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Abstract

The main goal of this thesis is studing the Asymptotic behavior of solutions to a vis-
coelastic Kirchhoff-type plate equation with memory and delay terms, under classical initial
and boundary conditions.first we present necessary mathematical preliminaries. Then,by using
energy estimates and suitable assumptions on the damping and relaxation functions, we prove
the global existence. Finally, we establish a general decay result for the total energy by con-
structing an appropriate Lyapunov functional. The result shows that the energy decays over
time, illustrating the combined stabilizing effect of damping and memory, even in the presence

of delay.



Résumé

Le principal objectif de ce mémoire est d’étudier le comportement asymptotique des solu-
tions d'une équation de plaque viscoélastique de type Kirchhoff avec des termes de mémoire et
de retard, sous des conditions initiales et aux limites classiques. Nous présentons d’abord les no-
tions mathématiques préliminaires nécessaires. Ensuite, en utilisant des estimations d’énergie
et des hypotheses appropriées sur les fonctions d’amortissement et de relaxation, nous prouvons
I'existence globale. Enfin, nous établissons un résultat général de décroissance de 1’énergie to-
tale en construisant la foncrionnelle de Lyapunov appropriée. Le résultat montre que 1’énergie

décroit au cours du temps, illustrant 'effet stabilisateur combiné de la mémoire et du retard.
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Introduction

Wave equations are fundamental tools in modeling various physical phenomena such as
acoustics, elasticity, and electromagnetism. The classical linear wave equation provides a sim-
ple yet effective description of wave propagation in homogeneous media. However, real-world
materials often exhibit more complex behaviors such as memory effects and nonlinear responses
that go beyond the scope of the classical model. These complexities necessitate the development
of more advanced mathematical models.

One such refinement involves viscoelastic materials, which exhibit both elastic and viscous
properties. These materials do not respond instantaneously to external forces; instead, they
have a delayed response, often referred to as "memory.” To capture this effect, mathematical
models incorporate memory terms typically expressed as convolution integrals involving a re-
laxation function. These terms model how the past states of the system influence its present
behavior, adding a layer of realism to wave propagation in such materials.

Another extension is provided by Kirchhoff-type wave equations, which introduce a nonlin-
earity depending on the gradient of the displacement. Unlike the classical wave equation, where
the wave speed is constant, the Kirchhoff-type model reflects situations in which the tension or
stiffness of the medium varies with deformation. This is relevant for systems such as vibrating
strings and membranes where the internal force depends on the total strain energy.

Additionally, delay effects play a significant role in many physical and engineering systems.
Delays may arise due to signal transmission time, processing lag, or feedback mechanisms. Even
small delays can significantly affect system dynamics and stability. Including delay terms in
mathematical models allows for a more accurate and comprehensive understanding of such
systems. In the context of wave equations, delays can alter the decay rate of the energy and
even destabilize the system under certain conditions.

This thesis focuses on the general decay behavior of solutions to a viscoelastic Kirchhoff-
type wave equation with a delay term. Our aim is to study how the total energy of the
system evolves over time and under what conditions it decays. The concept of general decay
includes both exponential and polynomial decay as special cases, depending on the properties
of the relaxation function and the delay weight. Understanding the decay rate is essential for

predicting the long-term behavior of solutions and ensuring the stability of the system.
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Some mathematical problems have been previously studied by several authors [16,23]. many

authors studied the following equation with appropriate boundary and initial conditions:

U + @y — M ( /Q \W\?dx) Au — o(t) /0 t gt — $)A%u(s) ds = 0, (0.1)

where M and g are functions satisfying certain conditions (see, e.g., [10,28]). Menezes et al. [7]
proved existence and uniform decay results for the nonlinear degenerate equation (0.1) with
g = 0. Park et al. [21] established decay rate estimates for the problem (0.1) with « = 1, g = 0,
and boundary damping. These works focus on exponential decay rates.

The purpose of the present work is to establish a general decay result for equation (0.1)

with time-varying delay. Due to the presence of the delay term aju;(x,t — 7(t)), the problem
under consideration differs from those studied in the existing literature. Time delays naturally
appear in many practical applications, where the current state depends not only on the present
but also on past events. The presence of such delays can potentially cause instability (see,
e.g., [0,19]). Consequently, the control of partial differential equations with time-delay effects
has recently attracted significant research interest (see [11,14,19,20,27] and references therein).
Kafini et al. [11] and Nicaise and Pignotti [19] studied, respectively, a Timoshenko-type ther-
moelasticity system of type III and a wave equation with constant delay. Mustafa [11] analyzed
a thermoelastic system of second sound involving an internal time-varying delay. Nicaise and
Pignotti [19] also derived decay rates for a wave equation with time-varying delay. These
contributions are primarily concerned with exponential or polynomial decay behavior.
Delays are commonly encountered in numerous real-world phenomena and can have a significant
impact on the behavior of dynamical systems. In fact, the presence of delay may destabilize
an otherwise stable system. This highlights the importance of studying the stability of systems
that include delay terms, from both theoretical and practical perspectives.

By taking into account the effects of damping and delay, the equation (0.1) is modified to

the following form:
t
uy(z,t) + A%u(x,t) — o(t) / g(t — s)A%u(w, s)ds + pug(z,t) + pous(w,t —7) =0, (0.2)
0

where 1 and po are real constants, and 7 > 0 denotes the time delay.
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In this memory We consider a linear viscoelastic wave equation that incorporates both a

linear damping effect and a delay term:

(

¢
)+ A%, ) = M(IVolP)Ao(at) — o(0) [ glt = 98w, ds
0
Y reQ t>0,
_:U“lvt(x7t)_,u2vt($at_7—) :lu|v|p v,
ov
v(x,t)—%(:v,t) =0, x €I, t>0,
v(z,0) =vo(z), v(z,0) =vi(x), x €,
\Ut(x,t—T):fo(ZE,t—T), reQ te(0,7),

(0.3)
Here, v = v(x,t) with t > 0 and x € Q; A and A? denote the Laplace and biharmonic operators
with respect to the spatial variable x, respectively. The domain 2 C R" is bounded with a
sufficiently smooth boundary 02, and n > 1. The constants u,u; and ps are positive, and
7 > 0 represents the delay time. The functions vy, v1, and fy are given initial and history data
belonging to suitable functional spaces. The term pov(z,t — 7) models the delayed damping
effect. The objective of this dissertation is to investigate the existence and asymptotic stability
of problem (0.3), which includes a delay term appearing in the control component of the main
equation.

Our primary motivation is to investigate the energy decay properties of solutions for the
model (0.1). We aim to establish sufficient conditions under which the energy of this system
decays over time. This topic has recently attracted considerable attention. In the case of
Kirchhoff-type equations, numerous results concerning energy decay have been obtained (see,
for instance, [1,2] and references therein). However, studies concerning viscoelastic plate models
remain limited, particularly those involving delay effects.

In this direction, we refer to the work of Lagnese [9], who investigated a viscoelastic plate
equation under nonlinear feedback conditions and proved that the solution decays to zero as
time tends to infinity. Furthermore, exponential (or polynomial) decay of the energy was
established for linear viscoelastic Kirchhoff plates, under the assumption that the relaxation
function ¢ decays exponentially (or polynomially). Subsequent works addressed viscoelastic
plate equations with boundary conditions, obtaining existence and uniform decay rates of the

energy by considering nonlinear and nonlocal boundary feedbacks.
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In [18], Cavalcanti et al. considered the following model:
t
Uy + A%u — / g(t — s)A%u(s) ds + a(t)u; = 0, (0.4)
0

and established energy decay results under appropriate conditions on the damping function
a(t).

In © x (0, 00), where a(t) is a nonlocal nonlinear function, the authors proved the exponential
decay of the energy in general domains. In the context of localized damping, Park et al. [25,20]

investigated the following model:
¢
uy + Au — M (|| Vul|*)Au — / g(t — s)Au(s)ds + p(z,u) =0, (0.5)
0

where M € C'(RT). Energy decay results were obtained by employing certain difference
inequalities and analytical techniques developed in [17,22].

A distinguishing aspect of the present work lies in its focus on a viscoelastic equation incor-
porating both internal damping and a delay term. In particular, this study emphasizes the
effect of the delay term pous(x,t — 7). Delay phenomena have been studied in the context
of various partial differential equations. For instance, Nicaise and Pignotti [19] examined the
wave equation:

ug(x,t) — Au(z, t) + pug(x, t) + poug(x,t — 7) =0, (0.6)

and established stability results under the condition 0 < pg < p1.

Furthermore, Kirane and Said-Houari [12] considered the viscoelastic wave equation:
t
uge(x,t) — Au(z, t) + / g(t — s)Au(zx, s) ds + pu(x,t) + poug(z, t —7) =0,  (0.7)
0

with appropriate initial and boundary conditions, and proved well-posedness and energy decay
of solutions under the condition 0 < pus < p;. These results were later improved by Dai and
the present author [5]improved the results of [12] under weaker conditions assumptions.

In this sence, we provide a deeper and more comprehensive understanding of the intricate inter-
action between viscoelastic damping and time delay, which represents a significant and novel
aspect of our contribution. This interplay plays a crucial role in influencing the long-term be-
havior of the solutions and highlights the importance of considering both effects simultaneously

in the analysis.
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Our thesis consists of three chapters.

Chapter 1:

In this chapter, we recall the main concepts that we will need. We begin with normed
spaces, Banach spaces, and Hilbert spaces. Then, we introduce L” spaces and Sobolev spaces.
Finally, we present the necessary inequalities that are used in this thesis, and we also mention

some useful theorems.

Chapter 2:

In this chapter, we study the global existence using energy estimates. We consider the

following linear problem for v € C([0,T7]; H3(Q)):

v (m,t) + A%0(x,t) — M(||Vo|*)Av(z,t) — o(t) /0 g(t — s)A*v(x, s)ds

L xreQ t>0,
- Mlvt(xvt) - N’2Ut(x7t - T) = /”L|U|p v,

with the initial conditions: v(z,0) = vo(z), vi(z,0) =v1(x), =z €Q,

and the boundary condition: v(x,t) = %j(x,t) =0, z€0Q,t>0.

Using appropriate energy functionals and under suitable assumptions on the nonlinear and
memory terms, we derive a priori estimates that ensure the solution is globally defined in time.
A contradiction argument confirms that the energy remains positive, and thus the solution

exists for all ¢ > 0 and stays bounded.

Chapter 3:

This chapter investigates the general decay of energy for a viscoelastic Kirchhoff-type
plate equation with delay. The approach relies on constructing Lyapunov functionals and
auxiliary tools to handle the nonlinear damping and delay terms. By proving the equivalence
between the Lyapunov functional and the system’s energy, and deriving suitable differential
inequalities, we show that the energy decreases over time. The result covers various decay types,
including exponential decay, depending on the relaxation function. These findings highlight the

importance of damping, memory, and delay in the system’s term stability.
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Notations

o ) : Bounded open subset of R™

o 0 : The smooth boundary of

e = (x1,%9,...,2,) : The generic point of an open set {2 in R™
e Vo : Gradient of v

o Awv : Laplacian of v

o v, v(t) : v(z,t)

o v =" ; vy =0"

Cwy s w(e)

e a.e. : Almost everywhere convergence
. 5o Strong convergence

« 5 : Weak convergence

« = (with a star) : Weak-* convergence

e (-,+) : Inner product

v

5¢ - Partial derivative of v with respect to ¢

o C*(Q) : Space of k-times continuously differentiable functions in 2

o C%Q) : Space of continuous functions vanishing on the boundary of
e H : Hilbert space

SV =V

V=V

1,2
L4 H&ZWO’



CHAPTER

Preliminary

1.1 Normed Space

Definition 1.1 A linear vector space E is called a normed space if for each element v € F,

there exists a real number denoted by ||v|| satisfying the following axioms:
L v =0 <= v=0;
2. v +wl|| < ||lv|| + [Jw]|| for all v,w € E (triangle inequality);
3. ||| = |A] - ||v|| for all v € E and all A € R or C.

Remark 1.1 (E, || - ||g) is a normed space.

Definition 1.2(Equivalence of Norms)

Let || - |ly and || - |2 be two norms on V. These two norms are said to be equivalent if there exist

two strictly positive constants c;, co > 0 such that

YoeV, allvli <[z < ellv].

Proposition 1.1 Let || - ||; and || - |2 be two equivalent norms on V. Then, we have the

equivalence:

v, — v with respect to || - ||; <= v, — v with respect to || - |2
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Definition 1.3 (Cauchy Sequence)
Let (E, | -]|) be a normed space and (v,)nen @ sequence of elements in E. The sequence (v,,) is

called a Cauchy sequence if:

Ve > 0,3ng = no(e) € N,Vn,m > ng = ||v, — vnl| < e.

Definition 1.4 (Complete Space)

Let E be a vector space. We say that F is a complete space if every Cauchy sequence (v,,)nen

in F converges to an element v € E.

1.2 Banach space

1.2.1 Definitions and Properties

Definition 1.5(Banach Space)

Let (E,| - ||) be a normed space. We say that E is a Banach space if E is complete.

Definition 1.6

Let E’ be the linear space of all continuous linear functionals f : £ — R, called the dual space

of F.

Proposition 1.2 [§]

The space E’, equipped with the norm

[fller = sup {|f(v)] : ]} < 1},

is also a Banach space.

We denote the value of f € E" at v € E by f(v) or (f,v)p g

Definition 1.7

Let (E,| - ||lg) and (F,| - |r) be two Banach spaces such that there exists an injective linear

map from E to F. This map allows us to consider E as a vector subspace of F', denoted by
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EF— ForECF.

We say that this inclusion is:

1. continous: If there exists a constant C > 0 such that
[vllr < Cllv|g,

we write

EF — F

2. Compact: If for every bounded sequence in E (with respect to the norm of E), one can
extract a subsequence that converges in F' (with respect to the norm of F'). We denote

this by:

compact

EF — F

3. Dense: If for every v € E, there exists a sequence (v, )neny C E such that

lim v, = v,
n—oo

where the convergence is with respect to the norm of F.

Theorem 1.1 [4]

Let E be a Banach space. Then F is reflexive if and only if
Bp={veE:|v| <1}

is compact with respect to the weak topology o(E, E").

Definition 1.8

Let F be a Banach space and (v,,)nen & sequence in E. We say that v, converges strongly to v
in E' if and only if

lim ||v, — || =0,
n—oo

which we denote by v, — v or lim,, .o, v, = v.
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1.2.2 The Weak and Weak-Star Topologies

Let E be a Banach space and f € E’. We define the map:

o E— R, v @s(v),

thus, for f € E', we obtain the family of maps {¢}fep from E to R.

Definition 1.9

The weak topology on E is the coarsest topology on E, denoted o(E, E’), such that every map
¢y with f € E' is continuous.

Now, we define the weak-star topology on E’, denoted o(E’, E). For each v € E, we define:

Py - E' — Ra f = @v(f) = <f7 U)E’,E'

Thus, for each v € E, we obtain the family of maps {¢, }vep from E’ to R.
Definition 1.10

The weak-star topology on F’ is the coarsest topology on E’ such that each map ¢, is continuous
for every v € E.

Remark 1.2 [4]

Since E C E”, it is clear that the weak-star topology o(FE’, E) is weaker than the topology
o(E',E").

Theorem 1.2

Let E be a reflexive Banach space. Then any bounded sequence in F has at least one weakly
convergent subsequence.

Definition 1.11

A sequence (v, )nen in E weakly converges to v if and only if

lim f(v,) = f(v), forall feFE

n—oo

which is denoted by

Uy, — V.
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Remark 1.3 [4]

1) If the weak limit exists, it is unique.

2) If v, — v (strongly), then v, — v (weakly).

3) If dim(F) < 400, then weak convergence implies strong convergence.

Proposition 1.3 [§]

On compactness in the three topologies in the Banach space E:
1) The unit ball
B={veFE:|v| <1}

in F is compact if and only if dim(F) < oo.

2) The unit ball By in E’ is weakly compact in E’ if and only if E is reflexive.

3) By is always weak-star compact in the weak-star topology of E’.

Proposition 1.4 [4]

Let (fn)nen be a sequence in E'. We have:

1) fu = fin o(E', E) if and only if f,(v) — f(v) for allv € E.

2) If f,, — f (strongly), then f, — f in o(E’, E").

3) If f, — fin o(E',E"), then f, = f in o(E', E).

4) If f, = f in o(E', E), then || f,|| is bounded and || f| < liminf||f,||.

5) If f, > f in o(E', F) and v, — v (strongly) in E, then f,(v,) — f(v).

1.3 Espace de Hilbert

Definition 1.12

Let E be a vector space. A map h: Ex E — K = C defined by (-, -) is called an inner product

if:
1. (v,w) = (w,v), for all v,w € F;
2. (v + v9, w) = afvy,w) + (vg, w), for all v,w € F and a € C;
3. (v,aw) = a(v,w), for all a € C;
4. (v,v) > 0and (v,v) =0 <= v=0.

Definition 1.13

A Hilbert space is a Banach space (E, || - ||g) (a complete normed vector space) equipped with
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an inner product for the associated norm:

[vllz = v/ {v,v)

Definition 1.14 (Orthonormal System)

Let E be a Hilbert space. The sequence (e, )nen in E is called an orthonormal system if

1, ifn=m,
<6n7 €m> - 5n,m -

0, ifn#m.

1. If {e,} L {en}, we say that the system {e,} is orthogonal.

2. If the system {e,} is orthogonal, then the system {”2—"”} is orthonormal.
) neN

Definition 1.15 (Hilbert Basis)

Let E be a Hilbert space with inner product (-,-). A countable set {e, },en is called a Hilbert
basis for E if it is orthonormal for the inner product, and the vector space spanned by this
family is dense in F.

Definition 1.16 (Separable Space)

A normed vector space that contains a countable dense subset is called a separable space.
Example 1.1 The spaces R and C are separable (for example, Q is a countable dense subset
of R).

Theorem 1.3

Every separable Hilbert space has a Hilbert basis.

Proposition 1.5

Let E be a Hilbert space with inner product (-, -), and let (e,,),>1 be a Hilbert basis of E. There

exists a unique sequence (v,,),>1 defined by
Up = <U7 €n>a

such that the partial sums
p
> e,
n=1

converge to v as p — OQ.
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Moreover, we have:
[o.¢]

oll* = (v,0) = D [{v,ea)?,

thus we write:

Theorem 1.4 [21]

Let (v, )nen be a bounded sequence in the Hilbert space E. Then, one can extract a subsequence
that converges in the weak topology.

Theorem 1.5 [21]

In a Hilbert space, every sequence that converges in the weak topology is bounded.

Theorem 1.6 [21]

Let (v,)nen be a sequence that converges weakly to v in F, and let (w, ),en be another sequence
that converges weakly to w. Then,

nh_)rgo(wn,vn} = (w,v).

Theorem 1.7 [21]

Let E be a normed space. Then the unit ball
By={veklE:|v| <1}

of E' is compact in the weak topology o(E', E).
Proposition 1.6 [21]

Let E and F be two Hilbert spaces, and let (v,),eny C E be a sequence that converges weakly
tov e E. Let A € L(E,F) (a bounded linear operator from E to F). Then the sequence

(A(vn))nen converges weakly to A(v) in the weak topology of F.

1.4 Function Spaces

1.4.1 The Space L*((2)

Definition 1.17

Let 1 < p < oo and let 2 be a bounded open subset of R, with n € N. The space of equivalence
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classes of functions LP(Q2) is defined by:

lﬂm:{wQ%R

v is measurable and / lv(x) P dx < —1—00} :
Q
For 1 < p < 0o, the norm is defined by:

ol = [ 1oorras) "

For p = 0o, we define:
L) = {v: Q — R|v measurable, 3C > 0 s.t. |v(z)| < C a.e. in Q}
and it is equipped with the essential supremum norm:
[V]lc = €ss sup,cq|v(z)| = inf{C >0: |v(z)| < C a.e. in Q}.

Proposition 1.7

The space LP(f), equipped with its norm || - ||z», is a Banach space for all 1 < p < 0.
Theorem 1.8

The space LP() is separable for 1 < p < 0.

Proposition 1.8

The space L*(€2) is a non-separable Banach space.

Theorem 1.9 [§]

The space LP() is reflexive for 1 < p < 0.

Lemma 1.1

Let 2 be a bounded open subset of R” and 1 < p < co. Let v,,v € LP(Q) such that v, — v
strongly in LP(€2), then:

v, — v a.e. in .

Lemma 1.2
Let © be a bounded open subset of R”, and 1 < p < oco. Suppose that (v,) is a bounded

sequence in LP(€2) and that v, — v almost everywhere in €2, then

1) ve Lr(Q)
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2) v, = v weakly in LP(Q)

Remark 1.4

Suppose 1 < p < oo and F is a reflexive Banach space, then the weak™ convergence is equivalent
to weak convergence.

Theorem 1.10

For every sequence (v,)nen that converges in LP(£2), one can extract a subsequence that con-

verges almost everywhere in (2.
If v € L'(Q), then:

lv(x)| < ||v]|pr  a.e. in Q.
Remark 1.5
1. The strong or weak limit of a sequence of functions is always unique.

2. In the case p = 1, the symbol * is used to emphasize that the definition of weak conver-
gence in L' is not exactly the same as in the spaces LP(Q) for 1 < p < oo. Indeed, the

dual of L(Q) is strictly larger than L(Q).
3. Strong convergence in LP(2) implies weak convergence in LP(Q2), for all 1 < p < oo.
Let 2 C R™ be a bounded open set.
1) If v, =* v in L}(Q), then v, — v in LP(Q), for all p > 1.
2) If v, = v in LP(Q), then ||v,| r) = ||V]|zr(@) in R, for all 1 < p < oo.

3) If 1 < p < ooandwv, = vin LP(Q), then there exists K > 0 such that ||v,||zr@) < K,

and:

[v][Le@) < 1i££f||vn||LP(Q).
This result is also valid for p = 1 when v, —* v in L*(Q).

4) If 1 < p < oo and there exists K > 0 such that ||v,|» < K, then there exists a
subsequence v,,, and v € LP(§2) such that v,, — v in LP(§2).

The result also holds for p =1 with v, —=* v in L'(Q).

5) If 1 <p < oo and v, — vin LP(f2), then there exists a subsequence v,, such that v
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Proposition 1.9

Let 2 C R™ be a bounded open set, v, and v functions in LP(Q), with 1 < p < oo, such that:
|vm||r) < C and v, — v a.e. in Q.

Then v,, — v weakly in LP(Q).

Lemma 1.3

The space L*(2) is a Hilbert space with the inner product:

(v,w) 20 = /Qv(:v)w(:x) dr, Yv,w € L*(Q).

The Space L*((0,7); E)

Definition 1.18

Let E be a Banach space, 1 < p < oo, and [0,7] € R. The Lebesgue space of E-valued
functions, denoted LP((0,T); E), consists of measurable functions v : (0,7") — E such that:

i) If 1 <p< oo, then

T 1/p
v e 0,1):8) = (/ lv()|I% dt> < 00;
0

ii) If p = oo, then
[0l L= ((0,1):) = €58 SUPse(o,ml[0(D)]] 6 < 00
Theorem 1.11 [21]
The space LP((0,7T); F) is complete.

Lemma 1.4 [15]
Let v € LP((0,T); E) and 2 € LP((0,T); E), with 1 < p < co. Then v € C([0,T]; E); that is,

v is continuous from [0, 7] into E.
Properties:
— For 1 < p < oo, LP((0,T); E) is a Banach space; in particular, L*((0,7); E) is a
Hilbert space if F is a Hilbert space.

— For 1 < p < oo, if F is reflexive, then LP((0,7T); E) is reflexive.
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For 1 < p < o0, if E is separable, then LP((0,T); E) is separable.

Lemma 1.5
Let ¢ = (0,7) x Q be an open subset of R x R™, and let g,,g € LI([0,T]; L4(2)), with
1 < g < o0, such that:

9wl Lao,miLa)) < €, Vw € N.

and

Juw — g a.e. in @,

then

gw — g weakly in L(¢p).

Proposition 1.10 [18]

The space LP((0,T); E), endowed with the norm || - ||z»((0,7);k), is a Banach space.
Proposition 1.11 [7]

Let E be a reflexive Banach space with dual E’, and let 1 < p < 0o, 1 < ¢ < 0o such that

then the dual of LP((0,7T); F) is algebraically and topologically isomorphic to LI((0,7"); E').
Proposition 1.12 [18§]

Let E and F' be Banach spaces such that F — F with continuous embedding, then
LP((0,T); E) — LP((0,T); F)

also holds with continuous embedding.

1.5 Sobolev Spaces

1.5.1 Weak Derivatives

Definition 1.19

Let Q be an open subset of R, 1 <7 < n, and let v € L{. _(Q). We say that v has a weak i-th

loc

(Q2) if there exists a function f; € L () such that for all p € C>(),

. . . . 1
partial derivative in L loc

loc
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the following holds:

[ o@dipta)de == [ @) ota)da,
Q Q
In this case, f; is called the i-th weak derivative of v, and we write:

ov

aiv B 8% -

fi-

1.5.2 The Space W?((Q)

Definition 1.20

Let Q be an arbitrary open subset of R”, and let p € R, with 1 < p < oco. The Sobolev space
WhP(Q) is defined as:

WhP(Q) ={ve LP(Q) | 0w € LP(Q) fori =1,...,n},
where 0;v denotes the weak partial derivative of v.

1.5.3 Integration by Parts and Some Inequalities

Definition 1.23 (Integration by Parts)

Let (v,w) € HY(Q), and for every 1 <1i < n, we have:

/8U wda::—/awvdx+/ vw v do,
anz anl 80

where v;(z) = cos(v, x;) is the direction cosine between the outward unit normal vector to OS2

at the point z and the axis x;.
Lemma 1.7 (Green’s Formula)

For all v € H%(Q) and w € H'(Q), we have:

/Avwdx:—/VU-dex~l—/ @wda,
Q Q o0 OV

where g—:j denotes the normal derivative of v on the boundary 0f2.

Lemma 1.8 [21] Let 1 <p <r < ¢, and 0 <6 < 1 such that:
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1.6 Some Useful Inequalities

then for every v € LP(Q) N L%(S2), we have:

lollzr@ < 19ll5e ) 10l 2o

Lemma 1.9 [21]
If 2] < oo and 1 < p < ¢ < oo, then we have the continuous embedding L4(Q2) < LP(2), and

1_1
vllee) < 197 ||v]| Lo

1.6 Some Useful Inequalities

Let €2 C R™ be an open set.
Theorem (Cauchy-Schwarz Inequality). Let v,w € L*(2). Then we have:

[ et as| < ( [ 1ooias) " ([ 1wtopa) "

which can be written as:

lvw|| L) < vllz2@ llwll L2 g)-

lemma (Cauchy Inequality with ).

For all ¢ > 0 and for all a,b € R, we have:

€ 1
bl < Zlal? + — b/
jabl < Zlaf? + o

Theorem (Holder’s Inequality).
Let 1 < p < oo and let ¢ be the conjugate exponent defined by:

If v e LP(Q) and w € L4(Q), then vw € L*(), and we have:

lvw|| 1) < Jollze@llwll Lo
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Then, Holder’s inequality states:
1/p 1/q
/vwdaz < (/ |v\pd:c) (/ lw|? dx)
Q Q Q

/Q|Uw| dr < |[v||zr(e) - |wll Lo

That is:

Lemma (Algebraic Young’s Inequality). For all a,b € R, and 6 > 0, we have:
|ab| < Slal® + i\b|2
- 46

Theorem (Young’s Inequality). For all (a,b) € R?, and for real numbers p, q > 1 satisfying:

1 1
__|__:1’
p g

we have:

1 1
|abl < =fal” + —[b]".
p q

Theorem (Gronwall’s Inequality). Let 7' > 0, and let ¢ € L'(0,T) with ¢(t) > 0 almost
everywhere. Let ¢ € L'(0,T) with ¢(¢) > 0 almost everywhere, and assume (t)o(t) € L'(0,T).
Let C7,C5 > 0.

Suppose that:

t
o(t) <Cy + 02/ o(s)p(s)ds, for almost every t € (0,7).
0
Then we have:
t
o(t) < Cyexp (Cg/ ©(s) ds> , for almost every t € (0,7).
0

Theorem (Minkowski’s Inequality).
For 1 < p < o0, we have:

[o +wllze < flvllze + [lwllze-



1.7 Existence and asymptotic behavior of solution 28

1.7 Existence and asymptotic behavior of solution

The study of local existence and uniqueness of solutions of partial differential equations is based

on the existence theory for abstract semilinear differential equations.

Definition 1.1 Let A : D(A) C X — X be a linear operator on a Banach space (X, || - ),

F . X — X. We consider the following nonhomogeneous Cauchy problem.:

P 4 Au(t) = Fu(t), ¢>0,

v(0) = w.
A local solution of (P) is a solution defined in an interval [0,T) fort < T.
Maximal existence time

Definition 1.2 Let v(t) be a weak solution of (P). We define the mazximal existence time T of
v(x,t) as follows:

1. If v(t) exists for all 0 <t < oo, then T = co.

2. If there exists a tg € (0,00) such that v(t) exists for 0 <t < ty, but doesn’t exist at t = t,

then T = t,.
Remark 1.1 If 1 is satisfied, we say that the solution v(t) is global.

Stabilization

The purpose of stabilization is to attenuate the vibrations by feedback, thus it consists in
guaranteeing the decrease of energy of the solutions to 0 in a more or less fast way by a
mechanism of dissipation. More precisely, the problem of stabilization consists in determining
the asymptotic behaviour of the energy by F(t), to study its limits in order to determine if this
limit is null or not and if this limit is null, to give an estimate of the decay rate of the energy
to zero.

They are several types of stabilization:

 Strong stabilization: E(t) — 0 as t — oo.
o Uniform stabilization: E(t) < Ke™“  where K,c¢ > 0,forall ¢ > 0.
 Polynomial stabilization: E(t) < Kt~¢, where K,c > 0, forall ¢ > 0.

 Logarithmic stabilization: E(t) < K(log(t))~¢, where K, ¢ > 0, forall £ > 0.
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Global existence of solution

In this chapter, we prove the global existence of solutions using the energy estimates method.
By deriving suitable a priori bounds and constructing appropriate energy functionals, we obtain

uniform estimates that ensure the solution exists for all ¢ > 0.

2.1 Problem Setting

We investigate the following viscoelastic Kirchhoff plate equation with delay and source terms,

subject to initial and boundary condition:

.

t
v (z,t) + A%v(z,t) — M(||Vo|*)Av(z,t) — o(t) / g(t — s)A%v(z, s)ds
0
L reQ, t>0,
_,ulvt(xvt) _,UQUt(xat_T) :u|v]p v,
ov
’U(ai,t)—%(l',t) =0, x e dd, t >0,
v(z,0) =vo(z), v(z,0)=1v1(x), x € Q,
\Ut(x,t—T):fg(l‘,t—T), reQ, te(0,7),

(2.1)
where 2 C R™ (n > 1) is a bounded domain with smooth boundary 02, g—z denotes the unit
outward normal derivative, u,u; and po are positive constants, 7 > 0 is the time delay, and
M, o, and g are given functions satisfying appropriate assumptions to be specified later. The

initial data vy and v, are assumed to belong to suitable function spaces.



2.1 Problem Setting

30

Next, assume the following assumptions:

(A1) g,0 : Rt — R™ are nonincreasing differentiable functions satisfying

g(s) >0, loz/oog(s)ds<oo, o(t) >0, 1—20(t)/tg(s)d82l>0.

with [ =1 — .

(A2) There exists a positive differentiable function ¢ satisfying

gt) <0, () <0, ¢'(t) < =&(t)g(t), fort>0, lim g(j;gt) N

(A3) M is a C'-function satisfying
M(s) > —mgy, M(s)s > M(s), s>0.

where M(s) = [ M(r)dr.

(A4) The constants p; and s satisfy

M2 < [y

Assume further that g satisfies

o N — 2 —2M
a(t)/ g(s)ds < — = =0
o N-2-1L

2n

(A5) The constant p satisfies
p>2, ifn=1,2,

and

2
2ep< T2 >3
n—2

Now,To prove the existence of a unique solution for problem (2.1), we use the following new

variable:

Z(a:,p,t):vt(x,t—Tp), .Z'EQ, 10€<07]-)7 t>0.

(2.2)
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Therefore, we consider:

rau(@,p,t) + (@, p.t) = 0, in Q x (0,1) x (0, +00). (2.3)

As a result, problem (2.1) is equivalent to:

(vtt(a:, t) + Av(x,t) — M(||Vo|]*)Av(z, t) — o(t) /tg(t — 5)A%v(z, 5) ds
0
— vl t) = e, = ) = o2, rem il
T2(z, p, 7) + 2,(x, p,7) =0, reQx(0,1) xRy
2(x,0,t) = vz, 1), x €O t>0,
L 2(z,p,0) = fo(z — p7), ref te(0,7),

(2.4)
The first natural question concerns the existence of a solution to problem (2.1). In this section,

we provide a sufficient condition that ensures the well-posedness of this problem.

Local Existence
Theorem 2.1(Local existence) Suppose that (A1)-(A5) hold. Then, for any (v, v1) € H*(Q) x

L3(Q2) and fo € L*(Q x (0,1)), there exists a unique weak solution of problem (2.1) satisfying

ve L>(0,T; H*(Q)),
v € L*(0,T; L2(Q)),
vy € L®(0,T; L*(Q)) N L>(0,T; L*(£2)).

we state the general assumptions on the relaxation function g : RT — R*, which is a @!-class

function on R*. satisfying:
e g(0) > 0.
. 1—/Oog(s)ds:€>0. (H1)
0
There exists a positive, non-increasing, differentiable function £(¢) such that:
o J(t) < =E(t)g(t), VE=0. (H2)

. /Ooog(t)dt:oo.
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lemma 2.1 The following identity holds:

0(75)/0 g(t—S)/Qv(s) d - vy (t) da :_di
o(t)

g@Olle@)llz + —=(g" o v)(E) +

ool [ gt ds.

with

oot = [ alt=9) [ o6 = ol s
Proof First we rewriting the integral as follows:
U(t)/o g(t —s) /Q v(s) - v (t) deds = a(t)/o g(t —s) /Q (v(s) —v(t) +v(t)) - v (t) dx ds
= a(t)/o g(t —s) /Q(v(s) —v(t)) - v(t)dr ds
+ a(t)/o g(t — s)/ﬂv(t) - vy(t) dx ds.

Now we compute each term separately.

For the first term:
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Hence,

By applying the product and chain rules:

d

© (o(t)g o)1) = o'(1)(g ov)(1) + (1) (g 0 V)(D),

and

%(dmwmg[m@@):a@m@@AE@mmwwa(mwmAE@mg.

Hence, we deduce that:

O(t)/otg(t—S)Lv(s)ds-vt(t)dx:—di

Lemma 2.2 For v € H(2), we have

/Q (/Otg(t —s)(v(t) —v(s)) ds)zdx < (1 - 0)C%(Av)(D), *)

where C'is the Poincaré constant and ¢ is given in (H1)

2.2 Global Existence

In this section, we will prove that the solutions established in Theorem 2.1 are global in

time. For this purpose, we define the following functionals:

usznww@+(1—ﬂwAg@mQHAw%wummAw

1
+ [ o)1 do il
0
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and

6= (1= 0(0) [ 9ls)ds) 180l + 5ot0go A + 501 (19012)
0 (2.7)

5/1 2 H

= t)||5dp — =||v]|®.
3 12(p, )3 dp pHva
Then, it is obvious that

B(t) = (1) + 5 2.3

lemma 2.3 Assume that (A1)-(A5) hold, and for any (vg,v;) € H2(Q) x L*(Q), such that
I(0) > 0 and

E(O)} <1, (2.9)
Then,
I(t) >0, forallt>0. (2.10)
Proof Since 1(0) > 0, then by the continuity of v, there exists a time ¢; > 0 such that
I(t)>0, Vte (0,t). (2.11)
We assume that

{I(to) = 0 and I(t) > 0, ¥t € [0,t)}. (2.12)

This, together with (2.6),(2.7),(2.8), and assumption (A1), gives that

1) = L2 (a9ul) + (1= 00 [ o(5)ds) 1wl +ot)(g 0 20)0

v [ 1.0l + 2100
> L2 (vl + (1= o10) [ ot6)ds) 1wl + oo B0

2p
1
e / I(p D)2 dp (2.13)
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consequently:

fAv|z < (1—o(t) [ g(s)ds !IAv!@SZTpJ(t)
0 p—2

2p
p—2

2p

Bt < 2

E(0), Vtel0,to (2.14)
using:
pllv(to)ll; < chepll Av(to) |l = ciegl| Av(to) 5ol Av(to) 13

p—2

cc 2p 2
<22 F(0 l|Av(to)||3 = al||Av(to) |3
B O] T tAu) I = alal?

t

< (1-00) [ gte)ds) 180t

0
Therefore, we conclude that I(¢y) > 0.
which contradicts (2.12). Thus, I(¢) > 0 on [0, 7.

Theorem 2.1 Assume that the conditions of Lemma 2.2 hold. Then the solution of (2.1)is

global and bounded.

Proof It suffices to show that
ol + | Awlf3

is bounded independently of ¢. Using ((2.4), (2.8), and (2.13), we have
> E(t) = Lol = 222 g a0)2) + L2 2.1
EQ) 2 B#t) = J() + g llulz 2 =5 = (Avlz) + 5l (2.16)
Therefore,
lvellz + [l Av]3 < CE(0), (2.17)

where C' is a positive constant. This implies that the solution of (2.1) is bounded and global

in time.
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General decay of solution

In this chapter, the stability of the Kirchhoft’s viscous plate equation with delay and source
boundary conditions is studied. The chapter begins with the assumptions and preliminary
lemmas. Lyapunov functions are used to analyze the stability of the system, focusing on the
evolution of the energy associated with the system and how different conditions affect the
mathematical behavior of the solutions. A set of basic assumptions is provided that define the
properties of the functions involved in the equation. The chapter also covers the mathematical
techniques used to prove results related to the general decay of energy and the stability of the
solutions. Additionally, the construction and applications of Lyapunov auxiliary functions in
studying stability and energy decay in Kirchhoft’s viscous plate equations with delay and source

boundary conditions are discussed.
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3.1 Assumptions and Preliminary Lemmas

In this section, we will give some notations, sufficient conditions, assumptions, and some

preliminary lemmas needed in the proof of our main results. Firstly we have our problem :

( t
v (m,t) + A%0(x,t) — M(||Vo|*)Av(x,t) — o(t) / g(t — s)A*v(x, s)ds
0
L xre t>0,
- :ulvt(x7t) - /LQUt(ZL’,t - T) - :u’v|p v,
v(x,t):%(x,t) =0, red, t>0,
v(x,0) =vo(z), wv(x,0) =v1(2), x € (),
\Ut((%,t—T):fO(l',t—T), reQ te(0,71),
(2.1)
Throughout this chapter, we denote
|Av]lz = [oll @),
and define the space:
H*(Q) = {v e H*(Q) | v]q =0}
Let ¢, be the smallest positive number satisfying
[Vv]l2 < ¢ || Avy, Vv € H*(). (3.1)

Now, we define the energy associated with problem (2.4) as

1 1 ! 1 J
B(0) = gl + +5 (1= 00) [ alas) 1wl + Joto) o A0) + L1Vl
0

5/1 2 2
> dp — =||v[P 3.2
+3 i 12[2dp pH?flp (3.2)

where & be a positive constant satisfying

The < & < T(p — po). (3.3)
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lemma 3.1 Let v be a solution of problem (2.1) . Then

B0 < ~ao(Julf + 1218) + 22 o o)) - T ([ gtsias) I8l 0

Proof Multiplying the first equation in (2.4) by v, integrating over €2, and using lemma (2.1),

we obtain

df1, ., 1 ¢ 1
L (11— Av|2 + = A
g eruz #5 (1= 00 [ atoas) el + ooia o a0)o
1o 2 (3.5)
IS '
o(t o(t
=Ty wacl + S o a0)e) — wlld o [ v
Q
Multiplying the second equation in (2.4) by £z and integrating over 2 x (0,1), we obtain
£ d //1 2 § //1 9\ 2
S @ dpde = — 9|2 2dpd
27’dtQO|Z| pas ZTgoapM pae
§
= = (leli3 = 11213)- (3.6)
Using Young’s inequality, we have
iz [ oo < 21 + Sl (3.7
Q
Combining (3.5), (3.6), and (3.7), we obtain
o(t o(t !
B0) < ~alulg + 1:12) + Z2 0 a0 - 2 ([ atoas) ol 38)
where
. £ e £ e
cop = min {,u1 5T 5 5T 5 [ (3.9)

which is positive by (3.3).

Lemma 2.2 [3]

Suppose that
2(n—1)
n—2
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holds. Then, there exists a positive constant C' > 1 depending only on 2 such that
lwll; < C(IVwl))

for any w € H}(Q2), 2 < s < p.

3.2 (General decay

In this section, we prove the energy decay result by constructing a suitable Lyapunov function-
als.

Theorem 2.3. Let (vo,v1) € H*(Q2) x L?(Q) be given. Assume that (A1) — (A5) hold. Then,

for each t > 0, there exist two positive constants K and p such that, for any solution of problem

(2.1), the energy satisfies

E(t) < Ke i 90)o()ds, (3.10)

now, we we assume that uisidenticallyzero, Underthisassumptionwestudythegeneraldecayo fenergy forp:
as follows:

L(t) = E(t) + £10()d(t) + e20()1(t) (3.11)

where £, and &5 are two positive constants that will be specified later, and

o(t) :/vitdx. (3.12)

Y(t) = —/Qvt/o g(t —s)(v(t) —v(s))ds dx. (3.13)

The following lemma expresses the equivalence relation between the two functionals L(t) and

E(t).
Lemma 3.1 There exist two positive constants 51 and [y such that
BiL(t) < E(t) < BoL(t). (3.14)

Proof We have
IL(t) — E@t)| = e10(t)$(t) + e20(t)1(t)] (3.15)
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which gives
¢
|[L(t) = E@)] < er]o(?)] / [ollve] dze + 52!0(t)|/ |or] / g(t = s)(v(t) —v(s)) ds| dz. (3.16)
Q 0 0
Using Holder, Young, and Poincaré inequalities, we obtain:
e1+¢ 62(1 — l) t
|L(t) - E(t)] < = 5 o) loel* + 5 lo(®)] i g(t = s)llv(t) — v(s)|*ds
1—-1
< 20 ul? + 2 Do) 0 vy (3.17)
1
< c(e1,e9)E(t)
where
€1+ €9 eo(1—1)
e, z0) = max { 2o 0)] + 20D o0}
Thus, from (3.14), we can obtain (3.17) by choosing sufficiently small £, and e.
Lemma 3.2. The functional ¢(t) defined in (3.12) satisfies:
1
¢(6) < (L+)lluills = cllAvlz + o (6)(g 0 Av)(t) +llz(L )15 + [[o ]} (3.18)

Proof Differentiating (3.12) with respect to t and using equation (2.4), we get:

¢ (t) = llvells = M(IVUI)IVollz — | Av]3

¢
+o(t) / / g(t — s)(Av(s) — Av(t)) dsdx — 1y / vup dr — po / zodz + pllo|* + [Jvf?
aJo Q Q

= [loellz = M(IVoIRDIVol5 = [Av]l3 + pllvll® + I + I + Is.

(3.19)

Applying Holder, Young, Sobolev-Poincaré inequalities, and relation (3.1), we estimate I, Io,

and I3 as follows:

I = /Q/Otg(t — $)(Au(s) — Av(t)) dsdz < 2 (/Otg(s) ds) A2 + i(g o Av)(t).

picic
L= | vorde < el + == Ao,

2,22

picie
Iy =y [ vugde < elv|*+ %HAUH;
0 £

J
J

(3.20)
(3.21)

(3.22)
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Combining inequalities (3.20)-(3.21), and (3.22), we obtain:

¢W)Sﬂ+wa%—WAAMB+id®@oAW@%+ﬂ4L0%

Lemma 3.3 The functional ¢(¢) defined in (3.13) satisfies:

P (t) < (w + Moczw + 2w(1 — l)z) | Av||3

4w 4w W 4w

t 2 g(O)CZ / 2 2 p
+@w—og@%MMb+ém (¢ 0 Av)(t) + wllvelz + wl[z]l5 + [[vf;

n (1 —1 N My (1 — l)cf, + (2w + %)(1 ~ D+ Mﬁ)) (g o Av)(t) (3.23)

Proof We differentiate the functional ¢(¢) defined in (3.13) with respect to ¢ using equation
(2.4), obtaining:

/ / (t — 5)(w(t) — v(s))ds dz
— [ [ = )00 — vl - (/ tg<s>ds) o
/A / (t—s)( —v(s))dsdz

— M(|Vol2) /Av/ (t = $)(0(t) — v(s))ds dz
0 /Q /0 gt — $)A20(s)ds /0 gt = $)(u(t) — v(s))ds da (3.24)
fan [ [ ot =)0 = v(s)isde
+,u2/vt(x t—7) /tg(t—s)(v(t)—v(s))dsdx
~ [ [ =00~ oiopasae— [ otsias)
=L+L+- - +1Ig— (/0 g(s)ds) lloe 3.

In what follows, we estimate all the terms in equation (3.24).

Starting with the first term, using Holder and Young inequalities, condition (A1), we obtain:
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o [ g 1—1
L= [ A% [ g(t—s)(v(t) —v(s))dsdr <wl||Av]5 + 4—(9 o Av)(t) (3.25)
Q 0 w
t t
Lt) =o(t) / / ot — $)AZ(s) ds / ot — $)(u(t) — v(s)) ds dz (3.20)
aJo 0
1
<2w(w —1)%c(t)||Av||3 + (Qw + @) (1—=10)o(t) (go Av), (3.26)
2K
Now, since ||Vv||3 < l <20), for all ¢ > 0, taking
4
2K
My = sup$ M(s), O<S§ﬂ ,
lc2
we see that M (||Vv||2) < My < oo. Then, we have
t
Iy =M (|Vol]3) / Av/ g(t —s)(v(t) —v(s))dsdx
Q 0
Mo(1 —1)c?
< Mowcs||Av|)3 + %(9 o Av)(t) (3.27)
w
Again, using Hélder and Young inequalities, condition (A1), we obtain:
¢ 1 —Dpdc3c?
Iy = / Ut/ g(t — 8)(v(t) —v(s))ds dx <wl||vy||3 + %(9 o Av) (3.28)
o Jo
¢ 1 — D222
I = / z(l,t)/ gt — $)(u(t) — v(s))ds dz <w|l2(1, 8)||% + %(9 o Av)  (3.29)
Q 0
Similarly, for I, we find:
t 0 6202
o= [ [ 9000 —vepasde <uipli - 20 g o ane). @a0)
o Jo

By combining the estimates (3.25)—(3.30), inequality (3.24) becomes:
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P(t) < — </0 g(s)ds — 2w) [vel|3 + [w + Mowe? + 2w(1 — 1)*a(t)] || Av][3

1+ Moci + (ui + pi3)cac 1

_ * — 3.31
+(1-1) [ o + <2w + 4w> o(t)} (g0 Av)(t) (3.31)

0)c?
+ 20 o o)ty + w1 + I

4w

Lemma 3.4. The function L(t) defined in (3.11) satisfies :
L'(t) < —Koo(t)E(t) + K10(t)(g 0 Av)(t), t > to, (3.32)

where Ky and K are some positive constants.

Proof First, since the function ¢ is a positive and continuous function, for any t, > 0, we have

t to
/ g(s)ds > / g(s)ds = gy, forallt > t. (3.33)
0 0

Differentiating (3.11) and using Lemmas(3.2) ; (3.2) , we get

L) = B(0) + a0/ (D(t) + ©10002/ (1) + 220’ (D018) + a0 (1) 1)
< B0 +20(0) |+ lul? - clldolP + T g 0 80)(0) + el2(1. 01

(- [1 Moty URH IS | (o + i)a(t)] (g0 Av)(1)
+ £90(t) [w + Mowc: + 2w(1 = 1)?o(t)] |Aw|)* + wo (£)|Z(1, 1) 13

9(0)c2
4w

+&20(t)(2w — /0 g(s)ds)lve]|* + e20(t) (9" 0 Av)(t)

+e10'(t) /vitdx — 90’ (1) /Qvt/o g(t —s)(v(t) —v(s))dsdx + o(t)u(e1 + e2)|[vp.
(3.34)

On the other hand, we have

, o'(t o'(t
o) [ vnds < =T g - Teaug (3.35)
Q
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and
a'(t) o) ([
—a'( /Ut/ (t—s)( v(s))dsdx < — 5 —|vg]|* — 2202 /0 g(s)ds | (g o Av)(t).
(3.36)
Consequently, inequality (3.34) becomes:
L'(t) < —o(t) [o'®) (14 &2) + — — ey (14 w) +es(go — 2w) | [Jg]|?
- 20 (t) a(0)
[ a'(t) Mowe + 2w(l — 1)2 Awl?
—o(t) _516€+5120(t) €2 (w—l— owc, + 2w(l — ) U(t)) | Av]|
[e10(t)  o'(t c 1
+ol0) |25 - T ettt =0 (%4 (2wt 1000 (0o a0
b — 2 1 — g(O)cz ! p
o (0) €1€ 8211)] |z(1,)]|* + o(t) {2 T (9" 0 Av)(t) + a(t)puler + e2)|[vp.
(3.37)
now, we define the constants:
t
1= —e1(l+w) —e2(2w — / g(s)ds) > 0,
0
By = +e9¢, — Eqw — Mocf)w —2w(1 —1)%c(t) > 0,
11 My(1—1) 1 2(1 — )2
- 2w+ —)(1 — 2 :
B3 52<4w + 1o +(w+4w)( Do(t) + o >>0
Further, we pick €; and e so small that (3.14) we remain valid
o, = 2052
4 — Aw )
fs = o — eqwo (t) — weqo(t) > 0.
Bs = p(e1 + €2)
Therefore, (3.34) becomes:
: a'(t) o'(t) 2
L'(t) < —o(t
0= ot (s T ol
~o(0) (5t 5 ) Jaol? (3.38)
Q
"(t)

walt) (= 5z ) (90 00 + Aol
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Since
—a'(t)
t—o00 O'(t)

=0 (3.39)

We can choose t; > ty so that (3.38) takes the form :

L'(t) < —a(t) (Bullvellz = Ball Avll3 +) + Bollvll}) + Bso(t)(g o Av)(t)

(3.40)
< —Koo(t)E(t) + Kio(t)(g o Av)(t), Vt; > to,
where k;, © = 0,1 are some positive constants. This completes the proof.
Proof of Theorem 3.2
Multiplying (3.32) by £(t), we have:
L'(t) < —Koo(t)E(t) + Ky0(t)(g o Av)(t) (3.41)

Since assumption (A2) holds and using the fact that —o(t)(¢’ o Av)(t) < —2FE(t) by 3.2, we

obtain

P()L'(t) < —Koo (t)(t) E(t) — Kio(t)(g' o Av)(t)

< ~Kao(00) B0 - K1 (260 + 20 ( | 0(s) i) I80f?) ()

From the definition of E(t) and assumption (A2), we know that I||Vv||*> < E(t), so we get:

< — Koo ()o() E(t) - 20E(t)'(1

< ~o(0(t) (Ko + 200k ) B (3.4

Since
—a'(t)

lim o)~ ° (3.43)
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we can choose t; > tg such that

200’ (t)
0+ —J(t)(b(t) for t > t;. (3.44)
Finally, let
R(t) = ¢(t)L(t) + 2K, E(t), (3.45)
then L(t) is equivalent to E(t), and we arrive at
R'(t) < —Ko(t)o(t)R(t) for ¢ >t;. (3.46)

Integrating (3.46) over (t1,t) with respect to ¢, we get
t
R(#) < R(t1) exp <—K / 6(5)0(s) ds), >t (3.47)
t1
Consequently, the equivalence relations among R(t), L(t) and E(t) yield the desired result.

E(t) < Ke *io 90)o()ds, (3.48)



General Conclusion and Perspectives

In conclusion, this study has examined the global existence and general decay of energy for a
viscoelastic Kirchhoff-type plate equation with memory and delay effects, under classical initial
and boundary conditions. By employing energy estimates and constructing suitable Lyapunov
functionals, we demonstrated that the total energy of the system decays over time, highlighting
the stabilizing influence of both memory and delay terms on the system’s energy. These findings
contribute to a deeper understanding of the asymptotic behavior of such systems and emphasize
the importance of combining damping and memory mechanisms to maintain stability. Future
work could focus on extending the model to include nonlinear or nonlocal boundary conditions,
exploring systems with time-varying delays, or conducting numerical simulations to validate

the theoretical results.
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