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Abstract

The main goal of this thesis is studing the Asymptotic behavior of solutions to a vis-

coelastic Kirchhoff-type plate equation with memory and delay terms, under classical initial

and boundary conditions.first we present necessary mathematical preliminaries. Then,by using

energy estimates and suitable assumptions on the damping and relaxation functions, we prove

the global existence. Finally, we establish a general decay result for the total energy by con-

structing an appropriate Lyapunov functional. The result shows that the energy decays over

time, illustrating the combined stabilizing effect of damping and memory, even in the presence

of delay.



Résumé

Le principal objectif de ce mémoire est d’étudier le comportement asymptotique des solu-

tions d’une équation de plaque viscoélastique de type Kirchhoff avec des termes de mémoire et

de retard, sous des conditions initiales et aux limites classiques. Nous présentons d’abord les no-

tions mathématiques préliminaires nécessaires. Ensuite, en utilisant des estimations d’énergie

et des hypothèses appropriées sur les fonctions d’amortissement et de relaxation, nous prouvons

l’existence globale. Enfin, nous établissons un résultat général de décroissance de l’énergie to-

tale en construisant la foncrionnelle de Lyapunov appropriée. Le résultat montre que l’énergie

décroît au cours du temps, illustrant l’effet stabilisateur combiné de la mémoire et du retard.



اिऻڪٌۘ

ذاாணة ༡ڎود আॻ༟ ොູٺިي ܋ଫଃނިف َިع ݆݁ ۰༥ෑෂ ۰༡ިܳ ᄭᄟ݁أ؇د ࠍ੆ߺࠊل ሒᇀاܳٺگ؇ر اܳފߺࠊك دراݿ۰ ሌᇿإ اৎ৊ڍாணة ۱ڍه ዛኤڎف
وً؇ݿٺ༱ڎام ،ቕ቉ ل۰. ا๤ཟܳور ل؇ݪ٭۰ ීෂا اࡺ࢘ࢦ۳٭ڎات َأݠض اܳٴڎال۰، ሒᇭ ఈ႙၍ݿ٭ܝ٭۰. و༡ڎل۰ ۰ਃಮڎاਐಸا ๤ཇوط ොູب ዻዧوذ ،ଫଃ༠؊ّ وأ؜ݯ؇ء
ᄭᄟدا ૰૙؆࿓؇ء َگިم ،ዻዧذ ًأڎ ࠯࠵࠺ߺࠊل. اܳأ؇م اܳިۏިد ཹྦྷٴب وا৖৑ݿ༠ଫଐ؇ء، اܳٺ݄ۛ٭ڎ دوال আॻ༟ ݁ٷ؇ݿٴ۰ ڣݠݪ٭؇ت وොູب اܳޚ؇ڢ۰ ّگڎߌߵات
ࢴࣖل ؇ᆙᆘ ،݆݁ෑෂا ؕ݁ ོྥٷ؇ڢݧ اܳޚ؇ڢ۰ أن ۰༶اܳٷྥ٭ ඔ൹ਊಾو اၯၽܳ٭۰. ይዧޚ؇ڢ۰ اܳأ؇م ఈః༲ᆙᆕఈዳዧل ۰༶ཹྥ٭ আॻ༟ ؇ୖ୒ఈః༠ ݆݁ ݆۱ଫଊَو ۰ஓ୴ఈః݁ ܳ٭؇ًިَިف

.มฃ݁ෑෂا ଫଃ༠؊اܳٺ وۏިد رܾؗ واᄳᄟاாணة، ይዧٺ݄ۛ٭ڎ اৎ৊ލଫଐك มฆ྘اܳٺྦྷٴ ଫଃٔ؊اܳٺ আॻ༟
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Introduction
Wave equations are fundamental tools in modeling various physical phenomena such as

acoustics, elasticity, and electromagnetism. The classical linear wave equation provides a sim-

ple yet effective description of wave propagation in homogeneous media. However, real-world

materials often exhibit more complex behaviors such as memory effects and nonlinear responses

that go beyond the scope of the classical model. These complexities necessitate the development

of more advanced mathematical models.

One such refinement involves viscoelastic materials, which exhibit both elastic and viscous

properties. These materials do not respond instantaneously to external forces; instead, they

have a delayed response, often referred to as ”memory.” To capture this effect, mathematical

models incorporate memory terms typically expressed as convolution integrals involving a re-

laxation function. These terms model how the past states of the system influence its present

behavior, adding a layer of realism to wave propagation in such materials.

Another extension is provided by Kirchhoff-type wave equations, which introduce a nonlin-

earity depending on the gradient of the displacement. Unlike the classical wave equation, where

the wave speed is constant, the Kirchhoff-type model reflects situations in which the tension or

stiffness of the medium varies with deformation. This is relevant for systems such as vibrating

strings and membranes where the internal force depends on the total strain energy.

Additionally, delay effects play a significant role in many physical and engineering systems.

Delays may arise due to signal transmission time, processing lag, or feedback mechanisms. Even

small delays can significantly affect system dynamics and stability. Including delay terms in

mathematical models allows for a more accurate and comprehensive understanding of such

systems. In the context of wave equations, delays can alter the decay rate of the energy and

even destabilize the system under certain conditions.

This thesis focuses on the general decay behavior of solutions to a viscoelastic Kirchhoff-

type wave equation with a delay term. Our aim is to study how the total energy of the

system evolves over time and under what conditions it decays. The concept of general decay

includes both exponential and polynomial decay as special cases, depending on the properties

of the relaxation function and the delay weight. Understanding the decay rate is essential for

predicting the long-term behavior of solutions and ensuring the stability of the system.
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Some mathematical problems have been previously studied by several authors [16, 23]. many

authors studied the following equation with appropriate boundary and initial conditions:

utt + α∆2u−M

(∫
Ω

|∇u|2dx
)
∆u− σ(t)

∫ t

0

g(t− s)∆2u(s) ds = 0, (0.1)

where M and g are functions satisfying certain conditions (see, e.g., [10,28]). Menezes et al. [7]

proved existence and uniform decay results for the nonlinear degenerate equation (0.1) with

g = 0. Park et al. [24] established decay rate estimates for the problem (0.1) with α = 1, g = 0,

and boundary damping. These works focus on exponential decay rates.

The purpose of the present work is to establish a general decay result for equation (0.1)

with time-varying delay. Due to the presence of the delay term a1ut(x, t − τ(t)), the problem

under consideration differs from those studied in the existing literature. Time delays naturally

appear in many practical applications, where the current state depends not only on the present

but also on past events. The presence of such delays can potentially cause instability (see,

e.g., [6, 19]). Consequently, the control of partial differential equations with time-delay effects

has recently attracted significant research interest (see [11,14,19,20,27] and references therein).

Kafini et al. [14] and Nicaise and Pignotti [19] studied, respectively, a Timoshenko-type ther-

moelasticity system of type III and a wave equation with constant delay. Mustafa [11] analyzed

a thermoelastic system of second sound involving an internal time-varying delay. Nicaise and

Pignotti [19] also derived decay rates for a wave equation with time-varying delay. These

contributions are primarily concerned with exponential or polynomial decay behavior.

Delays are commonly encountered in numerous real-world phenomena and can have a significant

impact on the behavior of dynamical systems. In fact, the presence of delay may destabilize

an otherwise stable system. This highlights the importance of studying the stability of systems

that include delay terms, from both theoretical and practical perspectives.

By taking into account the effects of damping and delay, the equation (0.1) is modified to

the following form:

utt(x, t) + ∆2u(x, t)− σ(t)

∫ t

0

g(t− s)∆2u(x, s) ds+ µ1ut(x, t) + µ2ut(x, t− τ) = 0, (0.2)

where µ1 and µ2 are real constants, and τ > 0 denotes the time delay.
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In this memory We consider a linear viscoelastic wave equation that incorporates both a

linear damping effect and a delay term:



vtt(x, t) + ∆2v(x, t)−M(‖∇v‖2)∆v(x, t)− σ(t)

∫ t

0

g(t− s)∆2v(x, s) ds

− µ1vt(x, t)− µ2vt(x, t− τ) = µ|v|p−2v,
x ∈ Ω, t > 0,

v(x, t) =
∂v

∂ν
(x, t) = 0, x ∈ ∂Ω, t > 0,

v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ Ω,

vt(x, t− τ) = f0(x, t− τ), x ∈ Ω, t ∈ (0, τ),

(0.3)

Here, v = v(x, t) with t ≥ 0 and x ∈ Ω; ∆ and ∆2 denote the Laplace and biharmonic operators

with respect to the spatial variable x, respectively. The domain Ω ⊂ Rn is bounded with a

sufficiently smooth boundary ∂Ω, and n ≥ 1. The constants µ,µ1 and µ2 are positive, and

τ > 0 represents the delay time. The functions v0, v1, and f0 are given initial and history data

belonging to suitable functional spaces. The term µ2vt(x, t − τ) models the delayed damping

effect. The objective of this dissertation is to investigate the existence and asymptotic stability

of problem (0.3), which includes a delay term appearing in the control component of the main

equation.

Our primary motivation is to investigate the energy decay properties of solutions for the

model (0.1). We aim to establish sufficient conditions under which the energy of this system

decays over time. This topic has recently attracted considerable attention. In the case of

Kirchhoff-type equations, numerous results concerning energy decay have been obtained (see,

for instance, [1,2] and references therein). However, studies concerning viscoelastic plate models

remain limited, particularly those involving delay effects.

In this direction, we refer to the work of Lagnese [9], who investigated a viscoelastic plate

equation under nonlinear feedback conditions and proved that the solution decays to zero as

time tends to infinity. Furthermore, exponential (or polynomial) decay of the energy was

established for linear viscoelastic Kirchhoff plates, under the assumption that the relaxation

function g decays exponentially (or polynomially). Subsequent works addressed viscoelastic

plate equations with boundary conditions, obtaining existence and uniform decay rates of the

energy by considering nonlinear and nonlocal boundary feedbacks.
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In [18], Cavalcanti et al. considered the following model:

utt +∆2u−
∫ t

0

g(t− s)∆2u(s) ds+ a(t)ut = 0, (0.4)

and established energy decay results under appropriate conditions on the damping function

a(t).

In Ω× (0,∞), where a(t) is a nonlocal nonlinear function, the authors proved the exponential

decay of the energy in general domains. In the context of localized damping, Park et al. [25,26]

investigated the following model:

utt +∆2u−M(‖∇u‖2)∆u−
∫ t

0

g(t− s)∆u(s) ds+ ρ(x, ut) = 0, (0.5)

where M ∈ C1(R+). Energy decay results were obtained by employing certain difference

inequalities and analytical techniques developed in [17, 22].

A distinguishing aspect of the present work lies in its focus on a viscoelastic equation incor-

porating both internal damping and a delay term. In particular, this study emphasizes the

effect of the delay term µ2ut(x, t − τ). Delay phenomena have been studied in the context

of various partial differential equations. For instance, Nicaise and Pignotti [19] examined the

wave equation:

utt(x, t)−∆u(x, t) + µ1ut(x, t) + µ2ut(x, t− τ) = 0, (0.6)

and established stability results under the condition 0 < µ2 < µ1.

Furthermore, Kirane and Said-Houari [12] considered the viscoelastic wave equation:

utt(x, t)−∆u(x, t) +

∫ t

0

g(t− s)∆u(x, s) ds+ µ1ut(x, t) + µ2ut(x, t− τ) = 0, (0.7)

with appropriate initial and boundary conditions, and proved well-posedness and energy decay

of solutions under the condition 0 < µ2 ≤ µ1. These results were later improved by Dai and

the present author [5]improved the results of [12] under weaker conditions assumptions.

In this sence, we provide a deeper and more comprehensive understanding of the intricate inter-

action between viscoelastic damping and time delay, which represents a significant and novel

aspect of our contribution. This interplay plays a crucial role in influencing the long-term be-

havior of the solutions and highlights the importance of considering both effects simultaneously

in the analysis.
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Our thesis consists of three chapters.

Chapter 1:

In this chapter, we recall the main concepts that we will need. We begin with normed

spaces, Banach spaces, and Hilbert spaces. Then, we introduce Lp spaces and Sobolev spaces.

Finally, we present the necessary inequalities that are used in this thesis, and we also mention

some useful theorems.

Chapter 2:

In this chapter, we study the global existence using energy estimates. We consider the

following linear problem for v ∈ C([0, T ];H1
0 (Ω)):

vtt(x, t) + ∆2v(x, t)−M(‖∇v‖2)∆v(x, t)− σ(t)

∫ t

0

g(t− s)∆2v(x, s) ds

− µ1vt(x, t)− µ2vt(x, t− τ) = µ|v|p−2v,
x ∈ Ω, t > 0,

with the initial conditions: v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ Ω,

and the boundary condition: v(x, t) = ∂v
∂ν
(x, t) = 0, x ∈ ∂Ω, t > 0.

Using appropriate energy functionals and under suitable assumptions on the nonlinear and

memory terms, we derive a priori estimates that ensure the solution is globally defined in time.

A contradiction argument confirms that the energy remains positive, and thus the solution

exists for all t > 0 and stays bounded.

Chapter 3:

This chapter investigates the general decay of energy for a viscoelastic Kirchhoff-type

plate equation with delay. The approach relies on constructing Lyapunov functionals and

auxiliary tools to handle the nonlinear damping and delay terms. By proving the equivalence

between the Lyapunov functional and the system’s energy, and deriving suitable differential

inequalities, we show that the energy decreases over time. The result covers various decay types,

including exponential decay, depending on the relaxation function. These findings highlight the

importance of damping, memory, and delay in the system’s term stability.
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Notations
• Ω : Bounded open subset of Rn

• ∂Ω : The smooth boundary of Ω

• x = (x1, x2, . . . , xn) : The generic point of an open set Ω in Rn

• ∇v : Gradient of v

• ∆v : Laplacian of v

• v, v(t) : v(x, t)

• vt = v′ ; vtt = v′′

• wj : wj(x)

• a.e. : Almost everywhere convergence

• !−→ : Strong convergence

• ∗−→ : Weak convergence

• ∗−→ (with a star) : Weak-* convergence

• 〈·, ·〉 : Inner product

• ∂v
∂t

: Partial derivative of v with respect to t

• Ck(Ω) : Space of k-times continuously differentiable functions in Ω

• C0(Ω) : Space of continuous functions vanishing on the boundary of Ω

• H : Hilbert space

• V ′′
n = V n

tt

• V ′
n = V n

t

• H1
0 = W 1,2

0
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Preliminary

1.1 Normed Space

Definition 1.1 A linear vector space E is called a normed space if for each element v ∈ E,

there exists a real number denoted by ‖v‖ satisfying the following axioms:

1. ‖v‖ = 0 ⇐⇒ v = 0;

2. ‖v + w‖ ≤ ‖v‖+ ‖w‖ for all v, w ∈ E (triangle inequality);

3. ‖λv‖ = |λ| · ‖v‖ for all v ∈ E and all λ ∈ R or C.

Remark 1.1 (E, ‖ · ‖E) is a normed space.

Definition 1.2(Equivalence of Norms)

Let ‖ · ‖1 and ‖ · ‖2 be two norms on V . These two norms are said to be equivalent if there exist

two strictly positive constants c1, c2 > 0 such that

∀v ∈ V, c1‖v‖1 ≤ ‖v‖2 ≤ c2‖v‖1.

Proposition 1.1 Let ‖ · ‖1 and ‖ · ‖2 be two equivalent norms on V . Then, we have the

equivalence:

vn → v with respect to ‖ · ‖1 ⇐⇒ vn → v with respect to ‖ · ‖2.
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Definition 1.3 (Cauchy Sequence)

Let (E, ‖ · ‖) be a normed space and (vn)n∈N a sequence of elements in E. The sequence (vn) is

called a Cauchy sequence if:

∀ε > 0, ∃n0 = n0(ε) ∈ N, ∀n,m ≥ n0 ⇒ ‖vn − vm‖ < ε.

Definition 1.4 (Complete Space)

Let E be a vector space. We say that E is a complete space if every Cauchy sequence (vn)n∈N

in E converges to an element v ∈ E.

1.2 Banach space

1.2.1 Definitions and Properties

Definition 1.5(Banach Space)

Let (E, ‖ · ‖) be a normed space. We say that E is a Banach space if E is complete.

Definition 1.6

Let E ′ be the linear space of all continuous linear functionals f : E → R, called the dual space

of E.

Proposition 1.2 [8]

The space E ′, equipped with the norm

‖f‖E′ = sup {|f(v)| : ‖v‖ ≤ 1} ,

is also a Banach space.

We denote the value of f ∈ E ′ at v ∈ E by f(v) or 〈f, v〉E,E′ .

Definition 1.7

Let (E, ‖ · ‖E) and (F, ‖ · ‖F ) be two Banach spaces such that there exists an injective linear

map from E to F . This map allows us to consider E as a vector subspace of F , denoted by
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E ↪→ F or E ⊆ F .

We say that this inclusion is:

1. continous: If there exists a constant C > 0 such that

‖v‖F ≤ C‖v‖E,

we write

E ↪→ F.

2. Compact: If for every bounded sequence in E (with respect to the norm of E), one can

extract a subsequence that converges in F (with respect to the norm of F ). We denote

this by:

E
compact
↪→ F.

3. Dense: If for every v ∈ E, there exists a sequence (vn)n∈N ⊂ E such that

lim
n→∞

vn = v,

where the convergence is with respect to the norm of F .

Theorem 1.1 [4]

Let E be a Banach space. Then E is reflexive if and only if

BE = {v ∈ E : ‖v‖ ≤ 1}

is compact with respect to the weak topology σ(E,E ′).

Definition 1.8

Let E be a Banach space and (vn)n∈N a sequence in E. We say that vn converges strongly to v

in E if and only if

lim
n→∞

‖vn − v‖ = 0,

which we denote by vn → v or limn→∞ vn = v.
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1.2.2 The Weak and Weak-Star Topologies

Let E be a Banach space and f ∈ E ′. We define the map:

ϕf : E −→ R, v 7→ ϕf (v),

thus, for f ∈ E ′, we obtain the family of maps {ϕf}f∈E′ from E to R.

Definition 1.9

The weak topology on E is the coarsest topology on E, denoted σ(E,E ′), such that every map

ϕf with f ∈ E ′ is continuous.

Now, we define the weak-star topology on E ′, denoted σ(E ′, E). For each v ∈ E, we define:

ϕv : E
′ → R, f 7→ ϕv(f) = 〈f, v〉E′,E.

Thus, for each v ∈ E, we obtain the family of maps {ϕv}v∈E from E ′ to R.

Definition 1.10

The weak-star topology on E ′ is the coarsest topology on E ′ such that each map ϕv is continuous

for every v ∈ E.

Remark 1.2 [4]

Since E ⊂ E ′′, it is clear that the weak-star topology σ(E ′, E) is weaker than the topology

σ(E ′, E ′′).

Theorem 1.2

Let E be a reflexive Banach space. Then any bounded sequence in E has at least one weakly

convergent subsequence.

Definition 1.11

A sequence (vn)n∈N in E weakly converges to v if and only if

lim
n→∞

f(vn) = f(v), for all f ∈ E ′,

which is denoted by

vn → v.
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Remark 1.3 [4]

1) If the weak limit exists, it is unique.

2) If vn → v (strongly), then vn → v (weakly).

3) If dim(E) < +∞, then weak convergence implies strong convergence.

Proposition 1.3 [8]

On compactness in the three topologies in the Banach space E:

1) The unit ball

B = {v ∈ E : ‖v‖ ≤ 1}

in E is compact if and only if dim(E) <∞.

2) The unit ball B0 in E ′ is weakly compact in E ′ if and only if E is reflexive.

3) B0 is always weak-star compact in the weak-star topology of E ′.

Proposition 1.4 [4]

Let (fn)n∈N be a sequence in E ′. We have:

1) fn
∗→ f in σ(E ′, E) if and only if fn(v) → f(v) for all v ∈ E.

2) If fn → f (strongly), then fn → f in σ(E ′, E ′′).

3) If fn → f in σ(E ′, E ′′), then fn
∗→ f in σ(E ′, E).

4) If fn
∗→ f in σ(E ′, E), then ‖fn‖ is bounded and ‖f‖ ≤ lim inf ‖fn‖.

5) If fn
∗→ f in σ(E ′, E) and vn → v (strongly) in E, then fn(vn) → f(v).

1.3 Espace de Hilbert

Definition 1.12

Let E be a vector space. A map h : E×E → K = C defined by 〈·, ·〉 is called an inner product

if:

1. 〈v, w〉 = 〈w, v〉, for all v, w ∈ E;

2. 〈αv1 + v2, w〉 = α〈v1, w〉+ 〈v2, w〉, for all v, w ∈ E and α ∈ C;

3. 〈v, αw〉 = α〈v, w〉, for all α ∈ C;

4. 〈v, v〉 ≥ 0 and 〈v, v〉 = 0 ⇐⇒ v = 0.

Definition 1.13

A Hilbert space is a Banach space (E, ‖ · ‖E) (a complete normed vector space) equipped with
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an inner product for the associated norm:

‖v‖E =
√

〈v, v〉

Definition 1.14 (Orthonormal System)

Let E be a Hilbert space. The sequence (en)n∈N in E is called an orthonormal system if

〈en, em〉 = δn,m =

1, if n = m,

0, if n 6= m.

1. If {en} ⊥ {em}, we say that the system {en} is orthogonal.

2. If the system {en} is orthogonal, then the system
{

en
∥en∥

}
n∈N

is orthonormal.

Definition 1.15 (Hilbert Basis)

Let E be a Hilbert space with inner product 〈·, ·〉. A countable set {en}n∈N is called a Hilbert

basis for E if it is orthonormal for the inner product, and the vector space spanned by this

family is dense in E.

Definition 1.16 (Separable Space)

A normed vector space that contains a countable dense subset is called a separable space.

Example 1.1 The spaces R and C are separable (for example, Q is a countable dense subset

of R).

Theorem 1.3

Every separable Hilbert space has a Hilbert basis.

Proposition 1.5

Let E be a Hilbert space with inner product 〈·, ·〉, and let (en)n≥1 be a Hilbert basis of E. There

exists a unique sequence (vn)n≥1 defined by

vn = 〈v, en〉,

such that the partial sums
p∑

n=1

vnen

converge to v as p→ ∞.
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Moreover, we have:

‖v‖2 = 〈v, v〉 =
∞∑
n=1

|〈v, en〉|2,

thus we write:

v =
∞∑
n=1

〈v, en〉en.

Theorem 1.4 [21]

Let (vn)n∈N be a bounded sequence in the Hilbert space E. Then, one can extract a subsequence

that converges in the weak topology.

Theorem 1.5 [21]

In a Hilbert space, every sequence that converges in the weak topology is bounded.

Theorem 1.6 [21]

Let (vn)n∈N be a sequence that converges weakly to v in E, and let (wn)n∈N be another sequence

that converges weakly to w. Then,

lim
n→∞

〈wn, vn〉 = 〈w, v〉.

Theorem 1.7 [21]

Let E be a normed space. Then the unit ball

B0 = {v ∈ E ′ : ‖v‖ ≤ 1}

of E ′ is compact in the weak topology σ(E ′, E).

Proposition 1.6 [21]

Let E and F be two Hilbert spaces, and let (vn)n∈N ⊂ E be a sequence that converges weakly

to v ∈ E. Let A ∈ L(E,F ) (a bounded linear operator from E to F ). Then the sequence

(A(vn))n∈N converges weakly to A(v) in the weak topology of F .

1.4 Function Spaces

1.4.1 The Space Lp(Ω)

Definition 1.17

Let 1 ≤ p ≤ ∞ and let Ω be a bounded open subset of Rn, with n ∈ N. The space of equivalence
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classes of functions Lp(Ω) is defined by:

Lp(Ω) =

{
v : Ω → R

∣∣∣∣ v is measurable and
∫
Ω

|v(x)|p dx < +∞
}
.

For 1 ≤ p <∞, the norm is defined by:

‖v‖p =
(∫

Ω

|v(x)|p dx
)1/p

.

For p = ∞, we define:

L∞(Ω) = {v : Ω → R | v measurable, ∃C > 0 s.t. |v(x)| < C a.e. in Ω}

and it is equipped with the essential supremum norm:

‖v‖∞ = ess supx∈Ω|v(x)| = inf {C > 0 : |v(x)| < C a.e. in Ω} .

Proposition 1.7

The space Lp(Ω), equipped with its norm ‖ · ‖Lp , is a Banach space for all 1 ≤ p ≤ ∞.

Theorem 1.8

The space Lp(Ω) is separable for 1 < p <∞.

Proposition 1.8

The space L∞(Ω) is a non-separable Banach space.

Theorem 1.9 [8]

The space Lp(Ω) is reflexive for 1 < p <∞.

Lemma 1.1

Let Ω be a bounded open subset of Rn and 1 ≤ p ≤ ∞. Let vn, v ∈ Lp(Ω) such that vn → v

strongly in Lp(Ω), then:

vn → v a.e. in Ω.

Lemma 1.2

Let Ω be a bounded open subset of Rn, and 1 ≤ p ≤ ∞. Suppose that (vn) is a bounded

sequence in Lp(Ω) and that vn → v almost everywhere in Ω, then

1) v ∈ Lp(Ω)
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2) vn ⇀ v weakly in Lp(Ω)

Remark 1.4

Suppose 1 < p <∞ and E is a reflexive Banach space, then the weak* convergence is equivalent

to weak convergence.

Theorem 1.10

For every sequence (vn)n∈N that converges in Lp(Ω), one can extract a subsequence that con-

verges almost everywhere in Ω.

If v ∈ L1(Ω), then:

|v(x)| ≤ ‖v‖L1 a.e. in Ω.

Remark 1.5

1. The strong or weak limit of a sequence of functions is always unique.

2. In the case p = 1, the symbol * is used to emphasize that the definition of weak conver-

gence in L1 is not exactly the same as in the spaces Lp(Ω) for 1 < p < ∞. Indeed, the

dual of L1(Ω) is strictly larger than L1(Ω).

3. Strong convergence in Lp(Ω) implies weak convergence in Lp(Ω), for all 1 ≤ p ≤ ∞.

Let Ω ⊂ Rn be a bounded open set.

1) If vn ⇀∗ v in L1(Ω), then vn ⇀ v in Lp(Ω), for all p ≥ 1.

2) If vn ⇀ v in Lp(Ω), then ‖vn‖Lp(Ω) ⇀ ‖v‖Lp(Ω) in R, for all 1 ≤ p ≤ ∞.

3) If 1 ≤ p < ∞ and vn ⇀ v in Lp(Ω), then there exists K > 0 such that ‖vn‖Lp(Ω) ≤ K,

and:

‖v‖Lp(Ω) ≤ lim inf
n→∞

‖vn‖Lp(Ω).

This result is also valid for p = 1 when vn ⇀∗ v in L1(Ω).

4) If 1 < p < ∞ and there exists K > 0 such that ‖vn‖Lp ≤ K, then there exists a

subsequence vni
and v ∈ Lp(Ω) such that vni

→ v in Lp(Ω).

The result also holds for p = 1 with vn ⇀∗ v in L1(Ω).

5) If 1 ≤ p ≤ ∞ and vn ⇀ v in Lp(Ω), then there exists a subsequence vni
such that v
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Proposition 1.9

Let Ω ⊂ Rn be a bounded open set, vm and v functions in Lp(Ω), with 1 < p <∞, such that:

‖vm‖Lp(Ω) ≤ C and vm → v a.e. in Ω.

Then vm ⇀ v weakly in Lp(Ω).

Lemma 1.3

The space L2(Ω) is a Hilbert space with the inner product:

〈v, w〉L2(Ω) =

∫
Ω

v(x)w(x) dx, ∀v, w ∈ L2(Ω).

The Space Lp((0, T );E)

Definition 1.18

Let E be a Banach space, 1 ≤ p ≤ ∞, and [0, T ] ⊂ R. The Lebesgue space of E-valued

functions, denoted Lp((0, T );E), consists of measurable functions v : (0, T ) → E such that:

i) If 1 ≤ p <∞, then

‖v‖Lp((0,T );E) =

(∫ T

0

‖v(t)‖pE dt
)1/p

<∞;

ii) If p = ∞, then

‖v‖L∞((0,T );E) = ess supt∈(0,T )‖v(t)‖E <∞.

Theorem 1.11 [21]

The space Lp((0, T );E) is complete.

Lemma 1.4 [15]

Let v ∈ Lp((0, T );E) and ∂v
∂t

∈ Lp((0, T );E), with 1 ≤ p ≤ ∞. Then v ∈ C([0, T ];E); that is,

v is continuous from [0, T ] into E.

Properties:

– For 1 ≤ p ≤ ∞, Lp((0, T );E) is a Banach space; in particular, L2((0, T );E) is a

Hilbert space if E is a Hilbert space.

– For 1 ≤ p <∞, if E is reflexive, then Lp((0, T );E) is reflexive.
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• For 1 ≤ p <∞, if E is separable, then Lp((0, T );E) is separable.

Lemma 1.5

Let ϕ = (0, T ) × Ω be an open subset of R × Rn, and let gw, g ∈ Lq([0, T ];Lq(Ω)), with

1 < q <∞, such that:

‖gw‖Lq([0,T ];Lq(Ω)) ≤ C, ∀w ∈ N.

and

gw → g a.e. in ϕ,

then

gw ⇀ g weakly in Lq(ϕ).

Proposition 1.10 [18]

The space Lp((0, T );E), endowed with the norm ‖ · ‖Lp((0,T );E), is a Banach space.

Proposition 1.11 [7]

Let E be a reflexive Banach space with dual E ′, and let 1 < p <∞, 1 < q <∞ such that

1

p
+

1

q
= 1,

then the dual of Lp((0, T );E) is algebraically and topologically isomorphic to Lq((0, T );E ′).

Proposition 1.12 [18]

Let E and F be Banach spaces such that E ↪→ F with continuous embedding, then

Lp((0, T );E) ↪→ Lp((0, T );F )

also holds with continuous embedding.

1.5 Sobolev Spaces

1.5.1 Weak Derivatives

Definition 1.19

Let Ω be an open subset of Rn, 1 ≤ i ≤ n, and let v ∈ L1
loc(Ω). We say that v has a weak i-th

partial derivative in L1
loc(Ω) if there exists a function fi ∈ L1

loc(Ω) such that for all ϕ ∈ C∞
c (Ω),
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the following holds: ∫
Ω

v(x) ∂iϕ(x) dx = −
∫
Ω

fi(x)ϕ(x) dx.

In this case, fi is called the i-th weak derivative of v, and we write:

∂iv =
∂v

∂xi
= fi.

1.5.2 The Space W 1,p(Ω)

Definition 1.20

Let Ω be an arbitrary open subset of Rn, and let p ∈ R, with 1 ≤ p ≤ ∞. The Sobolev space

W 1,p(Ω) is defined as:

W 1,p(Ω) = {v ∈ Lp(Ω) | ∂iv ∈ Lp(Ω) for i = 1, . . . , n} ,

where ∂iv denotes the weak partial derivative of v.

1.5.3 Integration by Parts and Some Inequalities

Definition 1.23 (Integration by Parts)

Let (v, w) ∈ H1(Ω), and for every 1 ≤ i ≤ n, we have:

∫
Ω

∂v

∂xi
w dx = −

∫
Ω

∂w

∂xi
v dx+

∫
∂Ω

vw νi dσ,

where νi(x) = cos(ν, xi) is the direction cosine between the outward unit normal vector to ∂Ω

at the point x and the axis xi.

Lemma 1.7 (Green’s Formula)

For all v ∈ H2(Ω) and w ∈ H1(Ω), we have:

∫
Ω

∆v w dx = −
∫
Ω

∇v · ∇w dx+
∫
∂Ω

∂v

∂ν
w dσ,

where ∂v
∂ν

denotes the normal derivative of v on the boundary ∂Ω.

Lemma 1.8 [21] Let 1 ≤ p ≤ r ≤ q, and 0 ≤ θ ≤ 1 such that:

1

r
=
θ

p
+

1− θ

q
,
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then for every v ∈ Lp(Ω) ∩ Lq(Ω), we have:

‖v‖Lr(Ω) ≤ ‖v‖αLp(Ω) ‖v‖1−α
Lq(Ω).

Lemma 1.9 [21]

If |Ω| <∞ and 1 ≤ p ≤ q <∞, then we have the continuous embedding Lq(Ω) ↪→ Lp(Ω), and:

‖v‖Lp(Ω) ≤ |Ω|
1
p
− 1

q ‖v‖Lq(Ω).

1.6 Some Useful Inequalities

Let Ω ⊂ Rn be an open set.

Theorem (Cauchy-Schwarz Inequality). Let v, w ∈ L2(Ω). Then we have:

∣∣∣∣∫
Ω

v(x)w(x) dx

∣∣∣∣ ≤ (∫
Ω

|v(x)|2dx
)1/2(∫

Ω

|w(x)|2dx
)1/2

,

which can be written as:

‖vw‖L1(Ω) ≤ ‖v‖L2(Ω)‖w‖L2(Ω).

lemma (Cauchy Inequality with ε).

For all ε > 0 and for all a, b ∈ R, we have:

|ab| ≤ ε

2
|a|2 + 1

2ε
|b|2.

Theorem (Hölder’s Inequality).

Let 1 ≤ p ≤ ∞ and let q be the conjugate exponent defined by:

1

p
+

1

q
= 1.

If v ∈ Lp(Ω) and w ∈ Lq(Ω), then vw ∈ L1(Ω), and we have:

‖vw‖L1(Ω) ≤ ‖v‖Lp(Ω)‖w‖Lq(Ω).
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Then, Hölder’s inequality states:

∣∣∣∣∫
Ω

vw dx

∣∣∣∣ ≤ (∫
Ω

|v|p dx
)1/p(∫

Ω

|w|q dx
)1/q

That is: ∫
Ω

|vw| dx ≤ ‖v‖Lp(Ω) · ‖w‖Lq(Ω)

Lemma (Algebraic Young’s Inequality). For all a, b ∈ R+ and δ > 0, we have:

|ab| ≤ δ|a|2 + 1

4δ
|b|2.

Theorem (Young’s Inequality). For all (a, b) ∈ R2, and for real numbers p, q > 1 satisfying:

1

p
+

1

q
= 1,

we have:

|ab| ≤ 1

p
|a|p + 1

q
|b|q.

Theorem (Gronwall’s Inequality). Let T > 0, and let ϕ ∈ L1(0, T ) with ϕ(t) ≥ 0 almost

everywhere. Let φ ∈ L1(0, T ) with φ(t) ≥ 0 almost everywhere, and assume ϕ(t)φ(t) ∈ L1(0, T ).

Let C1, C2 ≥ 0.

Suppose that:

φ(t) ≤ C1 + C2

∫ t

0

ϕ(s)φ(s) ds, for almost every t ∈ (0, T ).

Then we have:

φ(t) ≤ C1 exp
(
C2

∫ t

0

ϕ(s) ds

)
, for almost every t ∈ (0, T ).

Theorem (Minkowski’s Inequality).

For 1 ≤ p ≤ ∞, we have:

‖v + w‖Lp ≤ ‖v‖Lp + ‖w‖Lp .
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1.7 Existence and asymptotic behavior of solution

The study of local existence and uniqueness of solutions of partial differential equations is based

on the existence theory for abstract semilinear differential equations.

Definition 1.1 Let A : D(A) ⊂ X → X be a linear operator on a Banach space (X, ‖ · ‖),

F : X → X. We consider the following nonhomogeneous Cauchy problem:


dv(t)
dt

+ Av(t) = F (v(t)), t > 0,

v(0) = v0.

(P)

A local solution of (P) is a solution defined in an interval [0, T ) for t < T .

Maximal existence time
Definition 1.2 Let v(t) be a weak solution of (P). We define the maximal existence time T of

v(x, t) as follows:

1. If v(t) exists for all 0 ≤ t <∞, then T = ∞.

2. If there exists a t0 ∈ (0,∞) such that v(t) exists for 0 ≤ t < t0, but doesn’t exist at t = t0,

then T = t0.

Remark 1.1 If 1 is satisfied, we say that the solution v(t) is global.

Stabilization

The purpose of stabilization is to attenuate the vibrations by feedback, thus it consists in

guaranteeing the decrease of energy of the solutions to 0 in a more or less fast way by a

mechanism of dissipation. More precisely, the problem of stabilization consists in determining

the asymptotic behaviour of the energy by E(t), to study its limits in order to determine if this

limit is null or not and if this limit is null, to give an estimate of the decay rate of the energy

to zero.

They are several types of stabilization:

• Strong stabilization: E(t) → 0 as t→ ∞.

• Uniform stabilization: E(t) ≤ Ke−ct, where K, c > 0,forall t > 0.

• Polynomial stabilization: E(t) ≤ Kt−c, where K, c > 0, forall t > 0.

• Logarithmic stabilization: E(t) ≤ K(log(t))−c, where K, c > 0, forall t > 0.
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Global existence of solution

In this chapter, we prove the global existence of solutions using the energy estimates method.

By deriving suitable a priori bounds and constructing appropriate energy functionals, we obtain

uniform estimates that ensure the solution exists for all t ≥ 0.

2.1 Problem Setting

We investigate the following viscoelastic Kirchhoff plate equation with delay and source terms,

subject to initial and boundary condition:

vtt(x, t) + ∆2v(x, t)−M(‖∇v‖2)∆v(x, t)− σ(t)

∫ t

0

g(t− s)∆2v(x, s) ds

− µ1vt(x, t)− µ2vt(x, t− τ) = µ|v|p−2v,
x ∈ Ω, t > 0,

v(x, t) =
∂v

∂ν
(x, t) = 0, x ∈ ∂Ω, t > 0,

v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ Ω,

vt(x, t− τ) = f0(x, t− τ), x ∈ Ω, t ∈ (0, τ),

(2.1)

where Ω ⊂ Rn (n ≥ 1) is a bounded domain with smooth boundary ∂Ω, ∂v
∂ν

denotes the unit

outward normal derivative, µ,µ1 and µ2 are positive constants, τ > 0 is the time delay, and

M , σ, and g are given functions satisfying appropriate assumptions to be specified later. The

initial data v0 and v1 are assumed to belong to suitable function spaces.
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Next, assume the following assumptions:

(A1) g, σ : R+ → R+ are nonincreasing differentiable functions satisfying

g(s) ≥ 0, l0 =

∫ ∞

0

g(s) ds <∞, σ(t) > 0, 1− 2σ(t)

∫ t

0

g(s) ds ≥ l > 0.

with l = 1− l0.

(A2) There exists a positive differentiable function ξ satisfying

g′(t) ≤ 0, σ′(t) ≤ 0, g′(t) ≤ −ξ(t)g(t), for t ≥ 0, lim
t→∞

σ′(t)

ξ(t)σ(t)
= 0.

(A3) M is a C1-function satisfying

M(s) ≥ −m0, M(s)s ≥ M̂(s), s > 0.

where M̂(s) =
∫ s

0
M(τ) dτ .

(A4) The constants µ1 and µ2 satisfy

µ2 < µ1.

Assume further that g satisfies

σ(t)

∫ ∞

0

g(s) ds <
N − 2− 2M0

N − 2− 1
2η

.

(A5) The constant p satisfies

p ≥ 2, if n = 1, 2,

and

2 < p ≤ n+ 2

n− 2
, if n ≥ 3.

Now,To prove the existence of a unique solution for problem (2.1), we use the following new

variable:

z(x, ρ, t) = vt(x, t− τρ), x ∈ Ω, ρ ∈ (0, 1), t > 0. (2.2)



2.1 Problem Setting 31

Therefore, we consider:

τzt(x, ρ, t) + zρ(x, ρ, t) = 0, in Ω× (0, 1)× (0,+∞). (2.3)

As a result, problem (2.1) is equivalent to:



vtt(x, t) + ∆2v(x, t)−M(‖∇v‖2)∆v(x, t)− σ(t)

∫ t

0

g(t− s)∆2v(x, s) ds

− µ1vt(x, t)− µ2vt(x, t− τ) = µ|v|p−2v,
x ∈ Ω, t > 0,

τzt(x, ρ, τ ) + zρ(x, ρ, τ ) = 0, x ∈ Ω× (0, 1)× R∗
+

z(x, 0, t) = vt(x, t), x ∈ Ω, t > 0,

z(x, ρ, 0) = f0(x− ρτ), x ∈ Ω, t ∈ (0, τ),

(2.4)

The first natural question concerns the existence of a solution to problem (2.1). In this section,

we provide a sufficient condition that ensures the well-posedness of this problem.

Local Existence

Theorem 2.1(Local existence) Suppose that (A1)–(A5) hold. Then, for any (v0, v1) ∈ H2(Ω)×

L2(Ω) and f0 ∈ L2(Ω× (0, 1)), there exists a unique weak solution of problem (2.1) satisfying

v ∈ L∞(0, T ;H2(Ω)),

vt ∈ L∞(0, T ;L2(Ω)),

vtt ∈ L∞(0, T ;L2(Ω)) ∩ L∞(0, T ;L2(Ω)).

we state the general assumptions on the relaxation function g : R+ → R+, which is a C1-class

function on R+. satisfying:

• g(0) > 0.

• 1−
∫ ∞

0

g(s) ds = ` > 0. (H1)

There exists a positive, non-increasing, differentiable function ξ(t) such that:

• g′(t) ≤ −ξ(t)g(t), ∀t ≥ 0. (H2)

•
∫ ∞

0

ξ(t) dt = ∞.
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lemma 2.1 The following identity holds:

σ(t)

∫ t

0

g(t− s)

∫
Ω

v(s) dx · vt(t) dx =− d

dt

(
σ(t)

2
(g ◦ v)(t)− σ(t)

2
‖v(t)‖22

∫ t

0

g(s) ds

)
− σ(t)

2
g(t)‖v(t)‖22 +

σ(t)

2
(g′ ◦ v)(t) + σ′(t)

2
(g ◦ v)(t)

− σ′(t)

2
‖v(t)‖22

∫ t

0

g(s) ds.

with

(g ◦ v)(t) =
∫ t

0

g(t− s)

∫
Ω

|v(s)− v(t)|2 dx ds.

Proof First we rewriting the integral as follows:

σ(t)

∫ t

0

g(t− s)

∫
Ω

v(s) · vt(t) dx ds = σ(t)

∫ t

0

g(t− s)

∫
Ω

(v(s)− v(t) + v(t)) · vt(t) dx ds

= σ(t)

∫ t

0

g(t− s)

∫
Ω

(v(s)− v(t)) · vt(t) dx ds

+ σ(t)

∫ t

0

g(t− s)

∫
Ω

v(t) · vt(t) dx ds.

Now we compute each term separately.

For the first term:

σ(t)

∫ t

0

g(t− s)

∫
Ω

(v(s)− v(t)) · vt(t) dx ds = −σ(t)
2

d

dt
(g ◦ v)(t) + σ(t)

2
(g′ ◦ v)(t),

by using the theorem :

1

2

d

dt
(g ◦ v)(t) = −

∫ t

0

g(t− s)

∫
Ω

(v(s)− v(t)) · vt(t) dx ds+
1

2
(g′ ◦ v)(t).

For the second term:

σ(t)

∫ t

0

g(t− s) ds

∫
Ω

v(t) · vt(t) dx = σ(t)

(∫ t

0

g(s) ds

)
1

2

d

dt
‖v(t)‖22.
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Hence,

σ(t)

∫ t

0

g(t− s)

∫
Ω

v(s) · vt(t) dx ds =− σ(t)

2

d

dt
(g ◦ v)(t) + σ(t)

2
(g′ ◦ v)(t)

+
σ(t)

2

d

dt

(
‖v(t)‖22

∫ t

0

g(s) ds

)
− σ(t)

2
g(t)‖v(t)‖22.

By applying the product and chain rules:

d

dt
(σ(t)(g ◦ v)(t)) = σ′(t)(g ◦ v)(t) + σ(t)

d

dt
(g ◦ v)(t),

and

d

dt

(
σ(t)‖v(t)‖22

∫ t

0

g(s) ds

)
= σ′(t)‖v(t)‖22

∫ t

0

g(s) ds+ σ(t)
d

dt

(
‖v(t)‖22

∫ t

0

g(s) ds

)
.

Hence, we deduce that:

σ(t)

∫ t

0

g(t− s)

∫
Ω

v(s) ds · vt(t) dx =− d

dt

(
σ(t)

2
(g ◦ v)(t)− σ(t)

2
‖v(t)‖22

∫ t

0

g(s) ds

)
− σ(t)

2
g(t)‖v(t)‖22 +

σ(t)

2
(g′ ◦ v)(t) + σ′(t)

2
(g ◦ v)(t)

− σ′(t)

2
‖v(t)‖22

∫ t

0

g(s) ds.

Lemma 2.2 For v ∈ H1
0 (Ω), we have

∫
Ω

(∫ t

0

g(t− s)(v(t)− v(s)) ds

)2

dx ≤ (1− `)C2(∆v)(t), (*)

where C is the Poincaré constant and ` is given in (H1)

2.2 Global Existence

In this section, we will prove that the solutions established in Theorem 2.1 are global in

time. For this purpose, we define the following functionals:

I(t) = M̂
(
‖∇v‖22

)
+

(
1− σ(t)

∫ t

0

g(s) ds

)
‖∆v‖22 + σ(t)(g ◦∆v)

+

∫ 1

0

‖z(ρ, t)‖22 dρ− µ‖v‖pp,
(2.6)
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and
J(t) =

1

2

(
1− σ(t)

∫ t

0

g(s) ds

)
‖∆v‖22 +

1

2
σ(t)(g ◦∆v) + 1

2
M̂
(
‖∇v‖22

)
+
ξ

2

∫ 1

0

‖z(ρ, t)‖22 dρ−
µ

p
‖v‖pp.

(2.7)

Then, it is obvious that

E(t) = J(t) +
1

2
‖vt‖22 (2.8)

lemma 2.3 Assume that (A1)–(A5) hold, and for any (v0, v1) ∈ H2
2 (Ω) × L2(Ω), such that

I(0) > 0 and

α =
c∗pc

ϱ
p

l

[
2p

l(p− 2)
E(0)

] p−2
2

< 1, (2.9)

Then,

I(t) > 0, for all t > 0. (2.10)

Proof Since I(0) > 0, then by the continuity of v, there exists a time t1 > 0 such that

I(t) ≥ 0, ∀t ∈ (0, t1). (2.11)

We assume that

{I(t0) = 0 and I(t) > 0, ∀t ∈ [0, t0)}. (2.12)

This, together with (2.6),(2.7),(2.8), and assumption (A1), gives that

J(t) =
p− 2

2p

〈
M̂‖∇v‖22

〉
+

(
1− σ(t)

∫ t

0

g(s) ds

)
‖∆v‖22 + σ(t)(g ◦∆v)(t)

+ ξ

∫ 1

0

‖z(ρ, t)‖22 dρ+
1

p
I(t)

≥ p− 2

2p

〈
M̂‖∇v‖22

〉
+

(
1− σ(t)

∫ t

0

g(s) ds

)
‖∆v‖22 + σ(t)(g ◦∆v)(t)

+ ξ

∫ 1

0

‖z(ρ, t)‖22 dρ (2.13)
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consequently:

l‖∆v‖22 ≤
(
1− σ(t)

∫ t

0

g(s) ds

)
‖∆v‖22 ≤

2p

p− 2
J(t)

≤ 2p

p− 2
E(t) ≤ 2p

p− 2
E(0), ∀t ∈ [0, t0] (2.14)

using:
µ‖v(t0)‖pp ≤ cp∗c

p
ϱ‖∆v(t0)‖

p
2 = cp∗c

p
ϱ‖∆v(t0)‖2p−2‖∆v(t0)‖22

≤
cp∗c

p
ϱ

l

[
2p

l(p− 2)
E(0)

] p−2
2

l‖∆v(t0)‖22 = αl‖∆v(t0)‖22

≤
(
1− σ(t)

∫ t

0

g(s) ds

)
‖∆v(t0)‖22.

Therefore, we conclude that I(t0) > 0.

which contradicts (2.12). Thus, I(t) > 0 on [0, T ].

Theorem 2.1 Assume that the conditions of Lemma 2.2 hold. Then the solution of (2.1)is

global and bounded.

Proof It suffices to show that

‖vt‖22 + ‖∆v‖22

is bounded independently of t. Using ((2.4), (2.8), and (2.13), we have

E(0) ≥ E(t) = J(t) +
1

2
‖vt‖22 ≥

p− 2

2p

(
l‖∆v‖22

)
+

1

2
‖vt‖22. (2.16)

Therefore,

‖vt‖22 + ‖∆v‖22 ≤ CE(0), (2.17)

where C is a positive constant. This implies that the solution of (2.1) is bounded and global

in time.
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General decay of solution

In this chapter, the stability of the Kirchhoff’s viscous plate equation with delay and source

boundary conditions is studied. The chapter begins with the assumptions and preliminary

lemmas. Lyapunov functions are used to analyze the stability of the system, focusing on the

evolution of the energy associated with the system and how different conditions affect the

mathematical behavior of the solutions. A set of basic assumptions is provided that define the

properties of the functions involved in the equation. The chapter also covers the mathematical

techniques used to prove results related to the general decay of energy and the stability of the

solutions. Additionally, the construction and applications of Lyapunov auxiliary functions in

studying stability and energy decay in Kirchhoff’s viscous plate equations with delay and source

boundary conditions are discussed.
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3.1 Assumptions and Preliminary Lemmas

In this section, we will give some notations, sufficient conditions, assumptions, and some

preliminary lemmas needed in the proof of our main results. Firstly we have our problem :

vtt(x, t) + ∆2v(x, t)−M(‖∇v‖2)∆v(x, t)− σ(t)

∫ t

0

g(t− s)∆2v(x, s) ds

− µ1vt(x, t)− µ2vt(x, t− τ) = µ|v|p−2v,
x ∈ Ω, t > 0,

v(x, t) =
∂v

∂ν
(x, t) = 0, x ∈ ∂Ω, t > 0,

v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ Ω,

vt(x, t− τ) = f0(x, t− τ), x ∈ Ω, t ∈ (0, τ),

(2.1)

Throughout this chapter, we denote

‖∆v‖2 := ‖v‖H2(Ω),

and define the space:

H2(Ω) = {v ∈ H2(Ω) | v|Ω = 0}.

Let cϱ be the smallest positive number satisfying

‖∇v‖2 ≤ cϱ‖∆v‖2, ∀v ∈ H2(Ω). (3.1)

Now, we define the energy associated with problem (2.4) as

E(t) =
1

2
‖vt‖22 ++

1

2

(
1− σ(t)

∫ t

0

g(s)ds

)
‖∆v‖22 +

1

2
σ(t)(g ◦∆v) + 1

2
M̂‖∇v‖22

+
ξ

2

∫ 1

0

‖z|22dρ−
µ

p
‖v|pp (3.2)

where ξ be a positive constant satisfying

τµ2 ≤ ξ ≤ τ(µ1 − µ2). (3.3)
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lemma 3.1 Let v be a solution of problem (2.1) . Then

E ′(t) ≤ −c0
(
‖vt‖22 + ‖z‖22

)
+
σ(t)

2
(g′ ◦∆v)(t)− σ′(t)

2

(∫ t

0

g(s)ds

)
‖∆v‖22. (3.4)

Proof Multiplying the first equation in (2.4) by vt, integrating over Ω, and using lemma (2.1),

we obtain

d

dt

[
1

2
‖vt‖22 +

1

2

(
1− σ(t)

∫ t

0

g(s)ds

)
‖∆v‖22 +

1

2
σ(t)(g ◦∆v)(t)

+
1

2
M̂‖∇v‖22

]

= −σ(t)
2
g(t)‖∆v‖22 +

σ(t)

2
(g′ ◦∆v)(t)− µ1‖vt‖22 − µ2

∫
Ω

zvt dx.

(3.5)

Multiplying the second equation in (2.4) by ξz and integrating over Ω× (0, 1), we obtain

ξ

2τ

d

dt

∫
Ω

∫ 1

0

|z|2dρdx = − ξ

2τ

∫
Ω

∫ 1

0

∂

∂ρ
|z|2dρdx

=
ξ

2τ

(
‖vt‖22 − ‖z‖22

)
. (3.6)

Using Young’s inequality, we have

−µ2

∫
Ω

zvtdx ≤ µ2

2
‖z‖22 +

µ2

2
‖vt‖22. (3.7)

Combining (3.5), (3.6), and (3.7), we obtain

E ′(t) ≤ −c0
(
‖vt‖22 + ‖z‖22

)
+
σ(t)

2
(g′ ◦∆v)(t)− σ(t)

2

(∫ t

0

g(s)ds

)
‖∆v‖22, (3.8)

where

c0 = min
{
µ1 −

ξ

2τ
− µ2

2
,

ξ

2τ
− µ2

2

}
, (3.9)

which is positive by (3.3).

Lemma 2.2 [3]

Suppose that

p ≤ 2(n− 1)

n− 2
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holds. Then, there exists a positive constant C > 1 depending only on Ω such that

‖w‖sp ≤ C
(
‖∇w‖22

)
for any w ∈ H1

0 (Ω), 2 ≤ s ≤ p.

3.2 General decay

In this section, we prove the energy decay result by constructing a suitable Lyapunov function-

als.

Theorem 2.3. Let (v0, v1) ∈ H2(Ω) × L2(Ω) be given. Assume that (A1) − (A5) hold. Then,

for each t > 0, there exist two positive constants K and p such that, for any solution of problem

(2.1), the energy satisfies

E(t) ≤ Ke
−k

∫ t
t0

ϕ(s)σ(s)ds
. (3.10)

now, we we assume that µisidenticallyzero, Underthisassumptionwestudythegeneraldecayofenergyforproblem(2.1).WedefinethefunctionalL(t)

as follows:

L(t) := E(t) + ε1σ(t)φ(t) + ε2σ(t)ψ(t) (3.11)

where ε1 and ε2 are two positive constants that will be specified later, and

φ(t) =

∫
Ω

vvt dx. (3.12)

ψ(t) = −
∫
Ω

vt

∫ t

0

g(t− s)(v(t)− v(s)) ds dx. (3.13)

The following lemma expresses the equivalence relation between the two functionals L(t) and

E(t).

Lemma 3.1 There exist two positive constants β1 and β2 such that

β1L(t) ≤ E(t) ≤ β2L(t). (3.14)

Proof We have

|L(t)− E(t)| = |ε1σ(t)φ(t) + ε2σ(t)ψ(t)| (3.15)
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which gives

|L(t)− E(t)| ≤ ε1|σ(t)|
∫
Ω

|v||vt| dx+ ε2|σ(t)|
∫
Ω

|vt|
∣∣∣∣∫ t

0

g(t− s)(v(t)− v(s)) ds

∣∣∣∣ dx. (3.16)

Using Hölder, Young, and Poincaré inequalities, we obtain:

|L(t)− E(t)| ≤ ε1 + ε2
2

|σ(t)|‖vt‖2 +
ε2(1− l)

2
|σ(t)|

∫ t

0

g(t− s)‖v(t)− v(s)‖2ds

≤ ε1 + ε2
2

|σ(0)|‖vt‖2 +
ε2(1− l)

c21
|σ(0)|c2∗c2ϱ(g ◦∆v)(t)

≤ c(ε1, ε2)E(t)

(3.17)

where

c(ε1, ε2) = max
{
ε1 + ε2

2
|σ(0)|+ ε2(1− l)

c21
|σ(0)|c2∗c2ϱ

}
.

Thus, from (3.14), we can obtain (3.17) by choosing sufficiently small ε1 and ε2.

Lemma 3.2. The functional φ(t) defined in (3.12) satisfies:

φ′(t) ≤ (1 + ε)‖vt‖22 − cε‖∆v‖22 +
1

4
σ(t)(g ◦∆v)(t) + ε‖z(1, t)‖22 + ‖v|pp (3.18)

Proof Differentiating (3.12) with respect to t and using equation (2.4), we get:

φ′(t) = ‖vt‖22 −M(‖∇v‖22)‖∇v‖22 − ‖∆v‖22

+ σ(t)

∫
Ω

∫ t

0

g(t− s)(∆v(s)−∆v(t)) ds dx− µ1

∫
Ω

vvt dx− µ2

∫
Ω

zv dx+ µ‖v‖2 + ‖v|pp

= ‖vt‖22 −M(‖∇v‖22)‖∇v‖22 − ‖∆v‖22 + µ‖v‖2 + I1 + I2 + I3.

(3.19)

Applying Hölder, Young, Sobolev-Poincaré inequalities, and relation (3.1), we estimate I1, I2,

and I3 as follows:

I1 =

∫
Ω

∫ t

0

g(t− s)(∆v(s)−∆v(t)) ds dx ≤ 2

(∫ t

0

g(s) ds

)
‖∆v‖22 +

1

4
(g ◦∆v)(t). (3.20)

I2 = µ1

∫
Ω

vvt dx ≤ ε‖vt‖2 +
µ2
1c

2
∗c

2
ϱ

4ε
‖∆v‖22, (3.21)

I3 = µ2

∫
Ω

vvt dx ≤ ε‖vt‖2 +
µ2
2c

2
∗c

2
ϱ

4ε
‖∆v‖22, (3.22)
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Combining inequalities (3.20)-(3.21), and (3.22), we obtain:

φ′(t) ≤ (1 + ε)‖vt‖22 − cε‖∆v‖22 +
1

4
σ(t)(g ◦∆v)(t) + ε‖z(1, t)‖22

Lemma 3.3 The functional ψ(t) defined in (3.13) satisfies:

ψ′(t) ≤

(
w +M0c

2
ρw + 2w(1− l)2

)
‖∆v‖22

+

(
1− l

4w
+
M0(1− l)c2ρ

4w
+ (2w +

1

4w
)(1− l) +

2(1− l)

4w
c2ρ

)
(g ◦∆v)(t)

+ (2w −
∫ t

0

g(s)ds)‖vt‖22 +
g(0)c2ρ
4w

(g′ ◦∆v)(t) + w‖vt‖22 + w‖z‖22 + ‖v|pp

(3.23)

Proof We differentiate the functional ψ(t) defined in (3.13) with respect to t using equation

(2.4), obtaining:

ψ′(t) = −
∫
Ω

vtt

∫ t

0

g(t− s)(v(t)− v(s))ds dx

−
∫
Ω

vt

∫ t

0

g′(t− s)(v(t)− v(s))ds dx−
(∫ t

0

g(s)ds

)
‖vt‖22

=

∫
Ω

∆2v

∫ t

0

g(t− s)(v(t)− v(s))ds dx

−M(‖∇v‖2a)
∫
Ω

∆v

∫ t

0

g(t− s)(v(t)− v(s))ds dx

− δ(t)

∫
Ω

∫ t

0

g(t− s)∆2v(s)ds

∫ t

0

g(t− s)(v(t)− v(s))ds dx

+ µ1

∫
Ω

vt

∫ t

0

g(t− s)(v(t)− v(s))ds dx

+ µ2

∫
Ω

vt(x, t− τ)

∫ t

0

g(t− s)(v(t)− v(s))ds dx

−
∫
Ω

vt

∫ t

0

g′(t− s)(v(t)− v(s))ds dx−
(∫ t

0

g(s)ds

)
‖vt‖22

= I1 + I2 + · · ·+ I6 −
(∫ t

0

g(s)ds

)
‖vt‖22.

(3.24)

In what follows, we estimate all the terms in equation (3.24).

Starting with the first term, using Hölder and Young inequalities, condition (A1), we obtain:
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I1 =

∫
Ω

∆2v

∫ t

0

g(t− s)(v(t)− v(s))ds dx ≤w‖∆v‖22 +
1− l

4w
(g ◦∆v)(t) (3.25)

I2(t) =σ(t)

∫
Ω

∫ t

0

g(t− s)∆2v(s) ds

∫ t

0

g(t− s)(v(t)− v(s)) ds dx (3.20)

≤2w(w − l)2σ(t)‖∆v‖22 +
(
2w +

1

4w

)
(1− l)σ(t) (g ◦∆v) , (3.26)

Now, since ‖∇v‖22 ≤
2E(0)

lc2ϱ
, for all t ≥ 0, taking

M0 = sup
{
M(s), 0 < s ≤ 2E(0)

lc2ϱ

}
,

we see that M (‖∇v‖22) ≤M0 <∞. Then, we have

I3 =M
(
‖∇v‖22

) ∫
Ω

∆v

∫ t

0

g(t− s)(v(t)− v(s)) ds dx

≤M0wc
2
ϱ‖∆v‖22 +

M0(1− l)c2ϱ
4w

(g ◦∆v)(t) (3.27)

Again, using Hölder and Young inequalities, condition (A1), we obtain:

I4 = µ1

∫
Ω

vt

∫ t

0

g(t− s)(v(t)− v(s))ds dx ≤w‖vt‖22 +
(1− l)µ2

1c
2
ϱc

2
∗

4w
(g ◦∆v) (3.28)

I5 =

∫
Ω

z(1, t)

∫ t

0

g(t− s)(v(t)− v(s))ds dx ≤w‖z(1, t)‖22 +
(1− l)µ2

2c
2
ϱc

2
∗

4w
(g ◦∆v) (3.29)

Similarly, for I6, we find:

I6 =

∫
Ω

vt

∫ t

0

g′(t− s)(v(t)− v(s))ds dx ≤ w‖vt‖22 −
g(0)c2ϱc

2
∗

4w
(g′ ◦∆v)(t). (3.30)

By combining the estimates (3.25)–(3.30), inequality (3.24) becomes:
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ψ′(t) ≤−
(∫ t

0

g(s)ds− 2w

)
‖vt‖22 +

[
w +M0wc

2
ϱ + 2w(1− l)2σ(t)

]
‖∆v‖22

+ (1− l)

[
1 +M0c

2
ϱ + (µ2

1 + µ2
2)c

2
ϱc

2
∗

4w
+

(
2w +

1

4w

)
σ(t)

]
(g ◦∆v)(t)

+
g(0)c2ϱ
4w

(g′ ◦∆v)(t) + w‖z‖22 + ‖v|pp

(3.31)

Lemma 3.4. The function L(t) defined in (3.11) satisfies :

L′(t) ≤ −K0σ(t)E(t) +K1σ(t)(g ◦∆v)(t), t > t0, (3.32)

where K0 and K1 are some positive constants.

Proof First, since the function g is a positive and continuous function, for any t0 > 0, we have

∫ t

0

g(s) ds ≥
∫ t0

0

g(s) ds := g0, for all t ≥ t0. (3.33)

Differentiating (3.11) and using Lemmas(3.2) ; (3.2) , we get

L′(t) = E ′(t) + ε1σ
′(t)ϕ(t) + ε1σ(t)ϕ

′(t) + ε2σ
′(t)ψ(t) + ε2σ(t)ψ

′(t)

≤ E ′(t) + ε1σ(t)

[
(1 + ε)‖vt‖2 − cϱ‖∆v‖2 +

σ(t)

4
(g ◦∆v)(t) + ε‖Z(1, t)‖22

]
+ (1− l)

[
1 +M0c

2
ϱ + (µ2

1 + µ2
2)c

2
ϱc

2
∗

4w
+ (2w +

1

4w
)σ(t)

]
(g ◦∆v)(t)

+ ε2σ(t)
[
w +M0wc

2
ϱ + 2w(1− l)2σ(t)

]
‖∆w‖2 + wσ(t)‖Z(1, t)‖22

+ ε2σ(t)(2w −
∫ t

0

g(s)ds)‖vt‖2 + ε2σ(t)
g(0)c2ϱ
4w

(g′ ◦∆v)(t)

+ ε1σ
′(t)

∫
Ω

vvtdx− ε2σ
′(t)

∫
Ω

vt

∫ t

0

g(t− s)(v(t)− v(s))dsdx+ σ(t)µ(ε1 + ε2)‖v|pp.

(3.34)

On the other hand, we have

σ′(t)

∫
Ω

vvt dx ≤ −σ
′(t)

2
‖vt‖2 −

σ′(t)

2
c2ϱc

2
∗‖∆v‖22. (3.35)
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and

−σ′(t)

∫
Ω

vt

∫ t

0

g(t− s)(v(t)− v(s)) ds dx ≤ −σ
′(t)

2
‖vt‖2 −

σ′(t)

2c2ϱc
2
∗

(∫ t

0

g(s) ds

)
(g ◦∆v)(t).

(3.36)

Consequently, inequality (3.34) becomes:

L′(t) ≤ − σ(t)

[
σ′(t)

2σ(t)
(ε1 + ε2) +

c0
σ(0)

− ε1(1 + w) + ε2(g0 − 2w)

]
‖vt‖2

− σ(t)

[
ε1cε + ε1

σ′(t)

2σ(t)
− ε2

(
w +M0wc

2
ϱ + 2w(1− l)2σ(t)

)]
‖∆v‖2

+ σ(t)

[
ε1σ(t)

4
− σ′(t)

2σ(t)
ε2c

2
ϱc

2
∗g0 + ε2(1− l)

(
c1
w

+ (2w +
1

4w
)σ(t)

)]
(g ◦∆v)(t)

−
[
c0
σ(0)

− ε1ε− ε2w

]
‖z(1, t)‖2 + σ(t)

[
1

2
−
g(0)c2ϱ
4w

]
(g′ ◦∆v)(t) + σ(t)µ(ε1 + ε2)‖v|pp.

(3.37)

now, we define the constants:

β1 = −ε1(1 + w)− ε2(2w −
∫ t

0

g(s) ds) > 0,

β2 = +ε2cw − ε2w −M0c
2
ϱw − 2w(1− l)2σ(t) > 0,

β3 = ε2

(
1− l

4w
+
M0(1− l)c2ϱ

4w
+ (2w +

1

4w
)(1− l)σ(t) +

2(1− l)c2ϱ
4w

)
> 0.

Further, we pick ε1 and ε2 so small that (3.14) we remain valid

β4 =
g(0)c2ϱε2

4w
σ(t),

β5 = α− ε1wσ(t)− wε2σ(t) > 0.

β6 = µ(ε1 + ε2)

Therefore, (3.34) becomes:

L′(t) ≤ − σ(t)

(
β1 +

σ′(t)

2ε1σ(t)
− σ′(t)

2ε2σ(t)

)
‖vt‖2

− σ(t)

(
β2 +

σ′(t)

2ε1c2ϱ

)
‖∆v‖2

+ σ(t)

(
β3 −

σ′(t)

2σ(t)c2ϱ
ε2

)
(g ◦∆v)(t) + β6σ(t)‖v‖pp

(3.38)
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Since

lim
t→∞

−σ′(t)

σ(t)
= 0 (3.39)

We can choose t1 > t0 so that (3.38) takes the form :

L′(t) ≤ −σ(t)
(
β1‖vt‖22 − β2‖∆v‖22 +) + β6‖v‖pp) + β3σ(t)(g ◦∆v)(t)

≤ −K0σ(t)E(t) +K1σ(t)(g ◦∆v)(t), ∀t1 > t0,

(3.40)

where ki, i = 0, 1 are some positive constants. This completes the proof.

Proof of Theorem 3.2

Multiplying (3.32) by ξ(t), we have:

L′(t) ≤ −K0σ(t)E(t) +K1σ(t)(g ◦∆v)(t) (3.41)

Since assumption (A2) holds and using the fact that −σ(t)(g′ ◦ ∆v)(t) ≤ −2E(t) by 3.2, we

obtain

φ(t)L′(t) ≤ −K0σ(t)φ(t)E(t)−K1σ(t)(g
′ ◦∆v)(t)

≤ −K0σ(t)φ(t)E(t)−K1

(
2E ′(t) + σ′(t)

(∫ t

0

g(s) ds

)
‖∆v‖2

)
(3.42)

From the definition of E(t) and assumption (A2), we know that l‖∇v‖2 ≤ E(t), so we get:

(φ(t)L(t) + 2P1E(t)) ≤ −K0σ(t)φ(t)E(t)−K1σ
′(t)

(∫ t

0

g(s) ds

)
‖∆v‖2

≤ −K0σ(t)φ(t)E(t)− 2lE(t)σ′(t)

≤ −σ(t)φ(t)
(
K0 +

2lσ′(t)

σ(t)φ(t)

)
E(t) (3.43)

Since

lim
t→∞

−σ′(t)

σ(t)φ(t)
= 0, (3.43)
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we can choose t1 ≥ t0 such that

K0 +
2lσ′(t)

σ(t)φ(t)
for t ≥ t1. (3.44)

Finally, let

R(t) = φ(t)L(t) + 2K1E(t), (3.45)

then L(t) is equivalent to E(t), and we arrive at

R′(t) ≤ −Kφ(t)σ(t)R(t) for t ≥ t1. (3.46)

Integrating (3.46) over (t1, t) with respect to t, we get

R(t) ≤ R(t1) exp
(
−K

∫ t

t1

φ(s)σ(s) ds

)
, t ≥ t0. (3.47)

Consequently, the equivalence relations among R(t), L(t) and E(t) yield the desired result.

E(t) ≤ Ke
−k

∫ t
t0

ϕ(s)σ(s)ds
. (3.48)



General Conclusion and Perspectives

In conclusion, this study has examined the global existence and general decay of energy for a

viscoelastic Kirchhoff-type plate equation with memory and delay effects, under classical initial

and boundary conditions. By employing energy estimates and constructing suitable Lyapunov

functionals, we demonstrated that the total energy of the system decays over time, highlighting

the stabilizing influence of both memory and delay terms on the system’s energy. These findings

contribute to a deeper understanding of the asymptotic behavior of such systems and emphasize

the importance of combining damping and memory mechanisms to maintain stability. Future

work could focus on extending the model to include nonlinear or nonlocal boundary conditions,

exploring systems with time-varying delays, or conducting numerical simulations to validate

the theoretical results.
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