + aw(sin(0)T + cos(6)))

Finally, the term absolute velocity 17a.

U, = aw] — aw(sin(0)T+ cos(0)))
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2. Calculate the absolute acceleration Y.

The first method: Here we use the direct calculation.
- dﬁa
Va - dt
R

Ve = —aw?(cos(8)T — sin(6)))

So,

The second method: Here we use the law of composition of accelerations.

- -

Va:yr+?c+]7e

Relative acceleration )7T

d - =
7 = E(ﬁr) = —4aw?cos(O' + 4aw?sin(0))’

. . . =
Coriolis acceleration

—,) — —

l ]! k'
Ve =20 XV, = 2 0 0 W
—2awsin(2wt) —2awcosQwt) 0

We have
7. = 4aw?cos(20)U — 4aw?sin(26))’

Traction acceleration y,

. [(a*00' s —N\

Ve = <W> +(EXO,M> +d % (dx0'M)

R R
We have
Ve=0+0+&x (@ x0M)

and

7, = @ X (awsin(20)V + awcos(26))7)
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— — —

l, ]/
Ye = 0 0
awsin(260) awcos(20)

~

w
0
and

V. = —aw?cos(20) + aw?sin(26))’
So absolute acceleration ]7a

V. = —aw?cos(20) + aw?sin(20))’
Using conversion constitutions, we find

Yo = —aw?(cos(0)T — sin(6)))
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Dynamics is the study of why objects move. In this chapter we try to answer the
questions: Why do objects move? What determines the shape of the path? How do we
deduce the laws that describe movement? To answer here, we use what are called
Newton's laws. Before that, we give a summary of the most important works that led to

the formulation of these laws:

Galilei (1564-1642): He proved experimentally that all bodies have a constant
acceleration as they fall, unlike Aristotle, who believed that the speed of a falling body is
proportional to its mass, as a heavier body falls faster than a lighter body. Galileo also

formulated the concept of the principle of inertia in a primitive way.

Kepler (1571-1630): He found the explanation that links the movement of the planets
in the solar system, as he concluded that each planet travels in a specific path around the
sun in the form of an ellipse, and also gave the beginnings of the principle of mutual

attraction between the different masses.

Isaac Newton (1643-1727): Newton generalized Galilei's principle of inertia (first law),
in his book "Mathematical Principles of Natural Philosophy" in 1687, which contains
three topics: the principle of inertia, the basic law, and the law of action and reaction.
Newton generalized the concept of force, defined for the first time the concept of mass,

and formulated the law of universal gravitation.

1. Physical body
We consider the body ( or object ) a mass of infinitesimal dimensions, for example we
consider the movement of a planet around the sun or the movement of a proton as

material bodies.
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2. The principle of inertia (first law)

Aristotle: We have a static body on a flat surface, when we pull or push it, the body
moves, when the effect of force on the body is removed, it becomes static as it was. From
this observation, Aristotle believed that uniform rectilinear motion requires a constant

force acting on this body. I also believe that a heavy body falls faster than a lighter body.

Galilei: The idea began when Galilei conducted an experiment that led him to the
isolated body model, which is a model that is difficult to achieve in practice, and which

led him to discover the principle of inertia.

Galileo concluded that the ball will always reach the same height regardless of the
inclination of the plane, and to achieve this we must imagine that the body is isolated. An
isolated body is a body that does not interact with other bodies. This happens when the
rest of the bodies are very far from it, or all the results of these interactions are non-

existent.

Newton: Newton generalized Galilei's principle and declared the first law (the principle
of inertia), which states: “Every body remains in its state of rest, or uniform, straight

motion, unless acted upon by a force that changes its state.” In other words, we write

zﬁ=6
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From the principle of inertia, it becomes clear to us that if a body has non-zero

acceleration (accelerating body), then this body is not isolated and is subject to a force.

3. Référentiel galiléen (Inertial frame of reference)

is the frame in which the principle of inertia is realized (the body is isolated).

1- Every frame that moves at a constant velocity relative to a Galilean frame is also a
Galilean frame.

2- The velocity and acceleration measured by a Galilean parameter are called absolute
velocity and absolute acceleration, and those measured by a non-Galilean parameter are

called relative velocity and relative acceleration.

We now mention the well-known Galilean frames:

1- The Copernic frame: It is a frame in which the principle is the center of mass of
the sun and its three axes are fixed stars very far from the sun. This frame is used
to study the movement of planets and spacecraft.

2- The geocentric frame: The principle in this frame is the center of mass of the
Earth and its axes are the same as the axes of the Copernican frame. This frame is
used to study the movement of the moon and satellites surrounding the planet
Earth.

3- The ground frame: The frame attached to the ground can be considered an
inertial frame if it comes to experiments of a short period of time at heights that

do not exceed tens of meters.
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Mass

Mass is defined as “the amount of matter contained in a body,” but this definition does
not give an explanation of mass because it defines mass by mass.

- When a person confirms the mass of an object, he weighs it. In fact, this person is
measuring the force of the weight or heaviness, and this force would not appear if it
were not for the presence of the Earth (another mass) pulling it downward. Therefore,
we say that the object has mass if it is able to influence it. on other masses by the force of
attraction.

- If we have a car and a truck traveling at the same speed, it would be easier to stop the
car than to stop the truck, because the mass of the truck is greater than the mass of the
car. The mass of the truck prevents stopping more than the mass of the car prevents it.
From here we can define mass, as it is “the physical quantity that expresses Bodies
refrain from changing their motion. Mass is a constant, positive quantity that is not

related to the parameter.

Force

It is an effect that changes the state of motion of the body. If the body is at rest, it
becomes moving, and if the body is moving, it changes its velocity. There are two types
of force, contact and dimensional.

Force is symbolized by F and its unit of measurement is the newton N, which is derived

from international units.

m
1IN = 1Kg o)
1- We say that the body is statically balanced
F=0 , #=0 = d=0
2- We say that the body is kinematically balanced
F=0 , ¥ =const = d=0
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Example

Calculate the values of T; and T if the body is balanced. If p = 50N.

Y 45°\

T T2

-<—|- ----- X
Y

Our body is balanced meaning:

I
=1

>F

—

p+Ty+

ol
I
ol

By projecting onto the (0x) and (0y) axes, we find
{Tzcos(45°) =T
T,sin(45%) =p
After the calculation

T, = 70N

Basic forces (basic effects)

All forces existing in nature are derived from the following four basic forces:

1- The force of attraction: This force is described by Newton’s law of universal

gravitation.
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2- Electromagnetic force: This force results from the interaction between electrical
charges. The electromagnetic force exists in all phenomena that contain electric or
magnetic force.

3- The strong nuclear force: It is the interaction between the nucleons (protons and
neutrons) that make up the nucleus of the atom. This force works to prevent the nucleus
from collapsing. This force works over a very short distance and is responsible for the
basic cohesion of the nucleus. The strong nuclear force is the strongest of the four
fundamental forces found in nature.

4- The weak nuclear force: It applies to all particles of matter, especially neutrons. The
weak interaction manifests itself in certain types of nuclear reactions, such as

radioactivity.

4. Momentum

Motion is not only related to velocity, but also to mass. For example, we have two bodies
with different masses that move at the same velocity. How can we differentiate between
them?

For this reason, we know here the mathematical expression that expresses momentum.

-

P=mv
[f the moving body is free, its momentum is constant.

The change in momentum is due to the presence of an external force.

The principle of conservation of momentum
If we have a system consisting of n particles, then the total momentum of this system is

the sum of the momentum of the particles as follows:

n
ﬁ: ﬁ1+ﬁ2+ﬁ3+:zﬁn

i=1

1- The case of a single body: The principle of conservation of momentum states that if a

body is free, it moves with a constant momentum.
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2- The case of two bodies: Two bodies with masses m; and m, and velocities I/; and

V5 collide (here friction is non-existent) as in the figure:

After the collision, we notice that the velocities of the two bodies became V', and VV’,.

The principle of conservation of momentum states that the momentum before the

collision is the same as the momentum after the collision. So,
P="p

This means that
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m1‘71 + m2‘72 == mlwl + m2W2
By projecting onto the (0x) and (0y) axes, we find

{mlle +myVoy =myV e +myVyy
mlvly + m2V2y = lelly + mzvlzy

On the other hand, returning to the first statement:

P=p
We have
P,+P, =P, +P,
And

p)ll_P1=_(ﬁ,2_ﬁ2) = Aﬁlz_Aﬁz

5. Newton's laws

5.1 The first law

This is the law that states the principle of inertia that we mentioned previously, which
we can know as follows, and this is after learning about the concept of momentum (a

body is free if its momentum is constant).
5.2 The second law

It is the basic law of motion, which states (in an inertial parameter, the change in the

momentum of the body is proportional to the resultant of the external forces to which it

Zﬁ_dﬁ_ d
= - ™)

ﬁ_dmﬁ_l_ dv
z BT

is subjected).

And
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If the mass of the body is constant, we write the second law in the expression
Z F =mad

5.3 The third law

which is the law of action and reaction, which states (If an object A exerts a force on
object B with a force F,5, then object B must exert a force of equal magnitude and

opposite direction back on object A with a force ﬁBA)-
Fpp = —Fpy

This law represents a certain symmetry in nature: forces always occur in pairs, and one
body cannot exert a force on another without experiencing a force itself. We sometimes
refer to this law loosely as action-reaction, where the force exerted is the action and the

force experienced as a consequence is the reaction.

Example 1

A body with a mass of 2K g moves from rest in a straight line with a constant

acceleration. It travels a distance of 8m in 25, and then this body moves at a constant
velocity. Calculate the force intensity at each stage.

Solution

From the data we notice that we have two phases for the moving body.

The first stage: We have

And
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On the other hand we have

and

x t t t
jdx=f(at+v0)dt = x—x0=aj tdt+jv0dt
0 0 0

X0

= x=3 at?+ vt + xg

By substituting, we find

§ =1 q22 4=
=—a = a=4—

2 s?
Applying Newton's second law

F =ma =8N

The second stage: we have the velocity constant

F=0

Example 2

A body with a mass of 10K g moves as shown in the figure.

Calculate the value of the force F and the force of reaction N.Ifa = 2 sz
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Solution

Apply Newton's second law
Z F =md

N+P+F=md

And

By projecting onto the (0x) and (0y) axes, we find
{ Fcos(45%) = ma
P — N —Fsin(45%) =0
After the calculation, we have

{F = 28.3N
N = 78N

Example 3

A mass m moves in space, its position vector is given by the following expression
OM = (4t2 — £3)T = 5] + (t* — 2)k

Calculate at the moment t = 15 the velocity, acceleration, momentum, and force

applied to the mass.

Solution

1- Calculating velocity

dOM

dt

B = (8t — 3t2)i — 5] + 463k

-
v =

2- Calculating acceleration

dv

dt

(8 — 60)7 + 12t%k

a=

>
a
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3- Calculating the momentum
p =mv
B = m(8t — 3t2)I — 5mJ + 4mt3k
4- Calculating the force
F =md

F =m(8— 60+ 12mt%k

at the moment t = 1S we have

d =20+ 12k
B = 5mi — 5mj + 4mk
F =2mi+12mk

Example 4

The momentum of a mass m is given by the following expression

p = 3e~t7— 2 cos(t) ] — 3sin(t)k
Calculate the force applied to the mass. Then determine the velocity and acceleration.

Solution

1- Calculate the force applied to the mass

. dp
F=—
dt

F = —3e T+ 2sin(t)j — 3 cos(t) k
2- Calculating acceleration

5
, F
a=—
m
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3 3 N
> —t= . -
a=——e ‘I+—sin(t)] ——cos(t) k
—e™t+ —sin(t)] — —cos(t)
3- Calculating velocity
, D
vV =—
m
= 2 7= 2 cos(0)f — ~sin(t) k
vV=—e ‘T——cos — —sin
m m J m

6. Examples of forces and their types
Now we will learn about the most important forces that we encounter in the study of

dynamics.

6.1 The force of gravity p

We know the force of gravity p as follows
p=mg

Where g is the Earth's gravity.

ﬁ Always pointing downwards.

—

6.2 Reaction force N

The reaction force N is always perpendicular to the surface.

«]
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—

6.3 Tension force T

If we suspend a body by two ends of a rope, it produces a force equal to the force of

gravity and opposite to it in the direction T as in the figure.

6.4 Frictional force
The frictional force results from the movement of a solid body on a solid surface (solid
friction) or from the movement of a solid body on a liquid surface (viscous friction), and

the frictional force is parallel to the surface and opposite the direction of movement.

Static friction f

is the force that keeps a body at rest, even in the presence of an external force. Where we

have
fs S usN

U is the coefficient of static friction. And N is the reaction force.

Example
We place a body with a weight of 80N on a horizontal rough surface. We apply a force of

20N to it that creates an angle of 30° with the horizon. The coefficient of static friction

is 0.30.
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1- Calculate the intensity of the static friction force.

2- Calculate the intensity of the reaction force.

3- Calculate the maximum force of static friction.

4- How strong must the force be for the body to move?
Solution

The body is at rest, applying Newton's second law

zﬁ=6

N+EF+p+ fo=0

By projecting onto the (0x) and (0Y) axes, we find

{ Fcos(30%) — f, =0

P —N —Fsin(30° =0
1- Calculate the intensity of the static friction force
fe = Fcos(30°)

We have

fs =20x%x0.86 =17.2N
2- Calculate the intensity of the reaction force

N =P — Fsin(30°)
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N =80—-20x0.5=70N
3- Calculating the maximum force of static friction
fs =usN =0.30x%x70=21N
4- Calculating the intensity of the force until the body moves
f. = Fcos(30°)

f. 21

F = = = 24.24N
cos(30%) 0.86

Kinetic friction f
is the force that resists movement when an object moves over a rough surface. Where

we have
fe =u.N

U, is the coefficient of static friction. And N is the reaction force.

Example

A body with a mass of 10.2K g moves on a horizontal rough surface under the influence
of a force of 20N, making an angle of 45° with the horizon. The coefficient of kinetic
friction is 0.15.

Here we take g = 9.81.

1- Calculate the intensity of the reaction force.
2- Calculate the intensity of the kinetic friction force.

3- What should the value of the acquired acceleration be?

Solution

The body is at rest, applying Newton's second law

Zﬁ'=m&
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N+F+p+ f.=ma
By projecting onto the (0x) and (0y) axes, we find

{ Fcos(30%) — f. =ma
P — N —Fsin(30% =0

1- Calculating the intensity of the reaction force: From the second equation we have

N = P — Fsin(30°)

2
N =10.2x9.81—-20 X g = 85.86N

2- Calculating the intensity of the kinetic friction force: We have
fe =u.N =0.15x%x85.86 =129N
3- Calculate the value of the acquired acceleration: from the first equation

Fcos(30°) — f.
a =

m
20 x 2~ 12.9 "
¢ 10.2 0125
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7. Movement applications

7.1 Projectile movement

We throw a projectile with an initial speed of ‘70, making an angle 0, with the horizon,

as in the figure

The components of acceleration are written as follows

{ a, =0
a, =-—g
To find velocity components, we follow the following steps
dVy
a, = E = Ay dt = de
Vy t t
dex=faxdt=>Vx Vox faxdt
Vox 0 0

We have

In the same way we find
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We have

Vox = Vocos(6y)
{VOy = Vpsin(6y)

The components of velocity

t
J V, = j 0 dt + V, cos(6,) =V, cos(8,)
0

t
LVy = j —g dt +V,sin(6y) = —gt + V,sin(6,)
0

On the other hand we have

L _ X
X dt
and
X t t
Xo 0 0
we have

In the same way we find

where

The position compounds

t
0

{kY = ft(—gt + Vpsin(6y)) dt + Y,
0
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So,
X = (V, cos(6,))t
1
Y = =59 t? + (V, sin(G))t
We have
X

t=———
V, cos(8,)
By substituting into the second equation, we find the trajectory equation for the

projectile's motion as follows

_ g
2(Vy cos(6,))?

1- Calculating the maximum height: It is the greatest height the projectile reaches, and

Y = X? + tan(0y)X

this is when it is

Vy =0
We have
—gt + V,sin(8,) =0
And
_ Vg sin(6y)
t= T
By substituting into the Y equation, we find the greatest height the projectile reaches
% . (Vo sin(6,))?
Max — 29

2- Calculating the maximum distance: It is the greatest distance the projectile travels,
and this is when itis Y = 0. By substituting into the path equation, we find the greatest

distance traveled by the projectile

2(V, cos(6,))?
Xmax = tan(6,) . 29 °
2V,y% cos(8,) sin(6,)  2V,*sin(26,)
XMax = g = g
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Example

We launch a projectile from ground level vertically upward at a speed of 10 %
1- How high does the projectile reach?

2- What is the velocity of the projectile after 1.5 seconds?

3- What is the time interval between the moment of ejection and the moment the

projectile reaches the ground?

Solution

1- The highest account that the projectile reaches.

v (Vo in(6,))? B (10sin (g))z
Max = 29 ~ 2x098

=5.1m

2- Calculate the speed of the projectile after 1.5 seconds.

i
V., =V,cos(8,) =V,cos (E) =0

T
V, = —gt +V,sin(6,) = —9.8 X 1.5 + 10sin (E) = —4.7

So,

— 2 2—47m
V= 002+ )= 477

3- Calculating the time interval between the moment of ejection and the moment the

projectile reaches the ground. Its meaning

—gt +V,sin(8y) =0

We have
. V, sin(6,)
9
And
10 sin (=
t = —(2) = 2.04s

9.8
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7.2 Newton's Law of Universal Gravitation
In some references, it is mentioned as Newton's fourth law
Gmym,
= —rz
Where G is the general gravitational constant.

2

Nm
G =6.67 %107 —
Kg

And 7 is the distance between the two objects m, and m,.
Example

If we have a body m on the surface of the Earth.

Fep=mg= Gm]\24T
Ry
M7 is the mass of the Earth, and Ry is the radius of the Earth. So we have it
_ GM;
9=
where
M; = 5.98 X 10%4Kg
R; = 6.37 X 105m
We have

g =9.8NKg™!

7.3 Kepler's third law

[t states that (the square of the period of motion of a planet or moon is proportional to
the cube of the large radius of its path). If T is the period of motion and a is the large
radius, then

T? x a3

How do we calculate the constant of proportionality? applying Newton's second law
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Zﬁ=m&

Where d is the centripetal acceleration.

mM v?
F = G_Z =m-—
T a
We have circular motion

2T
V=wa= ?a
Substituting, we find the mathematical expression for Kepler's third law
472

_ " 3
om ¢

T 2
7.4 Satellite movement

We have a satellite of mass m orbiting on Earth. How do we find the distance of the

moon on the surface of the earth? Applying Newton's second law

GmM v?
F = > =m—
Tr Tr
The motion is circular v = wr, so
GmM 5
F = >— = mw°r
r

Finally, we find the distance of the satellite on the surface of the Earth

1
r=(G E)E

Example

What is the velocity of a satellite rotating at an altitude of 1000km above the Earth’s

surface?

Solution

Apply Newton's second law

where
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Where R is the radius of the Earth, h is the distance of the Moon on the Earth's surface
r=R+h
We have
r =6370+ 1000 = 7370 X 103m

and

2
6.67 x 10-11 X2 598 x 1024K g
_ Kg?

2
7370 X 103m
Finally, we find the velocity of the satellite

v

m
v="7.35X% 103?

8. Angular momentum and Torque

We know it by the following expression
L=7xp

Where 7 is the position vector and p is the momentum vector.
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Through our definition of the vector product, we can write the expression for the kinetic

moment as follows
L = |7||plsin(?)
¥ is the angle between the two vectors 7" and p.

On the other hand we have

dL d _ ; d 7 xmP)
—=—(r =—(rXm
at dee P T
dL d7 7y v _ 5 Vs dv
— =—Xm rXm—=VXm rXxXm-—
dt d d dt
Where
VxmV =0
- dI_/) - - - =
rXm—=rXma=rXF
dt
We now know the physical concept 7, which is called the moment of force
- dz - 13’.
T=—=7X
dt
Example

The mass m moves on the plane (0xy ) under the influence of the two forces

-

F; = —OM and ﬁz = —2mv as in the figure.
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1 - We use polar coordinates and the basic principle of dynamic. Prove that the time

equation of motion is written by the relation r = aet.

Given: @ = wt, a and w are constant. And att = 0 we haver = a.

2 - Use the angular moment theory to find the relationship r = aet.

Solution

1 - Applying the basic principle of dynamics.

F, +F, =md
We use polar coordinates
F_)l — —Tur
S N do _,
F, = =2mv = -2m(ru, + raug)
On the other hand
L (d?r <d9)2 _— d29+2drd9 .
a=\gez "G |t CgE T et
Where
do _
ac
dze —0
dtz
We have
{ F_)'l == —T‘ﬁr
F, = —2m(ri, + roly)
And
L [d?r 5 - dr__
a=|77Tw | + (Zwa)ug
We find
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- R R d*r R dr__
—ri, — 2m(ru, + rouy) =m <W — ra)2> U, + mQw E)ug
And
. . d?r 5\ T
—(r+2mr)u, — 2mrwig =m (ﬁ —TW )ur +mQw E)ug
Comparison between the two parties
dr
—2mrw = mQ2w I
We have
dr
= =
_ar =¥
We integrate both sides
—t = In(r)
And
r = cont.e”t

From the dataatt = 0 we have r = a. We find

r=ae

2 - Use the angular moment theory to find the relationship r = aet.

We have
dL .
EzZOMXFzOMxF1+0M><FZ
Where
OM X F, = =1, X1, =0
OM X F, = =1, X 2m(ri, + rwiy) = —2mriwk

On the other hand
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L=0MXxXmv =1, Xm(ri, + roiy) = mriwk

So,
dL dr -
i 2mrwak
In the end we find
dr
—r = -
And
r=aet

9. Equation of motion

Example 1

We have an elastic spring of length [ at rest. If its length changes due to the weight of

the mass, its length becomes [. It gains the force of return (Hooke's law)
F=—k(le = L)

Where k is the spring tension constant and [, is the length of the spring in equilibrium.

Applying the basic principle of motion in equilibrium.
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Zﬁ=6

P+F=0
mg—k(l,—1,) =0

So,

In the case of motion, the length of the spring becomes [, + x, applying the basic

zﬁ=m&
P+ F

principle of motion

F = md
We have
mg—k(l, +x—1;) =ma
mg —k(l, —ly) —kx =ma
and
—kx = ma
We find
d?x
mﬁ +kx=0
Or we write
d’x k
FTS] + X = 0

The equation of motion is a second-order differential equation

¥+ w?’x=0
/ k. . . . .
Where w = s the pulse of motion, the solution to the equation of motion is of the

form
x = Acos(wt + ¢)

A is the amplitude of the motion, A and @ can be determined from the initial conditions.
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Example 2

We have a simple pendulum as shown in the figure.

applying the basic principle of motion
P+ T=md
Using polar coordinates we find
mgcos(0)u, — mgsin(0)uy — Tu, = md
We write the acceleration in polar coordinates
d = 101, — 1674,
We have

mgcos(0)u, — mgsin(0)uy — T, = mlBuy, — mlOu,

Projecting onto the 1_1)9 axis, we find
—mgsin(0) = mlé
and

16 + gsin(0) = 0
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The equation of motion is a second-order differential equation. If 8 is small, then
sin(0) =0
finally

0+ w20 =0

, k
Where w = p is the pulse of motion, the solution to the equation of motion is of the

form

6 = Acos(wt)
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We previously used the principles of motion (Newton's laws) to deduce the equation of
motion from our knowledge of the expression of forces affecting the system. In this
chapter, we study motion without the need to use these forces and without knowing the
details of motion such as path, relying on the concept of work and energy, where The

most important characteristics of movement can be deduced.

1. Work of a constant force

The work of a constant force F when it moves from point A to point B is given by the

scalar product.
WAB == F AB
Where W, is work, its unit of measurement is the joule J.

AB is the displacement vector from point A to point B.

Using the definition of a scalar product we can write

Was = |F |48 lcos(a)

« is the angle between the force F and the displacement vector ﬁ

Note

1- The work of the force is not related to the path followed, that is, the work W, of the
force F has the same value regardless of the path.

2-1AB L F then WAB(ﬁ) =0.

3-1f Wyp > 0, we say that work is a motive, and this is when 0 < a < 90°.

4-1f Wy < 0, we say that the work is resistant, and this is when 90° < @ < 180°.

Example

The work of the force of gravity.

We now calculate the work of the force of gravity P = mg) when the center of mass is

from point A to point B.
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Wyg (ﬁ) = ||ﬁ|| ||ﬁ||cos(a)

From our figure, we have

Zg 7,

cos(a) = 15

So the work of the force of gravity becomes as follows

Zs 7,
AB

Wys(P) = P.AB

We have
Wyp(P) = mg(Zp_Z,)

2. The work of an unstable force

If the force F is variable in intensity, then its work is not equal to F'. AB, here we divide

the path into elemental transitions d7 and we call the work of the force during the

elemental transition dW, which is calculated as follows
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dw = F.d7

The total work during the elemental transition from point A to point B is the sum of the

elemental works dW. And we write

B B
A Ta
We use this relationship if the force and elemental displacement are defined as follows
{ F=FIl+FEj+FEk
d# = dxi + dyj + dzk
So,
dW = F.d7 = Fdx + F,dy + F,y

Example

The operation of the return force

Calculate the work required for a spring stretched by X as shown in the figure

Y

1- Calculate the work required W, to move the mass from x to 0.

We have

SO
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We find
0 0
1.
W, =|dW, = | —kxdx = Ekx
X X
2- Calculate the work required W, to move the mass from 0 to X.
X X
1
W, =1dW, = | —kxdx = — Ekx
0 0

Example

In this example, we calculate the work of the force of gravity using the expression dW.

We have
Wys(P) = j —mgk(dxi + dyj + dzk)
and
Za
Wag (ﬁ) = J —mgdz = mg(Zp-Z,)
Zp
3. Power

We know the instantaneous power by the following relationship

p_ AW
T dt

We know the average power by the following relationship

WAB
p=-*2
At
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Where W is work in joules, t is time in seconds. The unit of measurement for power P is

watts.
5. Kinetic energy E

We apply the basic principle of motion with the expression elemental work.

We have

dv

dW = F.dr =
r=m—

dr

and

dr
dW = m—dv = mvdv

dt
B
W = mj vdv
A
In the end we find
> 1
Wyp(F) = EmUBZ - EvaZ

1
The term 2 mv? is called kinetic energy and is written

The theory of kinetic energy states that the change in the kinetic energy of a body

between positions A and B is equal to the work of the net force applied to the body. And

we write

W = AE,
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6. Conservative force
We say that force F is conservative if it fulfills the following two conditions.

The first condition: The work of the force F between points A and B is independent of

the path.
Example
A
W,
W3
B
We have
W, (F) = W,(F) = W5 (F) = Wy (F)

and

LB\:UJ
T
QU
X
Il
LB\:UJ
g
QU
a
[l
:b\xtc
T
QU
ni

The second condition

The work of the force F on a closed path is zero.

We start with the first condition, where the work is independent of the path.
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B B
’]‘F_).d_)]_:fﬁ.d_)z
A A

and
B B
jﬁd}—jﬁd;=o
A A
B A
fﬁd1+fﬁd;=o
A B
We find

- B - A
wi(F)],” + wi(F)," = o

7. Potential energy E,,
Example 1
Elastic potential energy

We attract a mass m connected to a spring to the +X position and then let it go. The
center of mass moves from the +X position to the —X position, then it searches for

equilibrium at position 0, as in the figure

Y
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When the center of mass is at the +X position, it has no kinetic energy E, = 0 because

its velocity is zero through this position. We say here that the mass has potential energy

Ep and the same applies at the —X position. In the end, the mass stops at position 0

(spring balance). Here the mass has neither kinetic energy nor potential energy. The

following table shows how energy is transformed from kinetic energy to potential

energy and vice versa.

Mass Mass position
Massin | between 0| Massin | between +x | Massin
—x and —x 0 and 0 +x energy
0 E. Max E, E. 0 E,
Max E, E, 0 E, Max E, E.

Energy is transformed from kinetic energy to potential energy and vice versa, but their

sum remains constant. If kinetic energy increases, potential energy decreases and vice

versauntil E; + E,, = const

We call the expression E. + Ep mechanical energy or total energy.

where

Er =E.+E,

AE, + AE, =0
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Example 2

Gravitational potential energy

1- We study the free fall of a body at a height h from the surface of the Earth, as in the

figure.

1

At the beginning of the fall, there is no kinetic energy for the body because its velocity is
zero. The sentence (earth + mass) has gravitational potential energy, which after falling

is transformed into kinetic energy.

1
2- We now throw this body upward with an initial velocity vy, thus E,. = 2 mvy? When

the body reaches the highest height, this energy is transformed into gravitational

potential energy and then transformed again into kinetic energy.

Calculating potential energy E p

As we mentioned previously, the change in total energy between points A and B is zero.
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We write
AE|,® +AE,| * =0
and
B
B B - - >
AE,|, = = —DE |, = ~Wys(F)=—| F.d7
A
We have
B
E,(B) — E,(4) = —jﬁ.d?
A

7.1 Calculating the elastic potential energy

From the previous example when we calculated the work of the spring’s return force.

we've got
{ﬁ = —kxt
dr = dxt
When the spring is at x = 0, it has no potential energy

X

E,(x) — E,(0) = —Jﬁ.d?

0
Where E,(0) = 0, we have

X 1 ,
E,(x) = —j —kxdx = Ekx

0

In the general case we write the expression for the elastic potential energy of the spring

1 2
E,(Ax) = EkAx
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7.2 Calculating gravitational potential energy

From our figure.

S Mm _
Fy=- 7 U
r

M~

-

From the force relationship, it becomes clear to us that the force goes to zero F;) -0

when 7 — 00,

So,
E,(r) — E,(0) = — jlfq.df’

E,() = 0, we have

r
Mrm_,
Ep(r)=—f—G —u.dr
r

(0]

Where

. d = ||@]|. |d7]|cos(®) = dr
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We have

T
dr Mm
E,(r) = GMym == —G

(00]

r

7.3 Calculating the potential energy of a body under the influence of the force of

gravity

Returning to the free fall example.

Since the force of gravity on the 0x axis is non-existent.
B B =
AEp A —AE |4” = —Wyp(P)

And because

P, =—mg
We have
AEy| " = ~Wys(P) = mg(ys_ya) = mghy
And
Ep =mgy
h is the height. Finally, we write
E,(h) = mgh

Note

We say that the force F (x,y, z) is derived from a potential if

i e 1 _5p _ 0E,, O0Ep, E)EPE
(x,y,z)——gra p(x,y,z)— p(x,y,z)—— dx L= ay]_ 0z

88



Chapter IV: Work and energy

And
T ]k
r—o_t?(x,y,z):VXEp(x,y,z): aa—x ;_y % =0
E. E K
Example 1

We have a material point under the influence of a force ﬁ where
F=(x—ay)i+ @y —2x)]

1- Calculate the work necessary for the force F) to move the point from the principle

point A(2,4) to through point C(0,4).

2- Calculate the value of a so that the force F is conservative, then extract the potential

energy resulting from the force F)

Solution
1- Calculate the work of the force F. we've got
dW = F.d# = F.dx + F,dy

dW = (x —ay)dx + (3y — 2x)dy = Wyc + Wy
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For the path from O to C we have
x=0-dx=0

We have

4

0

For the path from C to A we have
y=4-dy=0

We have
2
Wey =j(x—4a)dx=2—8a
0

The work of the force F)

W = (26 — 2a) joule

2- Calculate the value of a so that the force F is conservative.

o -

Vxl_fx, ,Z) =
(x.y.2) d0x dy z

So,
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We now calculate the potential energy resulting from the force F.

7 — _VE( B J0E,, OE,, aEPE
(X,y,Z)— D X,y,Z)— ax l ay] 62
We have
0E,
S = = 2y)
oE, 3 22)
kay
and
X2
E, = —J(x—Zy)dx =--+ 2xy + C(y)
0E aC(y)
_P_ _ — =
3y By —2x) =2x+ 3y
We have
y2
C(y) =-3 = + canst
In the end we find
E, = —f(x— 2y)dx
2 32
E, = —7+2xy—3 7+canst
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Differential Calculus

1. Cartesian coordinates

The unit vectors of the Cartesian basis are (I, J, k) . we define the scalar function

f(x,y, Z) and the vector A
A=A d+Aj+ Ak
The expression for the differential element is
dr = dxi + dyj + dzk
and the volume element is
dV = dxdydz
1.1 Gradient

from which we deduce the expression of the gradient of the function f (x, y, Z)

0 0 of »
Vf =£?+—fj+—fk

and therefore of the operator V ( called del )

We also deduce the Laplacian ( A = V? ) form of the function f (x, v, z)

9%f 0%*f O0*f
A=35 +6y2 t oz

92



1.2 The Divergence

The divergence of the vector A is a scalar that can be represented as

- 6% 6% a—> - N g
V.A = (—l+—]+—k>.(Axl+ij + A,k)

dx dy 0z

1.3 The Curl

The Curl of the vector A is a vector that can be represented as

T ]k
Vxﬁ:i i i
dx dy 0z
A A, A4,

5 0A, O0A 04, O0A dA, 0A
VxA:( z_ y)?+( = — Z>f+< 2=

dy 0z 0z  0x 0x
Example
We have the position vector 7

#= x4 y] + zk

and the magnitude of the position vector 7

r=.x2+y2+ 22
1- Find the gradient of 7.
2- Calculate the divergence of 7.

3- Calculate the divergence of U,

dy

)z
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4- Calculate the curl of 7.
5- Calculate the curl of ..
Solution

1- The gradient

v _6r9+6r_)+6r_>
"' Ty T oz
Where
or 0 2x
- = 2 2 2) —
ox ax(\/x Ty +Z) 2,/x2 + y2 + 22
or 0 2y
dy a)’(\/ ) 2/x% + y2 + 72
or 0 2z
L — 2 2 2\ —
0z E)z(\/x Ty +Z) 2\/x2+y2+22
So,
X A -
Vr = I Y
VX2 +y24+22 [x2+y2 422 \[x2+y2 4 72
XU+ yj + zk
Vr =
JxXZ+y? + 22
And
T
V =—=_)
r=-=1U
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2- The divergence

ax_ay_az_l
ox dy 0z

We have
Vi=1+1+1=3

3- The divergence of i,

We have
L7 xT+yj+zk
ur=—=
o Jx2+y%+ 22
And
2 P S
G X _‘/" AR e
0x \\[xZ + yZ + 22 B x2 + y2 4 22
6( X )_ y? + z2
0x\\Jx2 +y2 +22) (x2+y%+22)/x2+y2+ 22
And
6< y )_ x2 + z2
0y \Jx2 +y2+22) (x2+y?+22)/x%+y?+ 22
6( z )_ x% + y?
0z \\[x2 + y2 + 22 (x2 + y2 4 22),/x2 + y2 + 22
So,

95



yZ +Z2
(x2+y2+22)/x2 + y% + 22

V.4, =

x% + 72 x? +y?

+ +
(x2+y2+2z2)x2+y2+22  (x2+y2+22)/x2+y%+ 22

And
. 2(x% + y? + z?)
V.u, =
(x2 +y2 +22)/x2 + y2 + 22
~ 2 2
V.u, = = -
Jx24+y24z2 T

4- The curl of 7.

Vx*—(az 6y>9+(6x 62)é+<6y ax)z
"=\ay " az) "6z " ax)! T \ax oy

We have
Vx 7= (0)+ (0)]+ (0)k

And

5- The curl of .
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) )
0x \\/xZ+y2 +22) Oy \/xZ+y2 + 22

And
vz yz
_ VX2 +y?+2z2 VX% +y?2+2z2 >
VXU, =| —— 2 ) 2 7 |t
x¢“+yc+z xc+y-+z
XZ XZ
Vx2+y2+2z2 n Vx2+y2+42z2
x2+y2+2z2 x%2+4y?+z2
X X
JxZ+y2+2z2 n JxZ+y2+4z2 E
x2+y%2+z2 x2+y2+422
We have

VX, =0
2. Cylindrical coordinates

The unit vectors of the Cylindrical basis are (€,, €g, k) . we define the scalar function f

and the vector /T
A=A,8,+ Agéy + Ak
The expression for the differential element is
dr = dpé, + pdféy + dzk

and the volume element is

dV = pdpdOdz
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2.1 Gradient

from which we deduce the expression of the gradient of the function f is

_of . 19f . of
Vf—%ep+5%e

We also deduce the Laplacian ( A = V2 ) form of the function f is

10/ 0 1 0%f 02
A :__<p_f) +__f_|__f
pdp\" dp) p?00?% 0z>

2.2 The Divergence

The divergence of the vector A is a scalar that can be represented as

10(p4,) L 104y 04,

A
v p O0p p 060 0z

2.3 The Curl

The Curl of the vector A is a vector that can be represented as

vwf:(laAz—aﬂ)é 94y 94\ W1 0(pAg) 04y~
pdd az) P \az ap) % p\ ap 26

3. Spherical coordinates

The unit vectors of the Spherical basis are (€, €y, ap) . we define the scalar function f

and the vector A
A=Aé +Agég +A,E,
The expression for the differential element is

dr = dré, + rdféy + rsinfdgé,
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and the volume element is
dV = r?sin 0 drdfde
2.1 Gradient

from which we deduce the expression of the gradient of the function f is

afe 10f , 1 of
v/ = arr v 7 o0 9+rsin9%e‘p

We also deduce the Laplacian (A = V? ) form of the function f is

ii(rzg)_l_ 1 0 < af) 1 9%f

- 0—=)+
r2or dr) r?sinfd6 sin 060/  r?sin6? dp?

2.2 The Divergence

The divergence of the vector A is a scalar that can be represented as

v i 16(r2Ar)+ 1 0 4 6) + 1 04,
rz  or rsmeaﬁ( 6 SIn

rsinf do

2.3 The Curl

The Curl of the vector A is a vector that can be represented as

VA= — (a(A in6) aA‘))ﬁ
~ rsind \o6 St o ér

r
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Terms

Vector slad energy 4Lk
Dimension ey Temperature 5l a dam
Equation Aleo Unit vector S e
Mass ALS Scalar Product JPTNPIAEN
Length Jsb Vector Product elediclaa
Temps e Mixed product Llise eloa
Quantity LaS Derivative 3l
Element _paic Commutative AT
Relationship e Distributive s
Fundamental v Perpendicular (59 5
Position e Parallel s
Velocity- speed de_p Determinant s
Acceleration ol Uncertaintie L)/
Characteristic pailas Experiment Lo
Measurement ol Absolute lho
Cartesian SRS - TS0 Relative (s
Polar (=bd Kinematics LS
Cylinder 4l s Motion SLPEN
Sphere 58 displacement vector JELY) g leii
Distance Al Moment VN
Function Ul Trajectory- path e
Magnitude A pb 50 Radius i Ciai
Properties pailias Average L gio
Analysis Julsi Instantaneous Bl
Calculation Lolin Dilee Circular Motion LD ERLP
Power delhiu/ Tangential Acceleration rles £l
Volume PEEN Normal Acceleration bl g ld
Force 548 Relative motion Loai 4 4a
Work Jae fixed reference b ales
Phenomena 5 uls moving & jaio alea
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Traction P reference ale
Dynamics <L 5 | infinitesimal _uall aLie
object- body ~ua | planet S 5S
principle of inertia Alhel/ Jxe | sun e
heavy body O 1/JPEN moon _wad
lighter body s/ A falls L gés
Isolated s jza Momentum A pat) LaaS
Friction IS Static oSl
Collision pllay Projectile movement SETALRLSTN
Gravity Ludls surface b
Reaction S IRY) Angular momentum A ) o je
Tension A equation of motion A8 jad) Aoles
Unstable o _pd Potential energy LialS 5L
Conservative Lsése | Kinetic energy LS )a 4Ll
Elastic O increases SV
Spring ol decreases =adlity
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