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Abstract

In the field of mechanical engineering, analyzing the behavior of plane structures is
a fundamental task that engineers constantly face. However, traditional methods
for solving these problems are often slow, cumbersome, and error-prone. To
address these challenges, the finite element method provides an efficient and
reliable solution by dividing complex structures into smaller elements, facilitating
to analysis process. This study focuses on the development of a special program
based on the two-dimensional triangular element (T3) to model the mechanical
behavior of plane structures. It calculates basic mechanical properties such as
displacements, stress, and strain, making it a powerful tool for analyzing the
behavior of structures. To ensure the accuracy of the obtained results, they were
verified by comparing them with simulation results extracted from well-known
software. This study aims to contribute to the field of mechanical constructions by

providing an effective solution for performing accurate structural analyses.

Key words: Finite element method, Mechanical behavior, Plane structures,

Structural analysis, 2D triangular element, T3 element.
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General Introduction

General Introduction

Mechanical engineering is an important field in the field of engineering, due to its critical
importance in the design, analysis, and maintenance of various systems and structures, whether
in mechanics, civil engineering, transportation, aviation, or other fields.

With the advancement of technology and the complexity of structures and models, it has
become necessary to develop numerical tools that accurately analyze these structures to
understand their behavior. One of the most prominent of these tools is the Finite Element
Method, which is among the most widely used methods for analyzing complex engineering
models, especially those related to mechanical structures. However, this is not complete without
a programming environment to solve complex systems that describe the behavior of materials
under loads.

Hence, the idea of this dissertation came about, which aims to program a two dimensional
(2D) numerical model using the three node triangular element (T3) to analyze the mechanical
behavior of plane structures using MATLAB language. To ensure the reliability of this proposed
program, verification was carried out using ABAQUS software, known for its accurate results,
then to the RDM6 software.

This dissertation is divided into three chapters;

The first chapter covers the general principals of the finite element method, starting with its
historical development and basic concepts, as well as its application areas, up to the types of
elements. It also includes the possible types of analysis and explains the use of each according to
the type of structure being studied.

The second chapter focuses on the mathematical derivations related to the T3 element,
including shape functions, the stiffness matrix, the expression of stresses and strains, and
everything related to the theoretical formulation.

The third chapter introduces the developed program, explaining each phase of the calculation,
from input data to results. It also includes a detailed comparison between the results of the
proposed program and traditional analytic results, as well as with ABAQUS results and finally
with RDM6 to determine the accuracy and efficiency of the developed program. Finally, the
results are then presented in the work.

In conclusion, a summary of the most important results achieved will be presented,
highlighting the contribution of this dissertation to mechanical construction, and addressing

future development prospects that suggest expanding the scope of the study.
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Chapter 1
Generalities and bibliographic synthesis

1.1 Introduction

When studying engineering problems, mathematical models based on differential equations
are used to describe them, but finding accurate solutions to these equations is often complex or
impossible in some cases, so we turn to other alternatives such as practical experiments, but they
may be expensive and time-consuming. With the progress made in the field of computing, many
numerical methods have been developed, the most prominent of which is the finite element
method (FEM), which relies on dividing the engineering field into small parts, so that the
solution within each element is approximated using simple mathematical functions, after which
the elements are collected to obtain an approximate solution to the problem, which makes this
method effective in analyzing complex structures and solving various engineering problems

accurately and efficiently [1].

1.2 Finite element method

1.2.1 Historical evolution

The finite element method emerged from successive developments in engineering and
mathematics, starting with the concept of structural symmetry substitution introduced by
Hrenikoff in1941[2], which replaced continuous structures with discrete meshes to simplify
solutions. McHenry (1943) [3] and Newmark (1947) [4] made further improvements. In the mid-
1950s, Argyris (1955) [5] and Turner et al. (1956) [6] led the development of direct continuity
elements, which became the cornerstone of numerical modeling. Mathematically, the method
was based on the variational methods developed by Rayleigh (1870) [7] and Ritz (1909) [8], as
well as the weighted residual methods founded by Gauss (1795) [9] and further developed by
Galerkin (1915) [10] and Biezeno-Koch (1923) [11]. The finite difference method introduced by
Richardson (1910) [12], Liebmann (1918) [13], and Southwell (1946) [14] also played a role in
the development of numerical solutions. However, the major shift towards the present form of
the FEM came with the introduction of partially continuous empirical functions by Courant
(1943) [15], which divided continuous domains into discrete parts, later enhanced by the work of
Prager-Synge (1947) [16] and Zienkiewicz (1964) [17]. Finally, the variational finite difference
method of Varga (1962) [18] contributed to improving the accuracy of numerical calculations,
making the FEM one of the most important tools used in the analysis of many engineering and

physical problems today [19].
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1.2.2  Definition

The finite element method (FEM) is a numerical analysis technique widely used to study and
solve complex engineering and physical problems, but especially in structural mechanics. This
method is based on dividing the domain into small domains known as elements and connected to
each other at points known as nodes (Fig. 1.1). Through this division, we can search for the
detailed formula for each element and transform differential equations into a set of algebraic
equations that can be solved numerically. The finite element method is used in the analysis of
stresses and deformations in materials and structures, as well as heat transfer, fluid dynamics,

and electromagnetism [20].

Nodes

o,
N

N\
At nwve
7

IS

Elements

Fig. 1.1 Discretization of a structure into nodes and elements (tooth of a gear wheel) [21]
1.3 Classification of FEM Models

Finite element method (FEM) models are categorized based on their dimensionality, with
determines the complexity of the problem and the type of elements used. The three primary

classifications are:

1.3.1 One-Dimensional Finite Element Modeling (1D FEM)

1D elements are used when the structure is extended along a single axis like bar and beam.

Uy U, Uz v 12
r C [ .4 Ao
[} L] O T ¢ ’——' *
\ 1 / Nodel Node2
Flement 1 Element 2 ! . t >!
a) b)

Fig. 1.2 Examples of 1D finite element: a) Axial deformation of a bar; b) Bending behavior of a

beam
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1.3.2 Two-Dimensional Finite Element Modeling (2D FEM)
Applies to thin structures like plates and shells, using triangular (T3, T6) and quadrilateral
(Q4, Q8) elements with two translational DOF per node.

4 (xé;“)?) ATI
4 3

.
m

= 1 .

V3

Node 3(x3,y3) Uy

vy
%]

FAYANANAN)

Uy Node 2(xy, y,)

Uy

y
l Node 1(x4, y41)

0) d) x

Fig. 1.3 Examples of 2D finite element: a) Six-node triangular element; b) Quadrilateral element
with 4 nodes in the natural coordinate; c) Triangular mesh for a geometric domain; d) Simple

three-node triangular element

1.3.3 Three-Dimensional Finite Element Modeling (3D FEM)
3D FEM is for solid structures, using tetrahedral (T4, T10) and hexahedral (H8, H20)

elements, with three translational DOF per node.

a) b)

Fig. 1.4 Examples of 3D finite element: a) Tetrahedral element with 10 nodes; b) hexahedral
element with 20 nodes
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1.4 Steps of the finite element method

To solve any physical or engineering problem using the finite element method, we generally

follow the following sequential steps:

Dividing the domain: This is the first and important step in the analysis by dividing the
domain into elements that are connected to each other by nodes in order to obtain more
accurate results.

Element stiffness matrix: Writing the element stiffness matrix for each element in the
domain, so that it accurately represents the mechanical properties of the individual
elements.

Global stiffness matrix: All the individual element stiffness matrices are collected into one
global matrix that expresses the behavior of the entire system and is used to solve the
equation later.

Applying boundary conditions: Applying the boundary conditions applied to the system,
fixed supports and loads on the network nodes.

Solving the global system: This is done by calculating the unknown variables, by solving

a set of linear algebraic equations, using the following relationship [K]{U} = {F}.

1.5 Benefits of the Finite Element Method

The finite element method (FEM) is an effective numerical technique widely used in

engineering, physics, and applied mathematics, enabling the accurate and efficient analysis of

complex systems. Here is some key advantage for FEM:

It can be used in various engineering disciplines, such as mechanical, civil and
aeronautical engineering and applied in various fields, including structural analysis, fluid
dynamics, heat transfer, electromagnetic, and biomechanics.

The method can impose all kinds of boundary conditions, such as constrained
displacements, distributed loads and point loads.

FEM offers stable and reliable solutions for problems involving linear and non-linear
equations.

This method can analyze composite materials, transformable materials and even materials
whose properties change with time and direction, and it provides numerical solutions that
are close to the actual physical behavior of mechanical structures and systems.

The results can be improved by reducing the mesh size or using higher resolution
elements, without the need to reformulate the basic equations.

It can accurately model and analyze complex and large structures, which is difficult using

traditional analysis methods.
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1.6 Plates
1.6.1 Definition

Plates are flat structural elements, but they are not like any ordinary thing; they are
characterized by a small thickness compared to their other dimensions, which are length and
width. They are designed to bear vertical loads on their surface, which leads to a complex and
exciting distribution of stresses between bending and compression [22]. Understanding the
mathematical modeling of plates is an essential part of structural analysis, especially when using
methods such as the FEM, where plates are considered two-dimensional (2D) elements subject to

plate bending theories.

Fig. 1.5 Description of a plate

1.6.2 Types of plates
We can classify plates based on their thickness and mechanical behavior, the most important
of which are:
e Thin plates: These plates are treated using the Kirchhoff-Love theory, which assumes that
deformation in transverse shear can be neglected. We often find these plates used in
structures where the thickness is small compared to the longitudinal dimension, such as

the steel and concrete plates that we encounter daily [23].
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Fig. 1.6 Deflection and rotation of the plate under the influence of loads according to
Kirchhoff plate theory.
e Thick plates: They are dealt with by the Mindlin-Reissner theory, which takes into
account the effects related to transverse shear deformation. Therefore, they are most
suitable for structures with moderate thicknesses relative to longitudinal dimensions, such

as heavy mechanical parts that require strength and reliability [23].
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Fig. 1.7 Representation of displacement and rotation according to Mindlin plate theory

There are other types of plates that are classified based on their material properties, and they are:
e Isotropic plates: They are characterized by having the same mechanical properties in all
directions, such as plates made of steel or aluminum, which ensure strength and
reliability.
e Orthotropic plates: Here we are talking about materials that have different properties in
different directions, and this is common in composite structures and laminated materials,

which show complexity and beauty in their designs.
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1.6.3 Field of application

Plates play a fundamental role in many sectors, the most important of which are structural
and mechanical engineering, due to their efficiency in resisting bending and plane forces. Among
the most common applications of these plates are:

e Civil engineering: They can be used in reinforced concrete slabs, bridge decks, and load-
bearing walls, to ensure the structural integrity of buildings and facilities.

e Mechanical and aeronautical engineering: Design of aircraft wings, aircraft structures,
and car body panels, where plates theories are used to achieve the best balance between
weight and strength.

e Marine structures: Plates are used in ship structures and marine facilities to resist
hydrodynamic and mechanical loads.

e They can also be used in industrial applications: in the design of pressure vessels, heat
exchangers, and mechanical parts that depend on resisting high loads.

Finally, we conclude that by incorporating plates into the finite element analysis (FEA)
framework, engineers can predict the distribution of stresses, deformations, and failure
mechanisms, making them an integral part of modern mechanical and structural analysis.

1.7  Plane structures analysis using FEM
Plane structures are engineering systems studied in two dimensions, where one dimension is
negligible compared to the others. Their analysis is classified as follows:
e Plane stress analysis: Used when one dimension is very thin, such as thin metal sheets or
structural walls.
e Plane strain analysis: Used when the structure is very long in one dimension, such as
concrete dams or thick walls [24].
FEM is widely used in plane structure analysis as it provides high accuracy in stress and
deformation calculations, allowing for more efficient and responsive structural designs [25].
1.8 Conclusion
The finite element method (FEM) is a very important tool in structural analysis, as it
provides accuracy and efficiency in modeling complex engineering problems. In this chapter, we
discussed the most important concepts of this method, which are historical development, and
basic principles. The role of the FEM in engineering continues to expand, making it essential for
advanced simulation. In the next chapter, we will discuss the mathematical formulation of two

dimensional (2D) triangular finite elements for a plane structure.
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Chapter 2

Two dimensional triangular finite element
2.1 Introduction

Engineering and applied sciences rely heavily on modeling structures and physical
phenomena to analyze and predict their behavior. Numerical methods especially the finite
element method FEM play a fundamental role in this modeling as a powerful numerical tool used
to analyze complex engineering problems. In two-dimensional analysis (2D FEM), triangular
elements, whether three-node or six-node triangular elements, are widely used compared to
quadrilateral elements due to their ability to adapt to irregular shapes and the ease of dividing the
domain into a network of automatic triangles, making them a preferred choice for simulating
mechanical behavior in various engineering applications. These elements rely on shape functions
that allow the estimation of displacements and stresses within each element. The triangular
element T3 provides a linear approximation of displacement, while the triangular element T6
provides higher accuracy using quadratic shape functions, which improves the results of
numerical analysis [25-26].

This chapter aims to introduce the mathematical foundations for 2D triangular finite elements.
This numerical formulation will help in understanding how triangulation finite elements can be
applied in the analysis and design of engineering structures to ensure efficient and accurate
prediction of their mechanical behavior.

2.2 Classification of two-dimensional finite element

Two-dimensional elements are classified according to their geometric shape and the number
of nodes that define them. The most common elements are triangular elements and quadrilateral
elements. Triangular elements are useful for dividing irregular domains due to their flexibility in
representing complex geometric shapes, while quadrilateral elements are used in regular shapes
and provide better accuracy for these shapes. However, they pose challenges in meshing
complex geometric shapes, which makes triangular elements preferred and more used in cases
where flexibility is in meshing. However, in this study, we will focus only on two-dimensional
triangular elements, specifically on the three-node element (T3), due to their importance in
analyzing the behavior of plane structures using the finite element method.

2.3 Types of 2D triangular elements

Triangular elements are further classified based on the number of nodes per element:

e Three-node linear triangular element (T3)

» The simplest form of a two-dimensional finite triangular element, containing three

nodes at the vertices of the triangle.
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» The shape functions are linear, resulting in low accuracy compared to higher-order
elements.
» Computationally simple.
» Used in irregularly distributed networks due to its flexibility in representing complex
geometric shapes.
e Six-node quadratic triangular element (T6)
» A triangular element containing 6 nodes: 3 at the vertices and 3 at the midpoints of
the sides.
» The shape functions are quadratic, providing high accuracy in the results.
» More efficient in approximation compared to T3, but requires larger and more
complex calculations.
» Reduces the need for a large number of elements compared to T3.
The selection between T3 and T6 elements depends on the accuracy requirements and
computational limitations of the analysis. If accuracy is not very important but the goal is to
simplify the calculations, T3 is used. If the required accuracy is high, T6 is preferred because it
provides a better approximation at a higher computational cost.
2.4 Mathematical formulation of 2D triangular finite element
The two-dimensional finite element formulation relies on the fundamental principles of
continuum mechanics and numerical approximation, where the displacement field within each
triangular element is expressed using shape functions, which specify how nodal displacements
affect the motion of any point within the element. To develop a robust mathematical framework,
these key steps must be considered:
1. The shape functions
2. Strain-displacement relationship
3. The element stiffness matrix
4

Global system assembly

2.5 Triangular element T3
A triangular element T3 is called a finite triangular element that has straight sides with a

node at each end (Fig. 2.1). A T3 element has 6 degrees of freedom (DOF), with 2 DOF per node.

{}=(1 1 2 2 3 3) 2.1
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V3

Node 3(x3,y3)
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‘[ Node 1(x4,¥4)
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Fig. 2.1 First-order triangular element(T3) and its degrees of freedom

2.5.1 Linear shape function
The shape functions define how the displacement varies inside an element based on the nodal

values (Fig. 2.2).

Fig. 2.2 Positions of shape functions

The chosen approximation function for this element is in the form:

{ (,)= 1+ 2 + 3 (2.2)
( ) ) = 4 + 5 + 6
The function u and v describe the displacement of any point inside the triangle.

In matrix form, equation (2.2) becomes:

(1)
{(,)}_1 OOO<3>
(,) 1000 1 4 (2.3)
5
\ 6/
To determine the coefficients  ,we substitute the values of the coordinates ( , )of nodesl,2

and 3:
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(( (1, 1) 1= 1% 2 1+t 31
(1 )= 1= a4+ 5 1+ 6 1
<(2,2)_2=1+22+32
(2020= 2= 4% 5 2% 6 2 (2.4)
(3 3= 3= 1+ 2 3+ 3 3
L (3 3)= 3= 4+ 5 3+ 5 3

If we consider the equation of

{ 1} [1 1 1]{ 1
2t= |1 2 2 2
s 1 5 s (2.5)
{3 [ {3

The values are continuous by inversion of this system:

{(3=0 173 (2.6)
To invert [ | we can use the cofactor method :
~ 1 1 2 3
[]1=2—[1 2 3] (2.7)
1 2 3
With:
1 1 1
2 = |1, 2.8)
1 3

2A: The area of triangular, calculated from the determinant of [ |

2 = (2= 3)+ 2(3— D+ 3(1— 2) (2.9)
With:
1= 2 37 3 2y 1— 27 3, 1= 37 2
2= 31~ 13, 2= 37 1, 2= 1= 3 (2.10)
3= 1 27 2 1, 3= 17 2, 3= 271

Once the are determined, we can write the following relation:

1 1 2 3 1
{ 2}22— 1 2 3]{ 2} (2.11)
3 1 2 3 3

We can extend this result:

{ 4} 1 2 3“ 1} (2.12)
5(=5> |1 2 3)2
6 1 2 3lts

We can thus develop a general expression of the function ( , ) of displacement ( ( , ) are

[N

[EnY

the same approach) as a function of the variables x, yand , , and the nodal displacements

1 z,and 3
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1
{1=01 ][ z} (2.13)

1 1 2 3 1
{3=5-1 ][ 12 3]{ 2} (2.14)
1 2 3 3

After development:

1 11+t 221 33
(. )=5-1 Il 11+ 22% 33 (2.15)
11+t 22%F 33
1 2.16
(,):2—(1"'1+1)1+(2+2+2)2+(3+3+3)3 (2.16)
1C, ) 20, ) 3(, )
By analogy:
1 2.17
(,):2—(1"'1+1)1+(2+2+2)2+(3+3+3)3 (2.17)
1C, ) 20, ) 3(, )
We thus define the function of form:
( 1
1(,):2—(1+1+1)
_1
1 20, )—2—(2+ 2 t 2) (2.18)
1
K3(,):2—(3+3+3)

In equations (2.16) and (2.17) are recite as follows:

{(, ):{ 11+ 22+ 33 (2.19)
C,) 11+ 22F 33
Or:
(1)
1
(.N_]1 0 20 3 0])-2
Ol R A L (2:20)
[] 3
\ 3)
Finally, in matrix form:
{}=1[1 1} (2.21)

2.5.2 Plane stress and Plane strain
To simplify a 3D problem to a 2D problem, there are two approaches, the first is based on the

plane stress hypothesis and the second on the plane strain hypothesis.
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2.5.2.1 Plane stress state
This state exists in the case of thin structures when there are no forces parallel to the

thickness. The components of the stress tensor , are in this case very small and can be

neglected. The stress field in the planes becomes x and y, as shown in Fig. 2.3.

- L=,

L / No stress in the z-direction

|

Fig. 2.3 Representation of the stress field in a plane stress state

The stress vector becomes:

{}=I ] (2.22)

For a stress state:

= = =0 (223)

=—( + ) (2.24)
Where:
E: Young’s modulus
: Poisson’s ratio

And = =0 (2.25)
In the (X, y) plane the strain vector is given by the relation:

{} =I ] (2.26)

and are the normal strains in the x and y directions, and is the shear strain

corresponding to the shear stress

The total strain consists of two components: mechanical strain resulting from external forces,

and thermal strain resulting from temperature changes.

14
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Mechanical strain:

{3} =I ] (2.27)

And thermal strain:

{1} =1 0] (2.28)
Where:
: Coefficient of thermal expansion
: Change in temperature

Hook’s law which links stresses to strain, is written as:

(3=010 + 3 (2.29)
With:
1 0
(1= 42 (2.30)
0O O 5

2.5.2.2 Plane strain state
Solid of constant cross-section with a very large dimension compared to the other two (Fig.
2.4). If the solid is stressed in the (x, y) plane, the strain is very small and can be neglected

for the case of mechanical deformation.

{1 =1 ] (2.31)

And
= = =0 (232)

No strain in the z-direction

Fig. 2.4 Representation of the strain field in a plane strain state

Hook’s law allows us to write:
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= ( + ) (2.33)

The matrix [D] becomes in the case:

1-— 0
[]= 1- 0
1+)a-2) 4 o 1-

(2.34)

In addition:
2 = (2.35)
2.5.3 Strain-displacement relation
The strain-displacement relationship is a fundamental step in the FEM, as it allows the nodal
displacements to be linked to the strains within the element via a mathematical matrix known as
the [B] matrix, which is later used to calculate the stiffness and strain matrix. The strain vector

associated with a two-dimensional (2D) state, is given as follows:

( )

{}={ I=< — 0 (2.36)

4 =—= 56 (2.37)

From relation (2.37), we notice the strain in the element is constant. The element is thus named

constant strain triangle (CST).

If we use the relation (2.19):

(o=l el o

—=—C1(, )2+ 20, )2+ 3(, ) 3) (2.38)
If we use the relation (2.18), we obtain:
1 2.39
1 1
— = 2——( 1t 1 )= 5 (239)

Likewise:



)
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_2__2 3__3 (2.40)
2 2
So:
1 (2.41
—=5(11+ 22% 33) )
Similarly:
1 (2.42)
—:2—(1 1+t 22+ 33)
And:
243
—"'—:2—(11"'11"'22"'22"'33"'33) (243)
If we substitute the relation (2.41), (2.42) and (2.43) in the relation (2.36) we obtain:
(1)
11 0 20 5 07f:
(J=5|0 1 0 , 0 {2 (2.44)
1 1 2 2 3 3 3
\ 3/
In matrix form:
{}=0L1{ } (2.45)
With
2.46
[1=11 (2:46)

The matrix [B] called gradient matrix which links the strains to the displacements is independent
of the variables x and y.
2.5.4 Stress-Strain Relationship

The stress-strain relationship is used to understand how a material responds to applied loads,

and is a fundamental step in any structural analysis. In general, this relationship is written as

follows:

{ }=[]{ } (2.47)
If we substitute the relation (2.45) into equation (2.47), we obtain:

{}=[1 K } (2.48)

2.5.5 Integration over a triangular element
The following formulas can be used to calculate integrals over the side or area of a triangular

element [27]:
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* Integrals over length

B 1 (2.49)
T+ +1)!
Where: dl represents a length between nodes 1 and j.
» Integrals over area
rr
= 2
( + + +2)! (2.50)

Where: dA represents area of elements.

Since the shape functions of a triangular element N; (x, y) are defined in terms of the coordinates

x and y, they can be replaced by the area coordinates Li(x, y) to perform the integration.

2.5.6 Elementary Stiffness Matrix
The stiffness matrix is derived in the finite element method based on the principle of the
internal strain energy stored in the element when subjected to displacement. This energy

represents to work done by the internal forces and is given by the equation:

1 (2.51)

Substituting equations (2.45) and (2.48) into equation (2.51), we find

1

~ 1 (2.52)
=503 C LI0I0 L. M 3=50 3010}

We conclude that the elemental stiffness matrix for a 2D element is given by the following

relation:

(2.53)
With:

[B]: The strain-displacement matrix given by the relation (2.44)

[C]: the stress-strain matrix given by the relation (2.30)

Since [B] and[C] are constant inside a linear triangular element, the integral simplifies to:

[1=01011. (2.54)

t: Thickness of the element
A: Surface area of the element

The elementary force vector is given by the following relation, written in the plane:
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= 1+ 0} s 0o (255)

I: Thermal forces
II: Body force
III: Distributed load

[N]: Is given by relation (2.22). the first term of equation (2.55) is easily evaluated because all its

components are constant:

10101 =01010 1. (2.56)

This term (I) exists if and only if it corresponds to a thermal load (expansion) due to a
temperature variation.

The second term (II) in relation (2.55) becomes:

1 0]
0

oy o= ot =16 Zz (2.57)
_03 3

Individual integrals over the area including the shape functions are evaluated using the formulas

for integration over a triangle. Applying relation (2.50), we find the following:

_ 1 0 o _ 110!0! _l (2.58)
- 23 T a+0+0+2)° T3
_ o 1 o _ or1ro! _1 (2.59)
2. - 1 2 3 T+1+0+2)° "3
_ o o 1 _ orora 1 (2.60)
3 = 1 2 3 = 2 =5
O+0+1+2)! 3
Substituting in relation (2.57), we get:
()
:—.< >
1 = (2.61)
\ J
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Assume that the element shown in Fig. 2.5 is subjected to a uniformly distribution load of

[({Pt]

magnitude “q”, applied perpendicular to side 2-3 and at an angle  to the overall x-axis.

Therefore, the components of this load are written as follows:
- 2.62
O={7 6

¥

2N
<

<

lp

"\la

x

Fig. 2.5 Uniformly distributed load in a triangular element [27]

So the third term (III) of equation (2.55) is evaluated as:

[0 0] ( 0 )
0O O 0
0 — —
ey o= g e b= o (2.63)
2-3 2 2-3 2
3 O — 3
| 0 3 \™ 3 J

The integrals along a triangle are evaluated using the integration formula over a side of triangle

given in equations (2.49). Applying this formula, equation (2.63) becomes:

(0 )
0
_ ) -3/2
[1{} = 4_ 2_2/2> (2.64)
- 2-3/2
\— 2-3/2)

2.6 Example calculation of triangular element T3

This example aims to study the behavior of a two-dimensional plane plate subjected to
concentrated forces (Fig. 2.6), using two-dimensional finite elements of the triangular type with
three-node (T3). The analysis is based on the use of the plane stress assumption, while neglecting
body force compared to the applied concentrated forces. We will analyze the system by
determining the unknown nodal displacements and the reaction at support, the element stresses
and strains.

Given: E=210x10° MPa, v=0.25, t=10 mm, P=1 KN
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4(7,8) 3(5.6)

s D —r

v i> é}“_:P

1(1,2)

100mm .

Fig. 2.6 Example of the calculation of a triangular element T3

The steps to follow to solve this problem are:

1. Properties of the structure: The structural characteristics will be summarized in the

following tables Table 2.1 and Table 2.2.

Table 2.1 Nodal coordinates of the structure

Node X (mm) y (mm)
1 0 0
2 100 0
3 100 50
4 0 50

Table 2.2 Element connectivity

Elements Nodes

Number E 3
1 2 3
2 3 4

2. Discretize of the structure: The plate is divided into two triangular finite elements with 3
nodes, where each node has 2 degrees of freedom, 1(1,2), 2(3,4), 3(5,6) and 4(7,8), as well as

two displacements per node as shown in Fig. 2.7.
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Fig. 2.7 Discretization of the triangular elements

3. Shape function: The shape function N1, N> and Nj are given by the following relations:

1(,):2—(1"'1"'1)
1

2(,):2—(2"'2"'2)
1

3(,):2—(3+3+3)

¢ Element 1: to find the shape function we do the following calculations:

- Calculate the area of triangle:

1 1 1 1 O 0
2 =11 2 2l=11 100 0| =5000 2
1 5 sl l1 100 50
5000
=2 —=2500 2
2
- The coefficients:
1= 2 3— 3 2=25000 1= 2— 3=—250 1= 3— 2=0
2= 31— 13=0 2= 3— 1=230 2= 1— 3=—100
3= 12— 21 =0 3= 1— 2=0 3= »,— 1 =100
So:
( )—1( + , + ;)=——=(5000—50 )=1 1
syl ! 5000 100
1 1 1 1
= + + = -1 =—— ——
2C, ) > (2+ > 2 ) 5000(50 00 ) 100 )
(L )=( s+ 5 + 3) = (100 ) ==
st T3 3 3 775000 50

e FElement 2:
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- Area of triangle:

1 1 1 1 O 0
2 =|1 , ,|=]|1 100 50/=5000 2
1 sl 11 0 50
5000 )
=——=2500
2
- The coefficients: The coefficients are obtained as follows:
1= 2 3— 3 2=5000 1= ,— 3=0 1= 3— »,=—100
2= 31— 13=0 2= 3— 1=50 2= 1— 3=0
3= 12— 21 =0 3= 1— 2=—050 3= 2— 1 =100
So:
( )—1( + 3+ )= ! (5000 — 100 ) =1 -
O R 1 775000 750
1 1
s, + + = e R
2(, ) > (2+ 2 2 ) 5000(50) 100

1 1
——5000(—50 + 100 )——m +%

4. Element stiffness matrices: Calculate the stiffness matrix for each triangular element (T3)

_1
3(1)—2—(3+3+3)

using the finite element method (FEM).

Element 1: Between nodes 1(1,2), 2(3,4) and 3(5,6), with strain-displacement matrix [B], stress-

strain matrix [C], area A, and thickness t.
[ 1® = [ (1)] [ 19 .

1[0 20 35 0 11 0 1 0 00O
[]‘1’=2— 0 1 0 2 0 =750 0 0 -2 0 2
1 1 2 2 3 3 O -1 -2 1 2 0

For plane stress:

1 0 1 025 O

4 1 O
3 1 0 |_210x10°fp25 1 0 |_ 3
[1=7—= 1- |12 075|=56%10°1 4 0
0 0 — 0 0 — 0 0 15
2 2
So:
-1 0 O0
1 2 8 :; 41 0] ¢[-1 0 1 0 00
[](D:mx 0 -2 1 x56x10%(1 4 O *Too|® O 0 -2 0 2 x 2500 % 10
o o0 2 0 0 15 0 -1 -2 1 20
0 2 0
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And from it we find:

[ 1® =10%x

[ 56 0
0 21

—56 42
28 21
0 —42

—28 O

—56
42
140
—70
—84
28

28
—21
—70
245

42

—224

0
—42
—84

42
84
0

—28 ]
0
28
—224
0
224 |

Element 2: Between nodes 1(1,2), 3(5,6) and 4(7,8), with strain-displacement matrix [B], stress-

strain matrix [C], area A, and thickness t.

[ 1@ :[ (2)] [ 1] 19 .

12 0 2 0 5 0 1 /0 0 10 -1 0
[](2):2_ 0 1 0 2 0 3 :m 0O -2 00 0 2
1 1 2 2 3 3 -2 0 01 2 -1
Substituting into the equation, we find:
[0 0 -2
1 2 _02 8 41 07,400 0 10 -1 0
[19=1%l0 o 1 56><103[1 4 o]m[o —2 00 0 2]2500><10
0O 0 15 -2 0 01 2 -1
-1 0 2
o 2 -1
[ 84 0 0 —42 -84 42
0 224 =28 O 28 —224
[ 1@ =104 x 0 —28 84 0O -56 28
—42 0 0 21 42 =21
-84 28 56 42 140 -70
| 42 —224 28 —21 -—70 245 |

5. Assemble the global stiffness matrix: After calculating the stiffness matrix for each element,

we combine them into a single matrix known as the global stiffness matrix (GSM).

¢ J)=C

)< (

/ ):(2><4)><(2x4):8><8

After assembly and calculating, we find the final expression for the global stiffness matrix as

follows:
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140 0 —56 28 0 —70 -84 42 ]
0 245 42 21 70 0 28 —224
—-56 42 140 -70 -84 28 0 0
28 —21 —70 245 42 224 O 0
0 —70 -84 42 140 0 —56 28
=70 0 28 —224 O 245 42 =21
—84 28 0 0 —56 42 140 -70
| 42 224 O 0 28 —21 —70 245 ]

[ ]=10

6. Force vector in each element: In this study, it was assumed that the concentrated force (P) is
applied to node 2 in x-direction, and also (P,10P) at node 3. As for the rest of the nodes, they are
free.

e Element 1: between nodes 1, 2 and 3, concentrated force at nodes 2 and 3, , =

3 :E and 3 ==5
(0
1
012
@ = 3
{1} 10 4
— |5
2 |6
\—5 )
e Element 2: between nodes 1, 3 and 4, concentrated force at nodes 3, 3 = > and
3 =—95
\
( 8 1
2
(1@={72 2
6
)
7
0 8
\ 0 J

7. Global force vector: We collect all the obtained force vectors to obtain the global force

vector, taking into account the degrees of freedom.

\

O~NOOT A WN B

{3}

| 25
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8. Application of boundary conditions: The boundary conditions applied in the study are

shown in Table 2.3.
Table 2.3 Boundary conditions applied to the case study
Nodes Boundary conditions Displacements Forces
Node 1 Double supports u;=0 and v;=0 Ri=? and R;,=?
Node 2 Simple supports u=? and v>=0 F2=P and R>="
Node 3 Concentrated forces | u3=? and v3=? F3.=P and F3,= -10P
Node 4 Double supports us=0 and v4=0 Ru=? and Ry=?

9. Formation of the global system: solving the global system to determine the unknown

variables, using the relationship [K]{U} ={F}

140 0 —56 28 0 —70 —84 42 7 (0) ( 0 )
0 245 42 =21 70 0 28 —224| |0 0

—56 42 140 -—-70 -84 28 0 0 2 = 1000

10 28 —21 —70 245 42 224 O 0 ) 0 , — J 0 !

0 —70 -84 42 140 0 -56 28 || 3 = 1000

—70 0 28 224 O 245 42 21 3 =—10000

—84 28 0 0 —-56 42 140 -—70 0 0

[ 42 =224 O 0 28 —21 -—70 2451 \0)J \ 0 J

10. Solution: To calculate the unknown displacements we eliminate columns and rows with zero

displacement 1, 2, 4, 7, and 8, the system becomes as follows:

140 -84 2817( 2 1000
104 [—84 140 O ]{ 3}={ 1000 ]
28 0 245]\ 3 —10000

We use the Gaussian elimination method to solve a system of equations with three unknowns:

e Step 1: Simplify the system by dividing both sides by 10*to make the calculations easier.
140 -84 28171( 2 01

s 0 o [f 5f=oal

28 0 2451( 3 -1
01

-84 140 O O.l)
28 0 2451-1

e Step 3: Make the numbers under the diagonal of the matrix equal to zero

e Step 2: Create the augmented matrix
(140 —84 28

- Eliminate element (2,1): We calculate the coefficient

26
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_—84 0.6
2 =10 = ©

We use the following relationship to find the new row:

—84+06x140=0
140 + 0.6 x (—84) = 89.6
0+ 06 x28 =168
0.1+06x01=0.16

2= o+06 ;=

Newrow: [0 89.6 16.8 0.16]

- Eliminate element (3,1): We calculate the coefficient

_28 =02
31740

We use the following relationship to find the new row:

28— 0.2 % 140 = 0
0—02x (—84) = 16.8
245 — 0.2 x 28 = 239.4
~1-02x01=—1.02

3= 3—02 ;=

New row: [0 16.8 2394 —-1.02]

- Elimination element (3,2): We calculate the coefficient

_ 168 _ 0.1875
27896

We use the following relationship to find the new row:

16.8—-0.1875x89.6 =0
3= 3—0.1875. ,=47239.4—-0.1875 x 16.8 = 236.25
—1.02—-0.1875x%x0.16 =— 1.05

Newrow: [0 0 236.25 -—1.05]
e Step 4: Put the new rows in place and the system becomes:
140 -84 28 2 0.1
[ 0O 896 168 ]{ 3} = { 0.16 }
0 0 236.251\ 3 —1.05

Finally, we find:

_ -1.05
37 236.25
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_ 016-168 3 5544
3T 89.6 21168

_01+84 ;—28 5 7
27 140 ~ 2205

The results are as follows:

, =3.175x 1073
3=2619x%x1073
3 =—4.444x 1073

To calculate the reactions at the supports, we consider equations 1, 2, 4, 7 and 8, and replace the
displacement 5, zand 3 with their previously calculated values:
1 =10% x [(—56) ,+ (—70) 3] = 1333
1 =10*x[42 ,+ (—70) 3] =—500
, =10*x[(—=70) ,+42 5+ (—224) ;] =8833
4 =10*x[(—56) 5+ 42 3] =—3333
4 =108 %x[28 5+ (—21) 3] = 1667
11. Calculating strains element: The strains in element 1 and 2 are calculated from the relation:
{y=01{1}
e For element 1: The nodal displacement vector given by:

{3 =0 0 , 0 3 3

So:
(0
0
1 [F1 O 1 0 0 O
(O=010( =510 0 0 -2 0 2/{4¢
O -1 -2 1 2 0 .
\ 3)

After solving, we obtained the following results:

3.175 x 1075
{10 = =1-8889 x 1075
—1.111 x 107°

e For element 2: The nodal displacement vector given by:
{}J@=0 0 3 3 0 0

Therefore:

| 28
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(0
0
0 0 10 -1 O
1
(1@ =] 1@ }(Z)ZW 0 -2 00 O 2‘< S
-2 0 01 2 -1 03
L0 )

After calculation, we find:

2619 x 1075
{ }(2) = = 0
—4.444 x 107°

12. Element stresses: To calculate the element stress for each element, we use the following

{3} =01}

relationship between stress and strain:
When we substitute it into the equation for element 1, we find as follows:
4 1 07(3175%x107° 2.133
{ }® ={ }z 56 x 10° [1 4 0 ]{—8.889 x 1075 = {—18.133}
0 0 15/\-1111x107° —0.933

And from the element 2 we get:

4 1 071(2619x 1075 5.866
(1@ = =56x103(1 4 O 0 =1{ 1.466

0O 0 151\—4444 x10°5 —3.733

After calculating the nodal displacements and element strains, as well as the element stresses, we

will extract their results in Table 2.4 and Table 2.5

Table 2.4 Results obtained from calculating the displacements in the system

Nodes | Displacements u (mm) | Displacements v (mm) | Forces /x-axis | Forces /y-axis
Node 1 u;=0 vi=0 Ri=1333 N R;=-500 N
Node 2 u2=3.175x103 v2=0 R>=1000 N R>=8833 N
Node 3 u3=2.619x103 v3=-4.444x1073 R3=1000 N R3;=-10000 N
Node 4 us=0 v4=0 R4=-3333 N Rs~=1667 N

29

Table 2.5 The basic results that relate to each element of the case studied

Elements Element strains Element stresses (MPa)
3.175 % 107° 2.133
Element 1 (= {—8.889 x 107° r =1—18.133
—-1.111 x 107° —0.933
2.619 x 10™° 5.866
Element 2 ¢ = { 0 r =1 1.466
—4.444 x 107° —3.733
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2.7 Conclusion

In this chapter, we discussed the mathematical foundations of the two-dimensional finite
element method using triangular elements, with emphasis on the derivation of shape functions,
stiffness matrix, and stress-strain relationships. The plane stress and plan strain cases are
analyzed and the equations associated with them are derived. Finally, a numerical example is
presented to illustrate the application of the methodology. This analysis lays the foundation for
the next chapter, where the model will be implemented programmatically in MATLAB and its
accuracy verified by comparison with the results of commercial software ABAQUS and

educational software RDMS6.
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Chapter 3
Programming and validation

3.1 Programming languages
3.1.1 Overview of programing languages

Programming languages play a fundamental role in controlling systems and machines as a set
of instructions that include symbols and rules, enabling programmers to give commands to
computers for execution. Although the scope of programming languages is very broad, they can
be classified into high-level languages and low-level languages. High-level languages resemble
human language, are easier to use, and are abstract, allowing code to be written in an organized
and readable manner, such as MATLAB, Java, Python, and C++. Low-level languages, such as
machine language and assembly language, are closer to the native computer language, highly

efficient and complex, making them difficult to understand and read [28].

Huby

Al Y \JQ\/ ;
Cr
Programming

Languages -
@ S

Fig. 3.1 The most popular programming languages in various fields

3.1.2 How programming languages evolved

Programming languages have evolved significantly since their inception. Konrad Zuse
introduced the first high-level programming language in 1946, called Plankalkiil, but it was
never used in practice. In 1957, John Backus led a team at the International Business Machines
(IBM) to develop Fortran, which became the first high-level programming language widely used
in scientific computing. C followed between 1969 and 1973, developed by Dennis Ritchie and
the basis of modern operating systems. In the 1980s, C++, developed by Bjarne Stroustrup,
emerged, followed by Java in 1995, providing a platform-independent operating system. In
recent years, Python (1991) and Julia (2012) have gained significant popularity in numerical
analysis [29]. Despite the emergence of several languages, MATLAB, developed in the 1970s,

remains a key tool in engineering applications, particularly in finite element analysis (FEA).
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3.1.3 Development tools

Development tools are essential components of software development, testing, and
implementation. These tools vary depending on the needs of developers. Text editors such as
Notepad++ and Visual Studio Code provide a simple interface for writing code. Integrated
Development Environments (IDEs) such as Visual Studio and Eclipse provide advanced features
such as debugging, project management, and converting code into executable programs [30].
Compilers such as C, C++, Java and many others convert high-level programming language code
into executable code. Interpreters like Python, Ruby and MATLAB provide a mechanism for
executing code directly without the need for prior compilation. Finally, version control systems

such as SVN and Git track code changes and ensure good coordination among developers [31].

3.1.4 Basic concepts in programming

Concepts in programming are the foundation for building any program, as they contain a set
of elements represented by variables, function, conditional statement, data types and looping.
Variables are memory locations that store values such as numbers and strings. Functions are
independents units of code that perform specific tasks and can be called at any time within the
program to reduce repetition. Conditional statement such as if and else allow the program to
make decisions based on specific conditions. Looping is performed through commands such as
for and while to execute code multiple times, allowing the programmer to perform repeated
operations on a set of data or repeat specific tasks [32]. Finally, data types help classifies what
information a variable can hold and what can be done with it, such as booleans, strings, integer

and float [29].

3.1.5 Development of programming paradigms

Programming languages have undergone significant developments to meet the needs of
different computational paradigms. The procedural paradigm began with the sequential
execution of instructions using variables to store data. Despite its widespread popularity, it faces
numerous challenges, such as limited support for parallel computing. Other paradigms have
emerged to address these challenges, including the functional paradigm based on mathematical
functions, and object-oriented paradigms (OOP), which allows developers to write flexible and
reusable programs for objects to interact with each other via messages [33].
3.1.6 Programming language used in numerical and engineering analysis

Programming languages are essential tools for building software for numerical analysis, and
they vary in performance and library support. Fortran is widely used in advanced engineering
programs such as ABAQUS and ANSYS due to its high performance and efficiency in

numerical calculations. C and C++ have high memory management performance and support for
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object-oriented programming, making them suitable for performing large -calculations.
MATLAB provides an integrated environment that facilitates the implementation of
mathematical operations, differential equations, and numerical analysis, and provides powerful
tools for graphing and visualizing results, making it ideal for academic research and
development. However, in recent years, Python has become an increasingly popular choice
thanks to its scientific libraries such as NumPy and FEniCS, enhancing its use in modeling,
numerical analysis, and simulation [34-35].
3.2 Chosen programming language (MATLAB)
3.2.1 Definition and its historical background

MATLAB (short for MATrix LABoratory) is a technical computing environment and high-
level programming languages, specifically developed for efficient and rapid engineering and

scientific calculations.

Fig. 3.2 MATLAB logo

It was developed in the late 1970s by Cleve Moler, a mathematics professor at the University
of New Mexico, as an easy way for his students to use the LINPACK and EISPACK libraries for
linear algebra calculations without having to use Fortran. Later, in 1984, Moler founded
MathWorks, along with John Little and Steve Bangert, which led to the transformation of
MATLAB into a widely used commercial product [36].

MATLAB is characterized by its reliance on procedural programming, with its support for
object-oriented programming (OOP) techniques, with makes it suitable for developing advanced
analytical programs. It also includes a large library of predefined functions, exceeding 1000
functions in the basic version, allowing users to solve many complex problems such as
differential equations, matrix analysis, and numerical processing.

In addition, MATLAB provides additional specialized toolboxes covering diverse fields such
as control, signal processing, physical modeling, and artificial intelligence, expanding its

application capabilities in various branches of engineering and science. MATLARB also includes
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an integrated development environment (IDE) consisting of a text editor, debugging tools, and

interactive graphics modules for plotting and analyzing data [37].

Thus, we can say that this language is an essential tool in scientific research and engineering

and industrial education, thanks to its high ability to simplify technical tasks and also to provide

accurate and reliable solutions in record time.

3.2.2

MATLAB Desktop

MATLAB Desktop is the graphical user interface (GUI) that appears when you run

MATLAB (Fig. 3.3). It contains a set of tools that help users develop and analyze code. Each

tool has a specific function, such as executing commands, editing scripts, and viewing variables

and files. The most important of these tools are [37] :

1.

Command Window: This is an essential part of MATLAB Desktop, where you can enter
programming commands and view the results immediately. It also allows you to perform
calculations, create plots, and execute functions or scripts.

Toolbar: This is a bar at the top of the screen containing icons for functions and tools.
The icons are organized into different tabs, and each tab contains a set of tools related to
a specific function, such as file management tools, plotting tools, or mathematical
analysis tools.

Command History Window: This window displays previously used commands. It can be
accessed by clicking the up arrow within the command window.

Document Window: A dedicated window for viewing MATLAB files (such as scripts
and .m function files). This window allows the user to write, edit, and execute code. It
also contains debugging tools for the code as it runs.

Figure Window: A window used to display graphs resulting from sensitive operations.
The user can modify these graphs within this window, such as changing colors, titles, and
axes labels.

Workspace: Displays all variables stored in the workspace. The user can view the
variables and their values, which helps manage data while running code.

Current Folder: A window that displays all files and folders in the current directory. This
window allows you to manage, open, or delete files. When you select any file from the
browser, the file details will appear in the Details window.

Help Browser: A tool for getting help with functions and functions in MATLAB. Access
it by clicking the «Help » button in the toolbar and provides helpful explanations.
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Fig. 3.3 The MATLAB Desktop
3.2.3 Types of .m File and Their Applications
In MATLAB, .m files are essential files used to write scripts and functions, execute

commands, solve mathematical problems, and manipulate data. There are two main types of .m

files: script files and function files.
Script files contain a series of MATLAB commands that are executed in the order they are

written. They are used to perform a series of operations without requiring input or output (Fig.

3.4). They are particularly useful for automating repetitive tasks or performing step-by-step

analyses.
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" Editor - C:\Users\Lenovo\OneDrive\Bureau\Solve_equation.m v) X

Solve_equa... x

I AD 0 =] U0 s W

e
]

Fig. 3.4 Example of solving a system of linear equations using MATLAB

Function files are more advanced and contain functions that accept inputs and return outputs
(Fig. 3.5). They allow for greater flexibility by allowing the same function to be reused in
different contexts and with different inputs. They are essential for modular programming because

they enable users to create reusable blocks of code that can be called with different parameters.

" Editor - C:\Users\Lenovo\OneDrive\Bureau\plot_scrip... (™) >

plot_graph... * plot_scnpt.... =

MW=
|

Figure 1 — O >
File Edit View Insert Tools Desktop Window Help =
Ndde | | ARKRWIDLEA-1S |0 >
Plot of y=fix)

150
| R -
- R o . S
S e rv— P o e ——

- R AR T L

-100 -_',_-:__________________: _______________________

-150
=

Fig. 3.5 Example of plot a graph using function file

Both types of .m files are important in MATLAB programming because they are used in a wide

range of applications, from basic calculations and data processing to advanced numerical
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simulations and graphical visualizations. By leveraging these files, MATLAB users can write
efficient, maintainable, and reusable code to solve a wide variety of complex problems [38].
3.3 Programming using the finite element method

In this program, a two-dimensional numerical model was developed using the finite element
method (FEM) to analyze the mechanical behavior of plane structures. This model is based on
dividing the problem under study into triangular elements connected by nodes. The physical
behavior of these elements is then represented on the network formed by the nodes. This
program includes a sequential process, starting with defining the geometric data and material
properties, then calculating the stiffness matrices for each element, and then assembling them to
form the overall system of the structure. After applying the boundary conditions, the system is
solved to obtain the nodal displacements, which are subsequently used to calculate the stresses

and strains within each element.

3.3.2 Program for Analyzing Plane Structures

In this section, a program is presented for analyzing the mechanical behavior of plane
structures using the finite element method, adopting the three-node triangular element as the
basic model for the subdivision, developed using MATLAB. This program aims to accurately
simulate the distribution of displacements, strains, and stresses within plane structures subject to
specific loads and boundary conditions. It is designed to be an effective tool that enables the
study of the response of plane structures with high elasticity and acceptable accuracy.

To ensure the clarity of the output and its non-interference with previous data, the program
begins by initializing the work environment by using the cle commands to clear the command
window, clear all to delete all variables from the workspace, and close all to close all open

graphical windows (Fig. 3.7).

a.l-.-
ClC;

clear

close

Fig. 3.7 Initializing the workspace
Phase 1: input
In this initial phase, the user is prompted to enter the material’s mechanical properties such as
Young’s modulus “E”, Poisson’s ratio “V” and thickness “t”, which are essential for calculating

the elasticity matrix later. Next, select the type of stress condition: plane stress or plane strain,
which significantly affects the construction of the elasticity matrix, where this information is

stored for later use (Fig. 3.8).
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E =input (
nu =input (
t =input (

disp (
disp(
disp (
stress_case = input(

Fig. 3.8 Material’s mechanical properties

In this part of the program, the basic geometric data for the model is entered, namely the number
of nodes and the coordinates of each node in the (x, y) plane. This is a fundamental step in
building a finite element model, as the actual locations of the nodes that represent the points of

contact between the elements (Fig. 3.9).

num_nodes=input
disp(
node coords=zeros(num nodes, 2);
8 for i=1:num nodes -
node coords (i, :)=input([ , Dum2str(i), 1):
end B

Fig. 3.9 Nodal coordinates
After entering the nodal coordinates, the next step is to enter the total number of elements and
identify the nodes associated with each element. Each element is represented by a triangle
composed of three nodes, which are identified by entering the node numbers that comprise the

element. This information is critical for assembling the global stiffness matrix (Fig. 3.10).

)i

B for e—;.nu.n'._elerr.en
e =

lement conn

c
- end

Fig. 3.10 Total number of elements and node connectivity

- The num2str function is used to convert numeric data into a string using a specific format. It is
one of the basic functions used when displaying numbers as text or when combining them with
other text.

Phase 2: Calculating and assembly of elemental and global stiffness matrix

The stiffness matrix is a fundamental component of finite element numerical analysis, as it is the
basis for constructing the system of equations that is solved to obtain the results. The stiffness
matrix is first calculated for each element of the model [k¢], and these matrices are then
combined to form the global stiffness matrix for the model [K]. the following program illustrates

how to calculate it for three-node triangular elements(T3), based on input data such as node
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coordinates, mechanical properties “E, v”, and thickness “t”. the process begins by calculating
the area “A”, then constructing a strain-displacement matrix [B] that includes the derivatives of
the shape function, as well as material property matrix [D], which is determined based on the
stress state (plane stress or plane strain). The stiffness matrix is then calculated for each element
and combined at the appropriate locations within the global matrix using the node degrees of

freedom. The following is the practical part responsible for this process (Fig. 3.11):

K _global=zeros (2*num nodes,2*num nodes) ;
or e=l:num elements

.5*det ([1
=(1/(2*3))

1, [1):
K _global (dof,dof _global (dof,dof) +Ke;

Fig. 3.11 Stiffness matrix for a three-node triangular element

Phase 3: Boundary conditions

In this part of the program, boundary conditions related to known displacements of certain
degrees of freedom (DOFs) are entered to ensure the stability of the mathematical model. The
user enters the number of boundary conditions, then enters both the number of degrees of
freedom corresponding to the displacement and the displacement value, which are stored in a
special array called BC. Each row contains the number of freedom in the first column and the
displacement value in the second column (Fig. 3.12).

BC=input (
s (num BC,2);

num BC
BC(i,:)=input ([

Fig. 3.12 Input of boundary conditions

Phase 4: Input of known forces

We input the degrees of freedom corresponding to the nodes where the loads are applied, as well

as the numerical values of those as follows (Fig. 3.13):
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ocad=input (
rcmpi (add load,
node=input (

inum no

fy=input (
node num-1)=fx;
node num)=fy:

Fig. 3.13 Force vector

Phase 5: Gaussian elimination

The gaussian elimination method simplifies the by returning the elements below the main

diagonal to zero to arrive at an upper triangular shape, as shown in (Fig. 3.14):

B function U_solution = gaussian_elimination(K new, F_new)
n = length(F new);
Ab = [K F
B for 1:n-1
m] max (abs (Ab(i:n,i))):
m + 1 - L:
Ab([m i],:):

= Ab(j,:) - Ab(j,i)/Ab(i,i) * Ab(i,:);

solution = zeros(n,l):
olution(n) = Ab(n,end)/Ab(n,n);
L= n—L:=1r1

U solution(i) = (Ab(i,end) - Ab(i,i+l:n)*U solution(i+l:n)) / Ab(i,i);

Fig. 3.14 Gaussian elimination method

Phase 6: Solving the global system

After completing the gaussian elimination process, the unknown displacements are then
calculated. These values are then substituted into the original system to calculate the unknown
forces (Fig. 3.15).

1y

num nodes,BC(:,1)):;

free dof):;

imination (K new, F new);
U(free dof) = U solution;

E=H_glmbal'U:

Fig. 3.15 Solving the system of equation

- setdiff is used to extract elements in a set that do not belong to another set, it is used in the

program to identify unconstrained nodes in a numerical model.
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Phase 7: Computation of strains and stresses

At this stage, the strain and stress within each element are calculated as shown in Fig. 3.16:

):
ds(1,2):;
ds(2,2);

Fig. 3.16 Computing strain and stress for each element

3.3.1 General structure of the finite element program

The general structure of finite element analysis consists of several main stages, each of which
plays a specific role in solving engineering problems. The program is designed to model the
physical behavior of structures to provide accurate numerical results. These include:

1. Input data: This step contains the necessary input data, including the structure’s
geometric properties, material properties, boundary conditions, and element definitions.
These data must be entered accurately, as they will affect the results.

2. Calculating and assembling the stiffness matrix for the elements: The program calculates
the stiffness matrix for each element based on the element’s material and geometry
properties, and then assembles them to form the general stiffness matrix.

3. Applying boundary conditions: In this stage, the program applies the boundary conditions
to the general stiffness matrix. This stage is essential for determining how the structure
responds to external forces and ensuring realistic results.

4. Solving the system: After establishing the general stiffness matrix and applying the
boundary conditions, the program solves the system of linear equations to find the
unknown displacements at the nodes. Numerical techniques, such as Gaussian
elimination or iterative solutions, are used to obtain the solution, and computing the
reactions at supports.

5. Output: Finally, the program outputs the results in a suitable format, including the
stiffness matrix, displacements, reactions at the supports, and the stress and strain
distribution.

The steps can be represented in (Fig. 3.6):
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[ Input data ]

]

[ Calculating and assembling the stiffness matrix ]

U

[ Applying boundary conditions

]

[ Gaussian elimination ]

g

[ Solving the system

y
[ Output ]

Fig. 3.6 Flowchart of the analysis program process sequence

3.4 Comparing program results with analytical solution results

In order to verify the accuracy and efficiency of the developed program in representing the
mechanical behavior of planar structures, it is necessary to compare the results obtained from the
code developed in MATLAB, and manual calculations using the basic principles of the finite
element method. Through our comparison, we evaluate the degree of agreement and
convergence between the results of these methods and verify the validity of the numerical model
and its ability to simulate the expected physical responses.

In this example, a plate subjected to certain loading and limit conditions is studies as
described in Paragraph 2.6, where a comparison will be made between the results calculated
using the manual solution (Table 3.1 and Table 3.2), and those obtained by the developed
program (Table 3.3 and Table 3.4) by calculating the relative error using in relation (3.1):

— 3.1
| |><1OO G-

0 =

Table 3.1 Forces and displacement results obtained by manual calculation for T3 element

Nodes | Displacements u (mm) | Displacements v (mm) | Forces /x-axis | Forces /y-axis
Node 1 u;=0 vi=0 R;=1333 N Ri=-500 N
Node 2 u=3.175x10-3 v2=0 R>=1000 N R>=8833 N
Node 3 uz=2.619x103 v3=-4.444x1073 R3=1000 N R3=-10000 N
Node 4 us=0 v4=0 R4=-3333 N Rs~=1667 N
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Table 3.2 Stress and strain results obtained by manual calculation for T3 element

strains stresses (MPa)

Element

1 3.175x107 | -8.889x107 | -1.111x107° | 2.133 | -18.133 | -0.933
2 2.619x107° 0 -4.444x10° | 5.866 | 1.466 -3.733

Table 3.3 Results of displacements and forces obtained from the program for T3 element

-1.111e-03 2,:133e+00 1,813e+01 -9,333e-01

-4,444e-05 2.867e+00 1.467e+00 -3.733e+00

To compare the results, we use the relative error to find out the convergence ration, and the
calculated values will be shown in a Table 3.4 and Table 3.5:

Table 3.5 Relative error between manual solution and program output for forces and

displacements
Node u (e%) v (e%) (e%) F/x-axis | (e%) F/y-axis
1 0 0 0 0
2 0 0 0 0
3 0 0 0 0
4 0 0 0 0

Table 3.6 Relative error between manual solution and program output for stresses and strains

(e%) strains (e%s) stresses
Element
1 0 0 0 0.01 0.001 | 0.03
2 0 0 0 0.01 0.05 | 0.008

Table 3.4 and table 3.5 represents the relative error between the manual calculation results and
those obtained from the program for a plate consisting of 4 nodes and 2 triangular element of
type T3, we observed that there is no error in the displacements, force and strain, but in the stress
there are relative error in the two elements. In the first element in the x-direction it was 0.01%, in
the y-direction it was 0.001%, and in the xy-shear component it was 0.03%, and for the second
element in the x-direction it was 0.01%, in y-direction it was 0.05%, and in the xy-shear

component it was
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0.008%, if we add up all the errors we get a total error of 0.109%, the total errors are less than

1%, so we can say that the developed program is reliable in simulating the mechanical behavior.

3.5 Validation results using ABAQUS software

Validation the results is an essential step to ensure the accuracy of the program created in
MATLAB to simulate the behavior of two-dimensional plane structure using FEM. The
numerical results obtained from MATLAB will be compared to those obtained from a
commercial simulation program.

In our study, ABAQUS was chosen for the validation process due to its high accuracy,

widespread use in engineering application, and adoption in academia.

3.5.1 Overview of ABAQUS

ABAQUS it is an integrated suite of powerful and advanced engineering simulation software
program based on the finite element method [39]. It was developed in 1978 by Dassault Systéme
within the SIMULIA platform. It is widely used for its high efficiency in handling linear and
nonlinear problems in various fields such as body mechanics, structural analysis, and heat
transfer. It also allows users to simulate the physical response of structures under the influence of
loads, temperatures, or shocks. Technically, this program provides accurate results including
energy, forces at nodes, deformations, displacements, stresses, velocity and acceleration, and all
the physical quantities necessary to understand and evaluate the behavior of engineering models

in various fields [40].

3.5.2 ABAQUS program components
ABAQUS consists of three main products: Abaqus/CAE, Abaqus/Standard, Abaqus/Explicit [41]
e Abaqus/CAE (the complete environment for ABAQUS): An integrated graphical
interface used for modeling, simulation, and displaying results.
e Abaqus/Standard: An implicit solver used to solve linear and nonlinear problems in
static or quasi-static system.
e Abaqus/Explicit: An explicit solver used in dynamic and wave propagation analyses.
From here we can say that there is a connection between these components, starting from
creating the model in ABAQUS/CAE and determining the type of simulation required, whether
static or dynamic. Based on the type, the data is directed to the appropriate unit,
ABAQUS/Standard or ABAQUS/Explicit, ending with implementing the numerical analysis and
displaying the results within the graphical interface ABAQUS/CAE.

3.5.3 ABAQUS Unit System
Before defining any model in ABAQUS, you must choose an appropriate unit system that

will be used throughout the modeling process. ABAQUS does not have a built-in unit system.
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Therefore, all values must be entered in compatible units within a specific system because they

will be used in the analysis results. The international system of units (SI) with millimeters (mm)

is often used [42].

The system of units used in ABAQUS is shown in Table 3.7:

Table 3.7 The system of units used in ABAQUS

Quantity ST Sl(mm) US Unit(ft) US Unit(inch)
Length m mm ft in
Force N N Ibf Ibf
Mass Kg tonne (10° Kg) slug Ibf s*/in
Time s s s s
Stress Pa (N/m?) MPa(N/mm? Ibf /11 psi(Ibf/in’)
Energy J mJ(10-3 J) ft Ibf In Ibf
Density Kg/m’® tonne/ m’ slug/f¥ Ibf s*/in?
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3.5.4 Comparing program results with ABAQUS results

To ensure that the developed program provides accurate results, a comparison was made
between its results and those provided by ABAQUS software. This comparison aims to ensure
that the calculations performed by the developed program are close to those provided by the
ABAQUS program. If we find that the results are close, this means that the developed program is
accurate and reliable, which means it can be relied upon even in difficult and complex cases
where it is difficult to resort to a manual solution, which is used only in simple cases.

To compare the results of the developed program with those obtained from ABAQUS, two
different, complex cases were selected for simulation.

e First case

Given a thin plate fixed on the left and subjected to concentrated force, the plate is divided
into 12 linear triangular elements and 11 nodes as shown in Fig. 3.17, with Young’s modulus
E=210 GPa, Poisson’s ratio = 0.3, thickness t=0.025 m, and force P=12.5 KN, and the stress
type is plane stress type. We propose to determine the unknown displacements, reactions at

nodes, stress and strain.
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0.25 m
IS > 7~
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Fig. 3.17 Thin plate with concentrated force

By using the program for the 2D linear triangular element, and inputting the data for this case,

we reached the results show in the Tables 3.8 and 3.9.

Table 3.8 Results of displacements and forces computed by the program for a thin plate

s G B

-] N

g

, 342905
043e-08

4,7465e-06 4,4976e-06

1,0365e-05 -5,354]

1,03658-05 1,79268=06
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To compare this results with those obtained from ABAQUS software. You must first follow
these steps to perform the simulation process:

1. Part creating
- Select a 2D model of the “Deformable” type and choose “Shell” as the base feature.

- Draw a rectangle representing the dimensions of the plate, then perform a Partition operation to

remove the square as shown in the Fig. 3.18.

Fig. 3.18 2D part definition of the plate

2. Material properties and section definition

- Material properties: enter the material’s mechanical properties, such as Young’s modulus and
Poisson’s ratio, to represent the material’s, etc. (Fig. 3.19).

<= Edit Material

Name: steel
Description:

pt ¥4
Material Behaviors

General Mechanical Thermal Electrical/Magnetic  Other

Elastic

Type: | Isotropic ~ ¥ Suboptions
[[] Use temperature-dependent data

Number of field variables: 0

Moduli time scale (for viscoelasticity):  Long-term v
[ No compression
[1 No tension
Data
Young's Poisson’s
Modulus Ratio
1 210000 0.3

OK Cancel

Fig. 3.19 Properties of the material



Chapter 3: Programing and validation

- Section definition: Creating a section involves selecting the appropriate category, specifying

the type of plate used in the model, and its thickness (Fig. 3.20).

# Create Section x
Fs . .
MName: Section-plate W Edit Section X
Category  Type Name: Section-1
& Sabid Type: Solid, Homogeneous
() Shell Generalized plane strain
; L3
() Beam | Eulerian Material: | steel v e
O oth Composite
= Plane stress/strain thickness: 25
Continue.., Cancel OK Cancel

Fig. 3.20 Create section

3. Module assembly
The draw part is inserted into the assembly environment as a dependent instance, to maintain its
associated with the original part and facilitate the modification of the mesh and properties.

4. Creating an analysis step
The analysis type is selected as Static, General, which is considered optimal for analyzing

stresses and deformation in static conditions (Fig. 3.21).

== Create Step s

Mame: loading

Insert new step after

Procedure type: General P
Dynamic, Temp-disp, Explicit o~
Geostatic

Heat transfer
Mass diffusion

Soils

Static. General

Static, Riks ~

< >
Gances

Fig. 3.21 Preparing the analysis step

5. Applying a boundary condition and a load to the model
- Applying load: add the forces applied to the node, specifying the direction and value of this
force precisely (Fig. 3.22).
- Apply boundary conditions: fixed the left edge of the plate completely by applying appropriate

boundary conditions that prevent movement on this edge (Fig. 3.22).
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Fig. 3.22 Applying loads and boundary conditions

6. Meshing the model
The mesh was created by dividing the plate into triangular elements, with an appropriate element

size determined before meshing and choose the geometric order “linear” (Fig. 3.23).

Fig. 3.23 Meshing the plate into triangular elements

7. Module Job
After completing all the model preparation stages, the numerical analysis stage comes. This
process is carried out through the job module, where a task is created to analyze and define the
model, then the calculations are launches. Upon successful completion, the program displays a
message confirming the success of the task, as shown in the Fig. 3.24.

The job input file "Job-RectanglePlate.inp™ has been submitted for analysis.
Job Job-RectanglePlate: Analysis Input File Processor completed successfully.
Job Job-RectanglePlate: Abaqus/Standard completed successfully.

Job Job-RectanglePlate completed successfully,

Fig. 3.24 Job completed successfully
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8. Visualization
The results files in .obd format is opened using the visualization module in ABAQUS, which
displays the model responses as color maps that illustrate the distribution of displacements,
stresses, strains, and reactions at the supports. These maps explain the mechanical behavior of

the system under study and are also a key reference in the simulation validation process.

U, U2
+0,000e+00
-2.373e-03
-4.745¢-03
-7.118e-03
-9.490e-03
-1.1868-02
-1.424e-02
-1.661e-02
-1.898e-02
-2.1356-02
-2.373e-02
-2.610e-02
-2.847e-02

Rectangle plate with hole and point load at node 3
ODB: Job-RectanglePlate.odb Abaqus/Standard Learning Edition 2023  Sun Apr 27 02:12:20 Afr.
X Step: loading step, Vertical load 12500N at node 3; Left edge fixed
ime = 0

Fig. 3.25 Viewing the results
After performing the analysis in ABAQUS, we obtained numerical results that included nodal
displacements, reactions at the supports, as well as stresses and strains. Table 3.10 and table 3.11
shows the extracted results, which will be used to compare the performance and theoretical

results of the model.

Table 3.10 Displacements and forces results for the first case extracted by ABAQUS software

Node RF1 RF2 ul u2
1 8. a. -3.0416E-03 -15.423E-63
2 a. a. -11.454E-83 -24.841E-83
3 (5] -12.500E+03 6.9878E-03 -28.471E-03
4 e. a. 2.5912E-03 -5.1144E-03
5 a. a. -7.4936E-03 -7.2905E-083
6 a. a. -963.66E-06 -1.8873E-03
7 14.842E+03 1.7813E+03 a. a.
8 -4.6849E+4+03 2.9133E+403 a. a.
9 e. a. 1.1337E-03 -2.3331E-03
1@ 8. a. 1.1866E-03 -3.5419E-03
11 -10.158E+03 7.8055E+03 Q. .
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Table 3.11 Stresses and strains results for the first case extracted by ABAQUS software

Element

LT« T R o R I = B ]

[
[N

To compare these results, we relied on the relative error expression (3.1), and we found the

6.4631E-06
17.587E-06
-15.842E-06
-29.974E-06
-4,7186E-06
-7.7093E-06
-11.900E-06
4,7465E-06
10.365E-06
9.9699E-06
b.0413E-06
1@.365E-06

-14.519E-06
-19.955E-86
5.14@2E-06
14.063E-06
8.7043E-06
.
8.7043E-06
4.4976E-06
-5.3591E-06
.
6.2902E-06
1.7926E-06

-16.095E-@6
-30.783E-06
-18.741E-06
-6.8969E-06
-33.429E-@6
-15.899E-06

5.8180E-06
-18.491E-@6
-2.3836E-06
-18.665E-06
-21.578E-@6
-21.752E-@6

values as shown in the Tables 3.12 and 3.13.

Table 3.12 Relative error of displacements and forces for the first case between the results of the

486.30E-03
3.3000
-3.3000
-5.9435
-436.30E-03
=1.7/91
-2.1436
1.4067
2.0208
2.0931
1.8296
2.516@

-1.3106
89.442E-03
1.1703
1.6820
-533,72E-03
1.1848
1.3665
-519.15E-03
627.92E-03
1.8698
1.1312

ABAQUS software and those calculated by the developed program

-1.5137
-557.06E-03
-2.7000
-1.2195
469.92E-03
-1.4935
-192.52E-@3
-1.5076
-1.7429
-1.7569

Nodes

(e%) u

(e%) v

(e%) F/x-axis

(e%) F/y-axis

Node 1

0

0

0

0

Node 2

Node 3

Node 4

Node 5

Node 6

Node 7

Node 8

Node 9

Node 10

SIS D S DS

SIS I DS

SIS D S DS

Node 11

0

0

DI D D DS

0

Table 3.13 Relative error of strains and stresses for the first case between the results of the

ABAQUS software and those calculated by the developed program

(e%) strains

(e%) stresses

Elements

Element 1 0 0 0 0 0 0
Element 2 0 0 0 0 0 0
Element 3 0 0 0 0 0 0
Element 4 0 0 0 0 0 0
Element 5 0 0 0 0 0 0
Element 6 0 0 0 0 0 0
Element 7 0 0 0 0 0 0
Element 8 0 0 0 0 0 0
Element 9 0 0 0 0 0 0
Element 10 0 0 0 0 0 0
Element 11 0 0 0 0 0 0
Element 12 0 0 0 0 0 0
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Table 3.12 and table 3.13 represents the relative error between the ABAQUS results and those
obtained from the program for a plate consisting of 11 nodes and 12 triangular element of type
T3, we observed that there is no error in the displacements, force, stress, and strain. Since the
error is zero, this indicates the accuracy of the results calculated by the developed program, and
thus it can be relied upon to analyze such engineering models with high accuracy.

e The second case

The same plate shown in Paragraph 2.6 will be used to perform the comparison process and
verify the accuracy of the program, by dividing it into 30 linear triangular elements.
By using the program for the 2D linear triangular element, and inputting the data for this case,

we obtained the results show in the Tables 3.14 and 3.15.

Table 3.14 Results of displacements and forces for the second case computed by the program
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Table 3.15 Results of stresses and strains for the second case computed by the program

] v U el LD DN e
n oom oGn On oo On

on

]
g

[ T B BT, T S

N Wb On

04

-3.8744e-05 2.3786e-0 1,162 -6,34562+00

[

To compare these results, we will follow the same simulation methodology as in the first case,
but the difference lies in the material properties, mesh dividing, geometry shape of the plate,
applied forces, and boundary conditions.

e Geometric shape: A rectangular plate with dimensions of 100*50 mm? was used, as

shown in Fig. 3.26.

Fig. 3.26 Create the model
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e Materials properties: The Poisson’s ratio was set a value of 0.25, and the element
thickness was 10 mm.

e Applied forces and boundary conditions: Boundary conditions were applied by adding
a double support to the nodes on the right side, while on the other side, forces were

applied as shown in the Fig. 3.27.

Fig. 3.27 Boundary conditions and applied forces

e Mesh dividing: The plate was divided into 30 linear triangular elements and 24 nodes to

increase the accuracy of the simulation (Fig. 3.28).

Fig. 3.28 Divide the mesh into 30 linear triangular elements

e Visualization
The visualization module is an essential stage for displaying simulation results in a visual
manner, using color maps that show the distribution of displacement, stresses, strains and

reactions at the supports, in order to understand the behavior of the structure under applied loads.
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U, Magnitude
+2.091e-02
+1.917e-02
+1.743e-02
+1.568e-02
+1.394e-02
+1.220e-02
+1.046e-02
48.714e-03
+6.971e-03
+5.228e-03
+3.485e-03
+1.743e-03
+0.000e+00

Y 2D triangular element model of a plate
ODB: Job-PlateAnalysis.odb Abaqus/Standard Learning Edition 2023 Tue Apr 29 14:04:34 Afr
Z X Step: Step-loading, Applying load
1 t S .000

tep Time =

Fig. 3.29 Viewing the results

After completing the simulation process, the results of displacements, forces, stresses, and strains
are extracted for use in the comparison process with the results of the developed program, with
the aim of verifying the accuracy of the numerical model and determining its compatibility with

approved simulation tools as in the Table 3.16 and Table 3.17.

Table 3.16 Displacement and force results for the second case provided by ABAQUS software

Node RF1 RF2 Ul uz
1 636.14 -193.81 8. 9.
2 e. e. -548.66E-06 -942 .54E-06
3 e. 2. -915.89E-©6 -2.7674E-83
a 2. a. -757.87E-06 -5.1231E-83
5 Q. o. 609.19E-@6 -6.5381E-0©3
6 1000 9.1819E+83 4.8239E-03 e.
7 2. 8. 451 .61E-@6 96.914E-@6
8 e. a. 412 .38E-@6 -821.25E-9©6
9 a. a. 386.93E-@6 -2.6115E-©3
ie e. Q. 295.64E-@6 -5.2362E-03
11 e. e. 248.13E-@6 -7.3147E-83
12 e. e. 1.2361E-63 -7.1284E-0©32
13 2. e. 939.52E-@6 169.20E-@6
14 a. a. 1.3020E-@3 -738.16E-©6
15 e. 2. 1.7859E-@3 -2.4867VE-0©3
16 2. a. 2.1072E-@3 -4.9091E-83
i7 e. e. 2.0087VE-@3 -8.3228QE-03
18 8. Q. 2.8545E-@3 -13.6@95E-83
19 -2.6361E+03 1.@111E+@3 2. 2.
20 e. e. 2.0045E-@3 -807.52E-0©6
21 a. 2. 3.5132E-@3 -2.6210E-83
22 a. Q. 4.9936E-@3 -5.1242E-©3
23 e. e. 6.7933E-83 -8.9737E-083
24 10ee -10E+@3 7.6265E-@3 -19.472E-©3
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Table 3.17 Stress and strain results for the second case provided by ABAQUS software

Element

-27.433E-06
-1.9617E-06
-18.361E-06
-1.2724E-06
7.9408E-06
-4.5643E-06
68.313E-06
-2.3755E-06
210.73E-06
49,397E-06
-1.9617E-06
18.125E-06
-1.2724E-06
24.195E-06
-4.5643E-06
16.065E-06
-2.3755E-06
-4,9252E-06
49,397E-06
42,287E-06
18.125E-06
100.22E-06
24.195E-06
75.438E-06
16.065E-06
74.921E-06
-4,9252E-06
89.983E-06
42.287E-06
41.662E-06

7.277AE-06
5.8148E-06
9.3569E-06
7.2774E-06
5.2098E-06
9.3569E-06
-46.597E-06
5.2098E-06
-427.70E-06
-46.597E-06
4.9852E-06
4,3370E-06
7.4844E-06
4.9852E-06
7.6282E-086
7.4844E-06
-60.796E-06
7.6282E-06
-357.97E-06
-6@.796E-06
-4.,1613E-06
-10.152E-06
-8.0571E-06
-4.1613E-06
-12.907E-06
-8.0@571E-06
-38.744E-06
-12.907E-06
-382.67E-06
-38.744E-06

10.535E-06
-18.812E-06
-13.076E-06
-31.850E-06
-54.620E-06
-43,070E-06
-92.414E-06
-50.760E-06

111.64E-006
-12.349E-06

7.4711E-06
-16.093E-06
-5.5716E-06
-34.050E-06
-12.543E-06
-37.179E-06
-8.2865E-06
-62.247E-06

106.42E-06
-132.70E-06
-3.2216E-06
-96.747E-06

16.209E-06
-48,529E-06

52.066E-06
-21.522E-06

116.13E-06
-19.290E-06

47.990E-06
-237.86E-06

-5.7374
-113.78E-03
-3.5890
122.51E-03
2.07@5
-198.41E-03
12.693
-240.37E-03
23.253
8.4556
-160.24E-03
4.3029
134.10E-03
5.6988
-595.21E-03
4.0178
-3.9367
-676.06E-03
-8.9816
6.0676
3.8270
21.882
4.9685
16.665
2.8759
16.129
-3.2729
19.433
-11.957
7.1626

93.890E-03
1.1927
1.0677
1.5589
1.6117
1.8404
-6.6121
1.0340
-84.005
-7.6714
.0068
.9865
.6053
4716
4531
2.5762
-13.751
1.4329
-77.420
-11.250
§2.878E-03
3.3385
-449,.89E-03
3.2924
-1.9915
2.3404
-8.9545
2,1478
-83.350
-6.3456

[ N T S Y

884.96E-03
-1.5802
-1.0984
-2.6754
-4.5881
-3.6178
-7.7628
-4.2638
9.3775
-1.9374
627.57E-03
-1.3518
-468.92E-03
-2.8602
-1.8536
-3.1230
-696.07E-03
-5.2288
8.9391
-11.147
-279.61E-03
-8.1268
1.3616
-4.,8764
4.3735
-1.8@79
9.7550
-1.6203
41,0311
-19.981

By using expression (3.1), we find the relative error results as in the Tables 3.18 and 3.19
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Table 3.18 Relative error of displacements and forces for second case between the results of the

ABAQUS software and those calculated by the developed program

Nodes

(e%) u

(e%) v

(e%) F/x-axis

(e%) F/y-axis

Node 1

S

S

S

S

Node 2

Node 3

Node 4

Node 5

Node 6

Node 7

Node 8

Node 9

Node 10

Node 11

Node 12

Node 13

Node 14

Node 15

Node 16

Node 17

Node 18

Node 19

Node 20

Node 21

Node 22

Node 23

Node 24
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ellnllullalinliul il ialial lwllallwl ) lal lul lal ] lal ) () fal fa ) f)

(=linlinlinlialinlinlialial jwliallalial ol lal jal ) il ful Sl fl fa g f)




Chapter 3: Programing and validation

Table 3.19 Relative error of stresses and strains for second case between the results of the

ABAQUS software and those calculated by the developed program

(e%) strains (e%) stresses
Elements
Element 1 0 0 0 0 0 0
Element 2 0 0 0 0 0 0
Element 3 0 0 0 0 0 0
Element 4 0 0 0 0 0 0
Element 5 0 0 0 0 0 0
Element 6 0 0 0 0 0 0
Element 7 0 0 0 0 0 0
Element 8 0 0 0 0 0 0
Element 9 0 0 0 0 0 0
Element 10 0 0 0 0 0 0
Element 11 0 0 0 0 0 0
Element 12 0 0 0 0 0 0
Element 13 0 0 0 0 0 0
Element 14 0 0 0 0 0 0
Element 15 0 0 0 0 0 0
Element 16 0 0 0 0 0 0
Element 17 0 0 0 0 0 0
Element 18 0 0 0 0 0 0
Element 19 0 0 0 0 0 0
Element 20 0 0 0 0 0 0
Element 21 0 0 0 0 0 0
Element 21 0 0 0 0 0 0
Element 22 0 0 0 0 0 0
Element 23 0 0 0 0 0 0
Element 24 0 0 0 0 0 0
Element 25 0 0 0 0 0 0
Element 26 0 0 0 0 0 0
Element 27 0 0 0 0 0 0
Element 28 0 0 0 0 0 0
Element 29 0 0 0 0 0 0
Element 30 0 0 0 0 0 0

The results of the second case, similar to the first, showed complete agreement between the
values of displacements, forces, and stresses and strains calculated using the developed program
and the ABAQUS simulation results. The relative error between the results was zero for all
results, indicating that the numerical model adopted in the program is accurate, making it a
reliable tool for simulating and analyzing the behavior of plane structures using finite elements.
3.6 Validation result using RDMG6 software
3.6.1 Overview of RDM6

RDMG6 (Résistance Des Matériaux 6) is a French software developed to analyze the behavior

of models under various loads. It is widely used in mechanical and civil engineering and is



Chapter 3: Programing and validation

adopted in educational sectors to train students in structural analysis and design. It’s simple user
interface makes it easy for students and researchers to study and understand the response of
various elements such as beam, frames, and plates when subjected to complex loads. Its tools
enable analysis of displacements, stresses, and strains, making it an effective tool for
understanding and analyzing the stability of structures [43].
3.6.2 Main modules in RDM6

The RDM6 software contains 4 main modules designed to provide solutions for several types
of analyses, allowing accurate and reliable results for analyzing the behavior of structures under
various conditions. These modules include: frames, bending, rosette and finite elements. These

modules and their functions can be explained below in Table 3.20 [43].

Table 3.20 Main modules in RDM6

This module is designed for analyzing structural frameworks,

Frames

including trusses and frames.

Analyzes the behavior of beams under bending, a fundamental
Bending

tool for studying structural elements subjected to flexural loads.

Focuses on analyzing strain gauge readings and calculating the
Rosette

resulting stresses.

Analytical capabilities using the finite element method, in both
Finite elements

2D and 3D, to study the behavior of complex structures.

59

3.6.3 Comparing programming results with RDMG6 results

In order to verify the accuracy of the program developed using MATLAB, the RDM6
software was used as a second validation tool. This was done after initial validation using
ABAQUS, where the results were completely identical. This second comparison aims to assess
the consistency of the results calculated in MATLAB and RDM6, particularly nodal
displacements and reactions at the supports. Although RDM6 does not provide stress and strain
computations, the consistency indicator of the validity of the adopted software model and the
reliability of the analysis.

Consider a plate with a thickness of 10 mm, fixed on the left, subjected to a horizontal force
of P=1000 N applied at two nodes on the right side of the plate, as shown in Fig. 3.33. The given
data are: Young’s modulus E=200000 MPa, Poisson’s ratio =(.3, and the stress type is plane
stress. The objective of this study is to calculate the nodal displacements and reactions at the

supports.
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Fig. 3.30 Geometric model of a 2D flat plate

Using the program developed for element T3 and entering the data for this problem, the results

were obtained as shown in Table 3.21.

Table 3.21 Results extracted from the developed calculation program for the plate

node

2
3
4
.=|
6
T

To compare the extracted results with those provided by the RDM6 software for this plate, we
perform various simulation steps:

1. Initial configuration
- Open RDM6 - Eléments finis.
- Specify the unit system in the program according to the units used (mm, N, MPa) and define
the origin of the plate.

2. Geometric model definition
The geometric model was prepared by entering the coordinates of two points (X, y), and then

defining a rectangle using these two points, which formed the basic geometric shape of the
model (Fig. 3.31).
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Fig. 3.31 Geometric model of a plate

3. Element mesh generation
The block mesh technique was used to divide the geometric model into blocks of triangular or

quadrilateral elements, to facilitate the analysis process (Fig. 3.32).

Fig. 3.32 Element mesh using block mesh technique

4. Determine the types of physical study
Choosing the appropriate physical condition for the problem. One can define “plane stress” to
analyze thin plates, “plane strain” for long objects, or the “rotation problem” for objects with

axial symmetry, etc. (Fig. 3.33).



62

Chapter 3: Programing and validation

Définir le probléme

Thermoélasticité

~ [Contraintes planes [ Sigma zz = 0 J

- Défor i 1 [ Epsilon zz = 0]

[

" Probléme de révolution d'axe z

Thermigque

" Probléme plan

" Probléme de révolution d*axe z

" Section droite [ caractéristiques - contraintes )

Fig. 3.33 Definition of study type

5. Material properties definition
Enter the mechanical properties of the material used in the model, such as Young’s modulus,
thickness and Poisson’s ratio, which are necessary to analyze the mechanical response of the

structure under the action of loads (Fig. 3.34).

Matériau

Nom du matériau [m—

Module de Young [MPa] [200000

Coefficient de Poisson ,W X
Masse volumique [ kg/im3 ] ,W Ei]aisscm [mm] ’“]|7
Coefficient de dilatation [ 1/K ] [1.30E05

Limite élastique [ MPa ] 250

Conductivité thermique [ W/{m.K] ] [s0.0000 US Annuler ‘
Capacité thermique massique [ J/(kg.K] ] W

0K Annuler I

Fig. 3.34 Properties of the material used

6. Applying load and boundary conditions
Applying forces to the model, as well as constraints that limit the movement of certain nodes,
such as fixation or movement in a specific direction. These constraints play a role in determining
the system’s response under the influence loads, allowing for the calculation of displacements

and reactions (Fig. 3.35).
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Fig. 3.35 Applying load and boundary conditions

7. Analyzing the results
Numerical analysis was performed using RDM6 software. The deformed plate under the
influence of loads was visualized (Fig. 3.36), showing the displacement in different regions,
helping to identify the areas experiencing the greatest displacement.
The results of calculations related to the reactions at the supports and the nodal displacements
were also extracted (Fig. 3.37). These results illustrate the distribution of forces at the supports

and the displacement values, enabling analysis of the structure’s response to the applied loads.

Fig. 3.36 Viewing the results
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e +

| Nodal displacements [ mm ] |

e e L e e +

Node Ux Uy Node Ux Uy Node Ux Uy
1 0.0000E+00 0.0000E+00 2 0.0000E+00 0.0000E+00 3 1.9831E-603 -7.5917E-84
4 1.7996E-03 4.0849E-04 5 0.0000E+00 0.0000E+00 6 0.0000E+00 0.0000E+00
7 0.0000E+00 0.0000E+00 8 3.0177E-04 -4.9842E-@5 9 6.4343E-04 -3.9891E-85
1@ 1.1348E-03 -1.1577E-04 11 7.7617E-04 -3.0743E-04 12 5.3022E-04 1.9€87E-05
13 7.5788E-04 3.1650E-04 14 1.1@49E-@3 1.2669E-04 15 6.3338E-04 7.1931E-05
16 2.8632E-04 6.4112E-05 17 2.2003E-04 -5.7760E-06 18 4.3250E-04 -1.0196E-06
19 6.1282E-04 -3.8104E-085 20 1.8926E-04 -8.3729E-06 21 3.5124E-04 -1.6048E-85
22 A4.4984E-04 -7.2219E-06 23 2.2376E-04 -7.1421E-07 24 4.4882E-04 -1.9432E-05
25 6.5151E-04 -5.7672E-07

e e e +

| Ssupport reaction [ N ] |

o +

Node Rx Ry Node Rx Ry Node Rx Ry
1 -339.29 -119.85 2 -319.31 60,27 3 1000.00 .00
4 1000.00 0.00 5 -445.,48 45,23 6 -410.48 31.09
7 -485.44 -17.54 8 06.00 .00 9 .00 .00
10 .00 6.00 11 .00 0.00 12 .00 @.00
13 .00 0.e0 14 .00 .00 15 .00 .00
16 .00 0.00 17 .00 .00 18 @.e0 8.0
19 @.00 0.00 20 @.e0 .00 21 .00 .00
22 .00 @.e0 23 @.ee .00 24 a.ee a.ee
25 @.00 @.e0

Fig. 3.37 Exporting the report results
The results obtained from the analysis using the RDM6 software are presented in Table 3.22,
were these results show the values of displacements and reactions at various points of the studied

model.
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Table 3.22 Results of structural analysis of the model using RDM6 software

Nod Displacements (mm) Forces (N)
odes u v F/x-axis F/y-axis

Node 1 0 0 -339.29 -119.05
Node 2 0 0 -319.31 60.27
Node 3 1.9831x1073 -7.5917x10* 1000 0
Node 4 1.7996 x1073 4.0849x107 1000 0
Node 5 0 0 -445.48 45.23
Node 6 0 0 -410.48 31.09
Node 7 0 0 -485.44 -17.54
Node 8 3.0177x10* -4.9842x107 0 0
Node 9 6.4343x10* -3.9891 107 0 0
Node 10 1.1348x1073 -1.1577x10* 0 0
Node 11 7.7617x10** -3.0743x10* 0 0
Node 12 5.3022x10* 1.9087 x107° 0 0
Node 13 7.5788x10* 3.1650x10* 0 0
Node 14 1.1049x1073 1.2669x10* 0 0
Node 15 |  6.3338x10™* 7.1931x107 0 0
Node 16 2.8632x10* 6.4112x107° 0 0
Node 17 2.2003x10+* -5.7760x10° 0 0
Node 18 4.3250x10* -1.0196x10° 0 0
Node 19 6.1282x107 -3.8104x107 0 0
Node 20 1.8926x10* -8.3729x10° 0 0
Node 21 | 3.5124x10* | -1.6048x107 0 0
Node 22 4.4984x10+* -7.2219x10°° 0 0
Node 23 2.2376x10* -7.1421x107 0 0
Node 24 4.4882x10* -1.9432x107 0 0
Node 25 6.5151x10* -5.7672x10"7 0 0

In order to compare between these results, the relative difference was calculated using formula

(3.1), and presented in Table 3.23.
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Table 3.23 Relative error between the results of the proposed program and those extracted from

the RDM6 software for the studied structure

Nodes (e%) u (e%) v (e%) F/x-axis | (e%) F/y-axis
Node 1 0 0 0

Node 2 0.003
Node 3 0

Node 4 0

Node 5 0.002
Node 6 0.01
Node 7 0.01
Node 8
Node 9
Node 10 0.
Node 11
Node 12
Node 13
Node 14 0.
Node 15
Node 16
Node 17
Node 18
Node 19
Node 20
Node 21
Node 22
Node 23
Node 24

S

S
Co

S
o

IO D D T S
Y Y Y I S [ T (Y T Fa fa Fal fa fa [ e S E e Y K K El
Yl I I [ [ Y T Fa fa Fal fa fa [ e S C e S K K E

(=linling julial il ial il il ful fal il ) Sl fa

Table 3.23 represents the relative error between the results of the proposed program and those of
the RDM6 software. We observe that the displacements error at node 10 is 0.008%, while at
node 11 it was 0.009%. Regarding the forces, the error at node 2 is 0.003%, at node 5 it was
0.002%, and at node 6 and 7 it is 0.01% each. By adding all these partial errors together gives a
total relative error of 0.042%. This value is very small compared to 1%. Therefore, it can be said
that the results obtained by the proposed program are in strong agreement with those of RDM6,
which strengthens the reliability of the algorithm used and the validity of the mathematical

modeling.

3.7 Conclusion

In this chapter, a numerical program for the analyzing planar structures using the finite
element method was developed in MATLAB. The program’s validity is initially verified by
comparing its results with manual calculations for a simple case. Subsequently, ABAQUS and
RDMG6 software were used to validate the results for more complex cases, testing the program’s

accuracy in representing the mechanical responses of structures. Finally, the error difference
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between the results is calculated. It is found that the proposed program performs well and is

based on an efficient algorithm, which enhances its reliability in finite element applications.



General Conclusion

In conclusion, this dissertation focused on the topic of analyzing the behavior of plane
structures, which is an important component of applications in mechanical and civil engineering.
Despite the simplicity of the geometric model, addressing this type of problem requires precise
numerical modeling and a good understanding of mechanical properties. To simplify this process,
a program was developed using MATLAB that allows for the analysis of first-order triangular
element (T3). This program has proven its ability to calculate basic variables and contribute to
accelerating analysis processes associated with the finite element method.

To ensure the reliability and accuracy of the developed program, a validation process was
conducted using three different approaches. First, the results were compared with a manual
solution for a simple case, which showed complete agreement. Then, tested using ABAQUS
software on two more complex numerical examples, and the results were found to be perfectly
consistent with those form MATLAB, with an error rate of 0%. Finally, a third example was
validated using RDM6, with a total error rate of approximately 0.042%, confirming the accuracy
proposed numerical approach. These results enhance the effectiveness of the developed tool and
its potential for application in various fields such as engineering formation and educational
simulation. It also helps students and engineers focus on studying the behavior of the system
instead of being distracted by complex calculations that delay understanding the problem.

This work is not the end, but rather represents a first step toward expanding the program in the
future, whether by using more precise elements such as the second-order triangular element (T6)
or by studying the nonlinear behavior of structures, thus contributing to the advancement of

numerical analysis tools in the field of applied mechanics.
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Annexes

The following lines represent the user interaction sequence as it appears in the MATLAB

command window during the execution of the finite element program. Each message is

accompanied by a clear instruction on what the user is required to enter or define.

When the program starts, the following message is displayed:

1)
2)
3)
4)
5)
6)

7)
8)

9)

Young's Modulus: Enter its value in MPa.

Poisson's ratio: Enter the value of the Poisson’s ratio.

thickness: Enter the thickness of the structure in mm.

Enter 1 or 2: Type 1 for plane stress and 2 for plane strain.

Number of nodes: Enter the total number of nodes in the finite element mesh.
Coordinates for each node [x y]: Enter the coordinates of each node in the format [x, y],
were x and y represent the position of the node in the Cartesian plane.

Number of elements: Enter the total number of triangular elements.

Node connectivity for each element [n1 n2 n3|: Define the connectivity of each
element by specifying the numbers of the three nodes that form each triangular element
in the following format [nl n2 n3] were nl: is the number of the first node, n2: the
number of the second node, and n3: the number of the third node.

How many boundary condition are known? Enter the total number of known
displacements (e.g., fixing both x and y at a node counts as 2).

BC: [DOF value], where:

Value: Represent the displacement imposed at a specified DOF.

DOF: Represent the degree of freedom for each coordinate is calculated as follows:

e DOF=2 * number of node — 1, for displacement in x-direction at node.

e DOF=2 * number of node, for displacement in y-direction at node.

10) Are there any distribution load? (Yes=1, No=2): Enter 1 if a distribution load is applied,

or 2 if not.

11) Are there any concentrated forces? (Yes/No): Enter “Yes” if a concentrated force is

applied, or “No” if not.

12) number of Nodes were applied the load: Enter the total number of nodes to which an

external force was applied.

13) Node number: Enter the number of node were applied the force.

14) force in x-direction: Enter its value in the x-direction.

15) force in y-direction: Enter its value in the x-direction.
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